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Abstract

By using the exp(—¢(77)) -expansion method, abundant exact traveling wave solutions for the fifth

order (1+1)-dimensional Kaup-Kupershmidt equation are obtained in a uniform way. The obtained
solutions in this work are imperative and significant for explanation of some practical physical
phenomena. It is shown that the exp(—¢(77)) -expansion method, together with the first order ordinary

differential equation, provides a progress mathematical tool for solving nonlinear partial differential
equations. Numerical results, together with graphical representation, explicitly reveal the complete
reliability and high efficiency of the proposed algorithm.

Keywords: The exp(—¢(77)) -expansion method, the fifth order (1+1)-dimensional Kaup-Kupershmidt
equation, traveling wave solutions, nonlinear evolution equation

Introduction

Most scientific problems and physical phenomena occur nonlinearly. Nonlinear differential
equations take place in a diverse range of physical phenomena, including propagation of shallow water
waves, long wave and chemical reaction-diffusion models, fluid mechanics, physics, astrophysics, solid
state physics, chemistry, various branches of biology, astronomy, hydrodynamics, nuclear physics, and
applied and engineering sciences. In recent years, the exact solutions of nonlinear partial differential
equations (PDEs) have been investigated by many researchers (see [1-42]) who were concerned with
nonlinear physical phenomena, and many powerful and efficient methods have been used by them.
Among non-integrable nonlinear differential equations, there is a wide class of equations that are referred
to as partially integrable, because these equations become integrable for some values of their parameters.
Recently, many kinds of powerful methods have been proposed to find exact solutions of nonlinear PDEs,
e.g. the homotopy analysis method [1,2], the 3-wave method [3], the extended homoclinic test approach
[4], the improved F-expansion method [5], the projective Riccati equation method [6], the Weierstrass
elliptic function method [7], the Jacobi elliptic function expansion method [8,9], and the tanh-function
method [10-13]. For integrable nonlinear differential equations, the inverse scattering transform method
[14], the Hirota method [15], the Backlund transform method [16] and the Exp-function method [17-20],
the truncated Painlevé expansion method [21], the extended tanh-method [22,23], the homogeneous
balance method [24-26], and other methods [27-33], are used for searching for the exact solutions. Zhao
and Li [34] proposed a direct and concise method, called the exp(—®(&)) -expansion, for solving

nonlinear evolution equations to find new types of solution.
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The objective of this article is to implement the exp(—¢(77)) -expansion method to construct the

exact solutions for nonlinear evolution equations in mathematical physics via the fifth order (1+1)-
dimensional Kaup-Kupershmidt equation for the first time.

Description of the exp(—¢(77)) -expansion method

In this section, we describe the main steps of the exp(—¢(77)) -expansion method for finding the
traveling wave solutions of nonlinear evolution equations [42]. Consider that a nonlinear equation in 2
independent variables x and ¢ is given by;

PU,U,,U,,U_U,U

Xt 2

oeee ) =0 1

where U =U(x,t) is an unknown function, P is a polynomial in U =U(x,¢), and its various partial
derivatives in which the highest order derivatives and nonlinear terms are involved.

Step 1 Combining the independent variables x and ¢ into one variable 77 = x —wt , we suppose that;
Ux,t)=u(n), n=x—-wt, 2)
the traveling wave variable (2) permits us to reduce Eq. (1) to an ODE for u =u(7) ;

PQuu'u', ... ... .. )=0 3)

Step 2 Suppose that the solution of ODE (3) can be expressed by a polynomial in exp(—¢(#)) as follows;

u=">"a; exp(-4(n))’ 4

i=0

where ¢'(r7) satisfies the ODE in the form;

¢'(n7) = exp(=¢(17)) + pexp(¢(n)) + 1, (%)

then the solutions of ODE (5) are;

[ 2
—JA2—4u tanh(#(n +E) -2

when A2 —44>0,4# 0, then ¢(r7) =1In > (6)
A

When A2 —44>0,2=0, then =—In| ——— % 7

p>0,u $(n) n[expme))_J (7

When A* -4 =0,u# 0,10, then ¢(@=h{—%} (8)
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When /12—4/1:O,u:l:0,then o(n)=In(n+E) )

2
Jau— 2 tan V=2 e By

When A% — 41 <0, then ¢(17)=In 22 (10)
y7,
a;,w,A; i=0,..... ,m and p are constants to be determined later, a,, # 0, and the positive integer m

can be determined by considering the homogeneous balance between the highest order derivatives and
nonlinear terms appearing in ODE (3).

Step 3 By substituting (4) into Eq. (3) and using the ODE (5), collecting all terms with the same order of
exp(—¢@(n7)) together, the left hand side of Eq. (3) is converted into another polynomial in exp(—¢(#)) .
Equating each coefficient of this polynomial to zero yields a set of algebraic equations
fora;, ...,w,A; i=0,...... ,m and u .

