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Abstract 

We study the propagation of pollutants emitted from a single generator such as a factory chimney 
located between 2 mountains as well as its effects on an observed area such as a village or agricultural 
land. The problem is formulated as a system of partial differential equations, composed of Navier-Stokes 
equations and an advection-diffusion equation, and is solved by the finite element method. We visualize 
the propagation of the pollutants for several variants of the problem depending on the heights of the 
mountains and investigate their negative effects on the observed area by computing an average 
concentration of the pollutants over the observed area. We found that the observed area between the two 
mountains experienced a long-term negative effect compared with those located on flat land. This is 
because the mountain on the side, where the wind is blowing, obstructs the wind resulting in air 
recirculation. In contrast, the other mountain bounces some pollutants back to the observed area, 
preventing them from leaving the domain. The higher the mountains, the longer the time the pollutants 
remain in the observed area. If the heights of the mountains encircling the observed area are not equal, the 
residual remains in the area longer if the taller mountain is on the windward side. 

Keywords: Air pollution visualization, Air pollution management, Advection-diffusion equation, Navier-
Stokes equations, Finite element method 
 
 
Introduction 

Over the past decades, air pollution has increased negatively, affecting individuals and making the 
world hotter and overpopulated. Not only does it worsen people's health, but it also deals with massive 
damages to agricultural production. Air pollution is one of the major causes of health issues, both acute 
and chronic [1]. According to World Health Organization [2], around one-third of deaths from stroke, 
lung cancer, and heart disease is caused by air pollution, and 9 out of 10 people are breathing polluted air 
which results in an estimate of 7 million deaths each year. Air pollution's harmful effects on agricultural 
production have been extensively studied in [3-5]. It stunts the growth of the plants, damages the 
production, or even kills them off. 

Due to an urgent need for air pollution control measures, there have been numerous works on air 
pollution control. Ghani, Gueraoui, and Men-La-Yakhaf [6] visualized the propagation of air pollutants 
subject to the wind direction. They modeled the propagation of the air pollutants by Navier-Stokes 
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equations [7,8]. The Bouyant force exerting from the temperature change was also considered by 
integrating the Navier-Stokes equations with Boussinesq approximation. Pochai [9] studied the flow of 
the air pollutants released by industrial factories through obstacles. He formulated the problem using the 
stream function and the vorticity equation and solved it by the finite element method, FEM [10-12]. 

Thus, this paper studies the propagation of the air pollutants emitted by a single generator, such as a 
factory chimney, surrounded by two mountains in an observed area. Intuitively, the heights of the 
mountains should have considerable effects on the propagation as they obstruct the wind, which results in 
the change of its direction. We investigated how the observed area is affected by the pollution by 
visualizing the propagation of the pollutants over time. We also computed an average of the air pollutants 
over the area for various cases depending on the heights of the mountains. The observed area can be 
regarded as a village or agricultural land. The problem was first formulated as a mathematical model and 
then was numerically solved using FEM. Despite numerous relating works carried out in the last many 
decades, the investigation of air pollution propagation and its effects on a large-scale area surrounded by 
tall objects is still lacking.  

The organization of this paper is as follows. The “Materials and methods” section describes the 
mathematical model and all five studied cases depending on the heights of the mountains. It also 
describes the numerical methods used to solve the problem and the computation of an average 
concentration over the observed area. The “Results and discussion” section specifies the domain, the 
initial conditions, and boundary conditions and then shows the visualizations of the air pollution 
distributions and average concentrations of the pollutants over the observed area for all cases. The last 
section is “Conclusions”. 
 
Materials and methods 

We study the distribution of the pollutants emitted from a single generator 
inΩ  which is located 

between the 2 mountains as seen in Figure 1 and their effects over an observed area 
0Ω . The domain of 

the problem Ω  is 2-dimensional and rectangular, and 
1Γ -

8Γ are the boundaries.  

 

 
Figure 1 The domain of the problem Ω . 
 
