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Abstract  

We introduced an analytical technique based on harmonic balance method (HBM) to determine 
approximate periods of a nonlinear Duffing-harmonic oscillator. Generally, a set of nonlinear algebraic 
equations are appeared when HBM is formulated. Investing analytically of such kinds of algebraic 
equations are a tremendously difficult task and cumbersome. In the present study, the offered technique 
gives desired results and to avoid numerical complexity. It is remarkable important that a third-order 
approximate period gives excellent agreement compared with numerical solution. The method is mainly 
illustrated by strongly nonlinear Duffing-harmonic oscillator but it is also useful for many other nonlinear 
oscillating systems arising in nonlinear sciences and engineering. 

Keywords: Approximate periods, harmonic balance method, Duffing-harmonic oscillator, Power series 
solutions, Perturbation Method 
 
 
Introduction 

Many complex problems in nature are due to nonlinear phenomena. Nowadays, nonlinear processes 
are one of the biggest challenges in finding solutions and are not easy to control, because the nonlinear 
characteristic of the system abruptly changes due to small changes of valid parameters, including time. 
Thus, the issue becomes more complicated and, hence, needs an ultimate solution. Therefore, the study of 
approximate solutions of nonlinear differential equations (NDEs) plays a crucial role in understanding the 
internal mechanisms of nonlinear phenomena. Advanced nonlinear techniques are significant in solving 
inherent nonlinear problems, particularly those involving differential equations, dynamical systems, and 
related areas. In recent years, mathematicians, engineers, and physicists have made significant 
improvements in finding new mathematical tools related to NDEs and dynamical systems, whose 
understanding will rely not only on analytical techniques, but also on numerical and asymptotic methods. 
These professionals have established many effective and powerful methods to handle the NDEs. 

The study of given nonlinear problems is of crucial importance, not only in all areas of physics, but 
also in engineering and other disciplines, since most phenomena in our world are essentially nonlinear 
and are described by NDEs. Moreover, obtaining exact solutions for nonlinear oscillatory problems has 
many difficulties. It is very difficult to solve nonlinear problems and, in general, it is often more difficult 
to get an analytical approximation solution than a numerical one for a given nonlinear problem. There are 
many analytical approaches to solve NDEs. One of the popular methods is Perturbation Method [1-3], 
which is the most versatile tools available in nonlinear analysis of engineering problems and they are 
constantly being developed and applied to ever more complex problems. However, they are known to be 
almost useless in the strongly nonlinear oscillatory systems. As a result, due to conquer this weak-point, 
in recent year, a number of researchers have devoted their time and effort to find potent approaches for 
investigating to the strongly nonlinear phenomena. As the earliest effort, they developed a large variety of 
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approximate methods commonly used for nonlinear oscillatory systems especially for solving strongly 
nonlinear oscillators including He’s Homotopy Perturbation Method [4], Differential Transforms Method 
[5,6], Max-Min Approach Method [7,8], Algebraic Method [9], Parameter Expansion Method and 
Variational Iteration Method [10-12], Amplitude Frequency Formulation Method [13], Iteration Method 
[14,15], Energy Balance Method [16-18], He’s Energy Balance Method [19], Rational Energy Balance 
Method [20], Rational Harmonic Balance Method [21], Residue Harmonic Balance Method [22-24] and 
so on. The harmonic balance method (HBM) is another technique for solving strongly nonlinear systems. 
Borges et. al. [25] and Bobylev et. al. [26] was first provided overviews of HBM. Mickens [27-29] was 
first applied HBM in truly nonlinear oscillators. Due to his contribution he is known as father of HBM. 
Afterwards, Belendez et al. [30] and others researchers [31-36] has significantly improved the HBM. The 
HBM provides a general technique for calculating approximations to the periodic solutions of linear as 
well as NDEs. The significance of the method is that it may be applied to differential equations for which 
the nonlinear terms are not small. In this paper, the higher order approximate periods (mainly third 
approximation periods) have been obtained for a Duffing-harmonic oscillator. 