Step 4 Assuming that the constants g;, ..., w,A; i =0,... ... ,m and u can be obtained by solving the
algebraic equations in step 3, since the general solutions of ODE (5) are well known to us, then
substituting @, ...,w; i =0,... ... ,m , along with the general solutions of Eq. (5), into (4) completes the
determination of the solution of Eq. (1).

New exact solutions to the fifth order (1+1)-dimensional Kaup-Kupershmidt equation

In this section, the exp(—¢@(77)) -expansion method is employed to construct some new traveling

wave solutions for the fifth order (1+1)-dimensional Kaup-Kupershmidt equation, which is a very
important non-linear evolution equation (NLEE) in mathematical physics and engineering. The Kaup-
Kupershmidt equation is the nonlinear fifth-order partial differential equation. It is the first equation in a
hierarchy of integrable equations with Lax operator. It has properties similar (but not identical) to those of
the better-known KdV hierarchy. Fifth-order KdV type equations occur naturally in modeling many
different wave phenomena, such as gravity-capillary waves, the propagation of shallow water waves over
a flat surface, and magneto-sound propagation in plasmas [35]. Although the fifth order (1+1)-
dimensional Kaup-Kupershmidt equation is completely integrable [36] and has bilinear representations
[37,38]. Salas et al. [39] used the projective Riccati equations method and the Cole-Hopf transformation
to find the traveling wave solutions. Goodarzian ef al. [40] applied the Exp-function method to the Kaup-
Kupershmidt equation to find exact solutions. Feng and Li [41] used the Fan sub-equation method to
construct exact traveling wave solutions of the (1+1)-dimensional Kaup-Kupershmidt equation. Shakeel
and Mohyud-Din [42] used the alternative (G'/G) -expansion method with generalized Riccati equation

for finding some exact traveling wave solutions of the fifth order (1+1)-dimensional Kaup-Kupershmidt
equation. Let us now consider the fifth order (1+1)-dimensional Kaup-Kupershmidt equation;

U, +U e +10UU . +25U U +20U%U, =0 (11)

XXXXXX

Upon using the transformation;

Ux,t) =u(n); n=x—wt (12)
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where wis speed of travel, Eq. (11) is transferred to;
' %) m o 2.0

—wu' +u”’ +10uu” +25u'u"+20u"u" =0

Integrating Eq. (13) with respect to, 77 we have;

C—wu+u® -i—lOuu”+%(u')2 +2—30u3 =0

(13)

(14)

where the prime denotes differentiation with respect to 77. By balancing the orders of u' and u? in Eq.

(14), we have m =2. So, Eq. (14) has the following solution;

u(n) = ay +a, exp(-g(1)) + a, (exp(—(n)))>,

where U(x,t)=u(n),n=x—wt and a, #0

(15)

Substitute (5) and (15) into (14), letting the coefficient of (exp(—¢(17)))’, (i =0,1,2,...,6) be zero, yields a

set of algebraic equations about a;,w as follows;
15
C +16ayu° +7af/¢2 +a,u2® +20aga, 1* +14a, 1 A
20
+8a,1° 2 +10aya, ud — wa, +?a3 =0

a2t +60agay pd +10aga, A% + 20aga, 1 +120a,Au* — wa, +50a,a, 14°
+22a, pA* +25a A +16a,u* +20ai a, +30a,ui’ =0

136a, 1% — wa, +20ayai +16a,A* +60a, ui +375a12/12 +40aya,A* +80aga, i1+
20aia, +30aga A +50a; 1* +35af 1 +130a,a, ud +15a,2° +232a, 4% = 0
80a,a,A* + ?af +120a3 uA + 440a, pd + 45ai A + 40a, 11+ 100aga, A
+130a, A +20aya, +40aya,a, +50a,A> +160a,a, =0

70a3 2% +60a,A +20ata, +330a,A* +190a,a, + gaf

+60aya, +140a3 1+ 240a, 1+ 20a3 =0
336a,A +24a, +160a3 A +110a,a, 11+ 20a,a3 =0

Solving the above sets of algebraic equations, we obtain 2 sets of solutions as follows;

1 35 1292 1 4 I 6 2 14 1 5
Set 1C=——pP + - 2P —— Tt — 25, w=p 4 —2* — = ui?,
3# 4 # 16 H 192 H 16 2/1
A 3 3
=-=_y =21 and @ =—=
a =—gm a=—3 a ==
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SetZC:% 320847 u? +52/I4,u—%/16, w=176% +112% 8817,

a, =} -8u, a;=-124 and q;=-12
Substituting solution set-1 into (15), we have;

2
u= —%—ﬂ—%eXp(—qﬁ(n))—%(exp(—ﬂn)))z (16)

1 1
where n=x—| > +—A2* ——uA* |r.
n (ﬂ T

Respectively substituting (6), (7), (8), (9) and (10) into formula (16), we have 5 traveling wave solutions
of the fifth order (1+1)-dimensional Kaup-Kupershmidt Eq. (11), as follows:

when 2° —4p>0,u+0, then;

2 3 2
N A =

2
24
VA2 —du tanh(\/zﬂ(n+E))+},

2

3 2u (17)

2 2
24
JA2 —4u tanh(\/z’u(nJrE))Jr/l

n=x- ( w+ %14 - % s jt , where FE is an arbitrary constant.