 

The model 
 The propagation of the pollutants can be seen as a fluid dynamics problem, which involves the 
calculation of various fluid properties such as velocities in x and z directions, a pressure, as well as a 
concentration of the pollutants in the contaminated fluid. The mathematical model used to describe such 
problem can be expressed as the following system of partial differential equations. 
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where ( , , )u u x z t=   is the velocity of the fluid along the x axis at the position ( , )x z ∈Ω  and  
  time t [ / ]m s ,  
 ( , , )w w x z t=   is the velocity of the fluid along the z axis at the position ( , )x z ∈Ω  and  
  time t [ / ]m s ,  
 ( , , )p p x z t=   is the pressure of the fluid at the position ( , )x z ∈Ω  and time t  2[ / ]kg ms ,  

  ( , , )C C x z t=   is the concentration of the pollutants at the position ( , )x z ∈Ω  and time t   
   2[ ]/g mµ ,  

 ( , , )x xK x zK t=   is the diffusion coefficient of the pollutants along the x axis at the position  

  ( , )x z ∈Ω  and time t  2[ / ]m s , 
 ( , , )z zK x zK t=   is the diffusion coefficient of the pollutants along the z axis at the position  

  ( , )x z ∈Ω  and time t  2[ / ]m s , 
 ρ  is the density of the air 3[ / ]kg m , 
 µ  is the dynamic viscosity of the air 2[ / ]Ns m , 
 g  is the acceleration due to gravity 2[ / ]m s . 
 
 The flow of the air is described by Navier-Stokes Eqs. (1) - (3) derived from the laws of 
conservation of mass, momentum, and energy [7,8]. The propagation of the pollutants is described by Eq. 
(4) which is an advection-diffusion equation [13]. The air is assumed incompressible. 
 
 Initial conditions and boundary conditions 
 Initial conditions 
 The pollutants are assumed to be emitted only once at the beginning of the computation with the 
concentration 

inC  which is a function of a position along the generator’s boundary. In other words, the 
pollutant generator does not continuously produce the pollutants over time. The cases for continuously or 
periodically emitting can be done easily by modifying the generator’s boundary condition. We also 
assume that there is wind blowing out vertically along with the pollutants at the speed 

inw . 
Mathematically, for a position ( , )x z  along the generator’s boundary 

inΩ , or ( , ) inx z ∈Ω , 
 

( , ,0) 0u x z = , 
 

( , ,0) ( , )inw x z w x z= , 
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( , ,0) ( , )inC x z C x z= , 
 
where    ( , )inw x z  is the velocity of the fluid along the x axis a position ( , )x z  at 0t = , 
 ( , )inC x z  is the concentration of the pollutants at a position ( , )x z  at 0t = . 
 
For other positions in the domain, ( , )x z ∈Ω , we have that 
 

0( , ,0) ( , )u x z u x z= , 
 

0( , ,0) ( , )w x z w x z= , 
 

0( , ,0) ( , )C x z C x z= , 
 
where 

0 ( , )u x z   is the velocity of the fluid along the x axis at a position ( , )x z  at 0t = , 
 

0 ( , )w x z  is the velocity of the fluid along the y axis at a position ( , )x z  at 0t = , 
 

0 ( , )C x z  is the concentration of the pollutants at the position ( , )x z  at 0t = . 
 
 Boundary conditions 
 There are 8 boundaries in the problem. The wind is flowing into the domain from the boundary 

1Γ  
in the x direction with a speed of 

1u  along with pollutants with a concentration of 
1C . The boundaries 

3Γ  
and 

4Γ  are those of the mountains which assume to bounce back the wind and the pollutants. The 
boundary conditions can intuitively be express as, 
   
For: 

1( , )x z ∈Γ  
  

1( , , ) ( , , )u x z t u x z t= , ( , , ) 0w x z t = , 
1( , , ) ( , , )C x z t C x z t= . 

 
For 

2,3,4,5,6,8( , ) iix z =∈∪ Γ  : 

  ( , , ) 0u x z t = , ( , , ) 0w x z t = , ( , , ) 0C x z t
z∂

= . 

 
For 

7( , )x z ∈Γ : 

  ( , , ) 0u x z t
x∂

= , ( , , ) 0w x z t
x∂

= , ( , , ) 0C x z t
z∂

= . 

  
 Studied cases 
 In order to see the effects of the heights of the mountains on the propagation of the pollutants, we 
study 5 variants of the problem which are (0 0)− , (600 600)− , (900 900)− , (300 900)− , and 
(900 300)− , where 

1 2( )h h−  denotes the case where the height of the 1st mountain on the left-hand side is 

1h and the height of the 2nd mountain on the right-hand side is 
2h .  