 
The method 

Let us consider a strongly nonlinear differential equation; 
 

]0)0(,)0([),,( 0
2
0 ==−=+ xaxxxfxx  εω ,                                         (1) 

 
where ),( xxf   is a nonlinear function, such that ),(),( xxfxxf  −=−− , 00 ≥ω , and ε  is a constant. 

Consider a periodic solution of Eq. (1) in the form; 
 

))9cos()7cos()5cos()3cos()cos((0 tztwtvtutax ωωωωωρ ++++= ,                                        (2) 
 
where 0a , ρ , and ω  are constants. If −−−= vu1ρ  and the initial phase 00 =ϕ , solution Eq. (2) 
readily satisfies the initial conditions ]0)0(,)0([ 0 == xax  . 

Substituting Eq. (2) into Eq. (1), and expanding ),( xxf   in a Fourier series, displays that it takes the 
following algebraic identity; 
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By comparing the coefficients of equal harmonics of Eq. (3), the following nonlinear algebraic 

equations are found; 
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0 FvFuF εωωεωωεωωρ −=−−=−−=−                              (4) 
 
with the help of the first equation, 2ω  is eliminated from all the rest of Eq. (4). Thus, Eq. (4) takes the 
following form; 
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2 FvFvFuFuF −=−=+= ρερωρερωερωρω                               (5) 
 

Substitution −−−= vu1ρ , and simplification, the second-, third-equations of Eq. (5) take the 
following form; 
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 ),,,,,,,(),,,,,,,( 00020001 λεωλεω vuaGvvuaGu == ,                              (6) 
 
where ,, 21 GG  exclude respectively the linear terms of ,, vu . 

Whatever the values of 0ω  and 0a , there exists a parameter 1),,( 000 <<aεωµ , such that ,, vu  
are expandable in the following power series in terms of 0λ  as; 
 

 ,, 2
0201

2
0201 ++=++= λλλλ VVvUUu                                 (7) 

 
where  ,,,,, 2121 VVUU  are constants. 

Finally, by substituting the values of ,, vu  from Eq. (7) into the first equation of Eq. (5), ω  is 
determined. This completes the determination of all related functions for the proposed periodic solution as 

given in Eq. (2), and using 
ω
π2

=T , the approximate periods have been calculated. 

 
Example 

Let us consider the following Duffing-harmonic oscillator; 
 

0)1/( 23 =++ xxx                                      (8) 
 
Eq. (8) is written in another form as; 
 

0753 =−+−+ 
 xxxx .                         (9) 

 
Herein, we have determined second- and third-order approximations of the period for the Duffing-
harmonic oscillator. 

Let us consider a two-term solution, i.e., ))3cos()cos(( 220 tutax ωωρ +=  for Eq. (9). Substituting 
this solution along with u−=1ρ  into Eq. (9), Eq. (3) becomes; 
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where HOH represents higher order harmonics. 

Now, comparing the coefficients of equal harmonics, the following equations are obtained; 
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From the first equation of Eq. (11), it becomes; 
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By elimination of 2

2ω  from the second equations of Eq. (11), with the help of Eq. (12) and simplification, 
the following nonlinear algebraic equation of u  is found; 
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For the Duffing-harmonic oscillator, the series of u  presented in Eq. (13) is invalid. Herein, u  is 

substituted by +++ 4
04

2
020 auauu  into Eq. (13); equating the coefficients of ,, 4

0
2
0 aa  yields; 
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The coefficients of 420 ,, uuu , respectively in the 3 equations of Eq. (14) are 25. In Eq. (14), the 

equations of ,,, 420 uuu  can be written as; 
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where 25/1=λ . 
 