When A2 —4u>0,u=0, then;

U, (x ,)__’1_2_2 A 3 A ’ (18)
YT 2 lexp(A(+E)-1) 2\ exp(A(n+E)—1) °

n=x-— (/”2 +%/14 —% s jt, where E is an arbitrary constant.

When A% — 4p=0,u4+#0,4+#0, we obtain the traveling solution;

U(xt)——ﬁ— A L@E) | 3 Fa+E) 2 (19)
W T T S A+ B+ 2 ) 2+ E)+2 )
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1 1 . .
n=x- ( u+ Exf ) uA? jt, where E is an arbitrary constant.

When 2> —4 #=0,1=0,4=0, we obtain the non-traveling solution;

2
U14(x,t)=—%(nfEJ , (20)

n =x, where E is an arbitrary constant.

When A* —44 <0, then;

A2 34 2u

U, ()=
5 8 2
Jau— 1

Jau -2 tan(u# 7+ E))— 2

2
2

3 24 @1

2
a2 tan(iw’uz_l (n+E)-2

1 1 . .
n=x- ( u+ Exl“ 3 uA? jt, where E is an arbitrary constant.

Again, substituting solution set-2 into (15), we have;

u=-2% —8u—124exp(~4()) ~12(exp(-¢(n)))’ (22)

1 1
where n=x—| > +— 14 —— 2 |t
n (,U 16 2# j

Respectively substituting (6), (7), (8), (9), and (10) into formula (22), we have 5 traveling wave solutions
of the fifth order (1+1)-dimensional Kaup-Kupershmidt Eq. (11), as follow:

when A2 —4u>0,u#0, then;

2u

2
VA2 —4u tanh(\//12_4ﬂ(77 +E)+A

2

Uy, (x,0)==2" =8u+124

12 2u (23)

P-4
VA2 —du tanh(\/z'u(n LE)+A
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n=x —(176/12 +114% —88 42 )t, where E is an arbitrary constant.

When A% =44 >0, =0, then;

2
U, (x,)=-12 —12,1[ A J—u( 4 J ,
2 exp(A(n+E))-1 exp(A(n+E))-1

n=x— (1 4? )t, where FE is an arbitrary constant.

When A% — 4u=0,u+0,4#0,we obtain the traveling solution;

2 2 2
U, (X,t)=—/12—8y+12){ A+ E) ]_12[ A (n+E) J ’
3 A+ E)+2 An+E)+2

n=x —(176/12 +114% —88 42 )t, where E is an arbitrary constant.

When A% —4 #=0,14=0,4=0, we obtain the non-traveling solution;

2
v, (x,t):_u(ij ,
4 n+kE

n =x, where E is an arbitrary constant.

When A% - 44 <0, then;

Uy, (x,t)=—A> ~8u 121 24
3 WMy—ﬂz
Vau-A1 tan(f(n+ E)-4

2

~12 24

[ 2
Vau- 12 tan(#(qw))—z

n=x —(176/12 +112% —88u> )t, where E is an arbitrary constant.

24

(25)

(26)

@27
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Graphical representation of solutions

The graphical illustrations of the solutions are given below in Figures 1 - 10, with the aid of Maple.

Figure 1 Traveling wave solution U (77) when Figure 2 Traveling wave solution U, (77) when

u=1, A=3, E=1and —10<x,1<10. u=0, A=2, E=1and -10<x,1<10,

Figure 3 Traveling wave solution U, (17) when Figure 4 Traveling wave solution U, (17) when

=1, 1=2, E=1and -10<x,1<10. u=0, A=0, E=1and -10<x,¢<10.
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Figure 6 Traveling wave solution U, (77) when

p=1, 21=3, E=1and —10<x,:<10.

Figure 5 Traveling wave solution U (77) when

u=1, A=1, E=1and -10<x,¢<10.

~ 4007

- 300

—200-

—-100—

Figure 7 Traveling wave solution U, (77) when Figure 8 Traveling wave solution U, (7) when

u=0, A=2, E=land —10<x,¢<10.  p=1, A=2, E=1and —10<x,¢<10.

Figure 9 Traveling wave solution U, (17) when Figure 10 Traveling wave solution U,_(7) when

#=0, 1=0, E=1and -10<x,/<10. pu=1, A=1, E=1and -10<x,r<10.
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Conclusions

In this work, we have applied the exp(—¢@(77)) -expansion method to handle the Kaup-Kupershmidt

equation. In fact, we have presented ten new solutions for the fifth order (1+1)-dimensional Kaup-
Kupershmidt equation. The results of the current work illustrates that the exp(—¢(77)) -expansion method

is indeed a powerful analytical technique for most types of nonlinear problems, and several such
problems in scientific studies and engineering may be solved by this method. This study shows that the
method is quite efficient and well suited practically to be used in finding the exact solutions of NLEEs.
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