  
 The numerical method 
 The solution of the system of partial differential equations is difficult to be obtained analytically. It 
is more practical to solve the model numerically, especially when 1 varies the shape of the domain, or the 
initial and boundary conditions to study the effects of those varied factors on the solution. 
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 There are various computational methods typically used for solving the system of partial differential 
equations, such as the finite difference method, the finite element method [10-12], the finite volume 
method and the lattice Bolzman method [14]. Each method has its own pros and cons. In this paper, we 
use the software called “the distributed and unified numeric environment” or DUNE [15,16] which 
employs FEM to solve systems of partial differential equations. The domain Ω  is discretized as in 
Figure 2. The discretized domain is generated with Gmsh, which is a finite-element mesh generator 
developed by [17]. It can be seen that the domain is not equally discretized which is one of the advantages 
of FEM. This is very helpful as one can only discretize the focused area into small pieces. The area which 
is not important can be discretized into bigger pieces. This results in great reduction in the computational 
time. 
 
 

 
Figure 2 Discretized domain for the finite element method. 
 
 
 The average concentration of the pollutants in the observed area 
 The average concentration of the pollutants over the observed area can be seen as a measure of the 
negative effects of the air pollution. However, as the domain is not discretized equally for FEM, the 
computation of the average concentration is not trivial. In this paper, it is approximated by 1st equally 
discretizing the observed domain into )( (1) 1m n× −−  rectangles and computing the mean of the average 
concentrations of the pollutants in the small rectangles Figure 3. Mathematically, the average of the 
pollutants over the observed area, ( )C t , as a function of time can be approximated by; 
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where 

0|| ||Ω   is the area of 
0Ω  which is equal to l h× , 

 ,x z∆ ∆   are the lengths of the rectangles which equal /l m  and /h n  respectively, 
 ( )ijC t   is an average of the concentration ( , , )C x z t  over the rectangle ( , )i j  at time t . 
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Figure 3 Observed domain 

0Ω  discretized into )( (1) 1m n× −−  rectangles. 
 
 
Results and discussion 

 In this section, we illustrate the technique by visualizing the propagation of the pollutants emitted 
from a single generator over time as well as computing the average concentration of the pollutants over 
the observed area which is 200 m tall and 800 m wide located between the 2 mountains and 200 m away 
from the generator Figure 4. The domain is 4500 m tall and 2500 m wide, and the mountains are 900 m 
wide. We also consider the 5 variants of the problem mentioned earlier to study how the propagation of 
the pollutants is affected by the heights of the mountains over time. 
 
 

 
Figure 4 Domain Ω  and the observed area 

0Ω  with the specified heights and widths. 
 
 
Parameters, initial and boundary conditions specification 
In order to solve the model, the parameters, the initial, and the boundary conditions need to be 

specified first. The standard values of the density ρ and the dynamic viscosity µ  of the air at 300 K are 
1.184 3/kg m  and 1.849 2/Ns m  respectively [18]. The value of the diffusion coefficient along the x axis, 

xK , is assumed to be 0 as we assume that the effect of the diffusion on the propagation in the horizontal 
direction is negligible compared to that of the wind. In other words, 

x x
u C CK

x x
∂ ∂ ∂

>>
∂ ∂ ∂

. The vertical 

diffusion coefficient, however, from [19], can be written as; 
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*( ) 0.4
z
H

z zK K z u ze
−

= = , 
 
where a fractional velocity 

*u  and an average height H of the surface at the bottom of the domain are 
0.16 /m s  and 51 10−×  m , respectively. 
 The pollutants are initially emitted from the boundary 

inΩ with the concentration of 1 2/g m  along 
with the wind vertically blowing out along with pollutants at the speed of 14 /m s . In other words, 

( , )inC x z =1 2/g m  and ( , )inw x z =14 /m s  for all ( , ) inx z ∈Ω . For other positions ( , )x z  in the domainΩ , 

0 ( , ) 0C x z = , ( , ) 0w x z =  and 0.15
0 0( , ) ( / )u x z u z z=  where 0u  is the velocity in the horizontal direction at the 

height of 0z [20]. The horizontal velocity at the height of 100 m  is 4.4 /m s . Thus, 0u =  4.4 /m s  and 0z =  
100 m . 

On the boundary 1Γ , we assume that the wind is flowing into the domain at the speed of 0.15
0 0( / )u z z  . 

We also assume that there are not pollutants flowing into the domain along with the wind or 1( , ) 0C x z = . 
 
Results 

 This subsection shows the results, which are the visualization of the pollutants as well as its effects 
on the observed area for the cases mentioned earlier. Figure 5 illustrates the velocity field at 1, 10, 20, 70 
and 200 s. The initial velocity in the vertical direction is 0, whereas that in the horizontal direction is 

0.15
0 0( , ) ( / )u x z u z z= . This is why we see the wind is moving nearly horizontally and has higher speed at 

the upper region of the domain after 1 s. As time passes, we can see the recirculation zones due to the 
mountains and the air pressure. 
 