Therefore, the power series solutions of these equations in terms of λ are obtained as; 
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Now, substituting the value of 4

4
2

20 auauuu ++= , where  420 ,, uuu  are calculated by Eq. (16), 
into Eq. (12), the period of oscillation is calculated as; 
 

++= 002 975753.2/401780.7 aaT .                     (17) 
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In a similar way, the method can be used to determine higher order approximations. In this article, a 
third approximate solution is obtained; 

 
))cos()5(cos())cos()3(cos()cos( 33033030 ttvattuatax ωωωωω −+−+= ,                                       (18) 

 
Substituting Eq. (18) into Eq. (9) and equating the coefficients of )cos( 3tω , )3cos( 3tω , and )5cos( 3tω , 
the following equations are obtained; 
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From the first equation of Eq. (19), it yields; 
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By eliminating 2

3ω  from the second and third equations of Eq. (19) with the help of Eq. (20) and 
simplification, the following nonlinear algebraic equations of u  and v  are found; 
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Again we observe that, for the Duffing-harmonic oscillator, the series of u  and v  presented in Eq. 
(21) are invalid. Herein, u  is substituted by +++ 4

04
2
020 auauu , and v  is substituted by 

+++ 4
04

2
020 avavv into Eq. (21), and then, by equating the coefficients of ,, 4

0
2
0 aa , yields; 
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In Eqs. (22) - (24) the equations of 2200 ,,, vuvu  can be written as; 
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where λ  is defined in Eq. (15) and 23/1=µ . The algebraic relation between λ  and µ  are; 
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Now, solving Eqs. (25) and (26) and then Eqs. (27) and (28) simultaneously in terms of λ ; 
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Substituting the values of ++= 2

20 auuu  and ++= 2
20 avvv  where  ,, 20 uu  and ,, 20 vv  

are calculated by Eq. (30) into Eq. (20), the third-order approximate period of oscillation is calculated as; 
 

++= 003 935536.2/415647.7 aaT                                             (31) 
 
Results and discussions 

We illustrate the accuracy of a new analytical technique by comparing the approximate periods 
previously obtained with the exact period exT . For this nonlinear problem, the exact period is; 
 

 ++= 00 93048.2/4163.7 aaTex .                                                           (32) 
 
which is stated in Belendez et al. [4]. 

The second- and third-order approximate periods, obtained in this study by applying analytical 
technique to the aforementioned Duffing-harmonic oscillator, are the following; 
 

++= 002 97549.2/40158.7 aaT ,                                                                             (33) 
 

++= 003 935536.2/415647.7 aaT .                                             (34) 
 

Belendez et al. [4] investigated the approximate periods for the nonlinear 

Duffing-harmonic oscillator by using He’s homotopy perturbation method. He obtained 

the following first-order approximate periods in 2 different forms as; 
 

++= 00 7207.2/2552.7 aaTa                                              (35) 
 

++= 00 0230.3/2552.7 aaTb                                              (36) 
 
Comparing all the approximate periods, the accuracy of the results obtained in this paper using an 

analytical technique is better than those obtained previously existing results. It is noted that, the third-
order approximate period gives almost same fashion with exact periods. It has been mentioned that, the 
solution procedure of Belendez et al. [4] is laborious, especially for obtaining the higher approximations. 
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Therefore, second- and third-order approximate periods have not been calculated. On the other hand, the 
technique offered in this article is simple, easy, and highly efficient. Comparing the results obtained in 
this article with those previously obtained by several authors, it is shown that the proposed method is 
simpler than several existing procedures. The advantages of this method include its simplicity, its 
computational efficiency, and its ability to objectively find better agreement in third-order approximate 
periods. 

 
Conclusions 

An analytical technique has been established based on HBM to find approximate periods for 
strongly nonlinear Duffing-harmonic oscillators. The approximate periods show good agreement 
comparing with corresponding numerical solutions. We can see in third-order approximate period, the 
percentage errors of first and second terms are 0.0088 % and −0.1725 %, respectively. In comparison 
with previously published methods, determination of the solutions is straightforward, quite easy and 
simple. To sum up, we can say that the method presented in this article to determine approximate periods 
for a Duffing-harmonic oscillator can be considered as an efficient alternative to the previously proposed 
methods. 
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