 

 
 (a) (b) (c) 

  
 (d) (e) 

Figure 5 Velocity field at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
 
 
Figure 6 illustrates the concentration of the pollutants for (0,0) , where the domain is flat, at 1, 10, 

20, 70, and 200 s. The pollutants are initially emitted from the generator and then move to the right side 
of the domain.  They slightly move up at the beginning due to the wind blowing out vertically along with 
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the pollutants. We see that in the first 10 s the pollutants are stick together and do not flow to the right-
hand side as much as from 10 to 20 s. This is because the wind speed flowing to the right-hand side of the 
domain is weaker than that in the lower part of the domain. The pollutants are all blown out of the domain 
by 200 s. 

 
 

 
 (a) (b) (c) 

 (d) (e) 

Figure 6 Concentration of the pollutants for (0,0)  at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
 
 
 The average concentration of the pollutants over the observed domain is shown in Figure 7. We see 
that the pollutants have reached the observed area at around 4 s. The average concentration jumps up 
drastically and reaches its peak at around 6 s and then steeply decreases until 20 s when it begins to drop 
gradually. The observed area has stopped experiencing the pollution at around 80 s. 
 

 
Figure 7 Average concentration of the pollutants over the observed area for (0,0) . 
 
 

Figure 8 shows the concentration of the pollutants for (300,300) , where both mountains are 300 m 
tall, at 1, 10, 20, 70, and 200 s. We see that although most pollutants are blown out of the domain over the 
right-hand side mountain, some pollutants bounced back into the domain. As a result, there are still some 
pollutants remaining after 200 s. In other words, being surrounded by the mountains at the same height of 
300 m results in having pollutant residue for longer time. 
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 (a) (b) (c) 

(d) (e) 
Figure 8 The concentration of the pollutants for (300,300)  at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
  
 

Figure 9 shows the average concentration of the pollutants over the observed area as a function of 
time. We see that, compared with (0,0) , a village located between the 2 mountains at the same height of 
300 m experiences the higher peak of the pollutant concentration but has lower average concentration 
after around 15 s.  

 
  

 
Figure 9 Average concentration of the pollutants over the observed area for (300,300) . 

 
 
To investigate the effects of the heights of the mountains on the propagation of the air pollutants 

further, we consider a variant of the problem where the height of both mountains is 900 m. Figure 10 
shows the concentration of the pollutants for (900,900)  at 1, 10, 20, 70, and 200 s. The propagation is 
similar to that of (300,300) in the  first 10 s. However, after 10 s, the pollutants flow to the left-side of 
the domain due to the wind recirculation; see Figure 5. The pollutants hit the left mountain first and are 
bounced back to the right-hand side. As a result, it leaves much more pollutant residue in the domain 
compared with (0,0) , and (300,300)  in a long run. 
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(a) (b) (c) 

(d) (e) 
Figure 10 Concentration of the pollutants for (900,900)  at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
  
 

Figure 11 shows the average concentration of the pollutants over the observed area as a function of 
time. The observed area is not greatly affected by the air pollution until around 30 s. After 30 s, the 
averaged concentration of the air pollutants over the observed area goes up until 50 s and starts decreasing 
very slowly. It would take longer time for the pollutants to dissipate compared with (0,0) , and 
(300,300) . 

 
 

 
Figure 11 Average concentration of the pollutants over the observed area for (900,900) . 
 
 

Figure 12 shows the propagation of the pollutants for (300,900) , where the left mountain is 300 m 
tall and the right mountain is 900 m tall, at 1, 10, 20, 70, and 200 s. The propagation in the first 10 s is 
similar to that of (300,300)  as their heights of the mountain on the left-hand side which is the direction the 
wind is blowing from are equal. The pollutants initially propagate due to the wind and the diffusion. After 
hitting the higher mountain on the right-hand side, some of the pollutants bounced back to the middle of 
the domain. 
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(a) (b) (c) 

(d) (e) 

Figure 12 Concentration of the pollutants for (300,900)  at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
  
 

Figure 13 shows the average concentration of the pollutants over the observed area as a function of 
time. We see that the average concentration steeply climbs up to its peak by 8 s. After 8 s, the 
concentration decreases until near 0 at 30 s. This is when part of the pollutants bounced back by the 900 
m high mountain. As the bounced-back pollutants arrive back in the observed area after around 50 s, the 
concentration increases again. 

 
 

 
Figure 13 Average concentration of the pollutants over the observed area for (300,900) . 
  
 

Figure 14 illustrates the propagation of the pollutants for (900,300) , where the left mountain is 
900 m tall and the right mountain is 300 m tall, at 1, 10, 20, 70, and 200 s. We can see that up to 20 s, the 
propagation of the pollutants is similar to that of (900,900) . The reason is similar to the previous case 
where we compare (300,900) with (300,300) . The heights of the left-hand side mountains for both 
cases are equal. However, after 20 s, (900,300)  has less pollutants remaining in the domain compared 
with (900,900)  as more pollutants are blown over the right mountain and leave the domain. 
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(a) (b) (c) 

(d) (e) 

Figure 14 Concentration of the pollutants for (900,300)  at 1 (a), 10 (b), 20 (c), 70 (d), 200 (e) s. 
  
 

Figure 15 shows the average concentration of the pollutants over the observed area as a function of 
time. It has similar pattern to that of (900,900) except that the peak concentration of the pollutants at 
around 8 s is higher, but compared with (0,0) , (300,300) , (600,600) and (300,900) , (900,300)  has 
higher concentration of the pollutants in a long run.  

 

 
Figure 15 Average concentration of the pollutants over the observed area for (900,300) . 
 
 

Discussion 
We see that the observed areas surrounded by mountains suffer from pollution for a more extended 

time than those located in flat land. The mountain on the left-hand side, which is where the wind is 
blowing from, obstructs the wind resulting in air recirculation. The other mountain blocks the wind and 
prevents some pollutants from leaving the domain. 

Having more pollutant residue in the observed area for a long time such as in (900,900)  and 
(900,300)  is not always bad. It depends how well the observed area can tolerate the pollution. For 
example, if the pollution level which starts to negatively affect individuals is 0.001 2/g m , people living in 
(900,900) and (900,300) will not be affected by the pollution at all. However, if the time being exposed 
to the pollution is more critical to the health, they will greatly suffer than those living in the domains in 
the other cases. 
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 Many studies on air pollution modeling have employed FEM to solve the problems with a single 
generator [21-24] or multiple generators [9,25]. [26] visualized the distribution of the pollutants in a street 
area through obstacles, whereas the simulation on the regional scale was carried out using online-coupled 
Weather Research and Forecasting with Chemistry (WRF-Chem) model developed collaboratively by 
several agencies which simultaneously simulates the emission, mixing, transport, trace gases and aerosols 
[27]. As there have not been many works that studied the air pollution propagation on a wide-ranging 
land encircled by tall objects, this paper fills this gap. 
 
Conclusions 

 As we studied the propagation of the pollutants emitted from a generator located between 2 
mountains, we see that the heights of the mountains significantly affect the propagation of the pollutants 
and their negative effects on the observed area over time. The pollutants are all blown out of the domain 
for the flat domain very quickly compared to the other cases. The observed area experiences a high 
concentration of pollutants shortly after they are emitted. However, it quickly plummets and equals 0 
within 80 s. We see that the pollutants stay in the domain longer with the existence of the mountains. The 
mountain on the left obstructs the wind blowing from the left-hand side of the domain. Due to the 
pressure, the wind will recirculate in the area between the mountains. As a result, the residue of the 
pollutants will reach the observed area slower but remain in the domain for a longer time. This results in 
long-term effects on individuals living in the observed area.  The mountain on the right-hand side bounces 
the pollutants back to the middle of the domain. The higher the mountain is, the less the pollutants can 
flow over it. If both mountains are equally tall, the area is affected by the pollutants for a longer time. For 
the case where one mountain is higher than the other, the pollutants are blown out of the observed area 
quickly if they move into the observed area from the shorter mountain. 
 Despite the long-lasting residue, being situated in the middle of the mountains is not always bad if 
the concentration of the pollutant residue remaining in the domain is not high enough to cause harmful 
effects. Having a mountain on the windward side can slow down when the pollutants reach the observed 
area and reduce the highest concentration it suffers.  

These computations are just illustrations of the techniques for real-world problems. The model can 
be easily extended for other problems such as those with multiple mountains, tall buildings, or pollutant 
generators. One can change how the pollutants are emitted by modifying the boundary condition of the 
generator. The model can also be applied to investigate how the pollutions are generated outside of the 
valley to see how the mountains will obstruct them. This work would help factory owners, urban 
planners, and regulators come up with proper plans to reduce the harmful effects of pollution on people. 
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