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Abstract

The present analysis deals with the peristaltic flow of a Williamson fluid model in an asymmetric
channel with different wave forms under the effects of partial slip. The governing nonlinear partial
differential equations, along with nonlinear partial slip boundary conditions, have been first simplified,
using the assumptions of long wave length and low Reynolds number. The reduced nonlinear differential
equations are then solved analytically by the regular perturbation method. The expression for pressure rise
is computed numerically. At the end, the graphical behavior of velocity, pressure gradient, pressure rise,
and streams functions for various values of Williamson fluid parameters are shown and discussed.

Keywords: Williamson fluid model, partial slip, peristaltic flow, asymmetric channel, analytical solution,
different wave forms

Introduction

In certain situations, like blood arteries, suspensions, foams and polymer solutions, etc., the standard
no slip condition is not valid. Therefore, in such situations, there may be partial slip between the fluid and
the boundary. Mathematically, it is stated that the velocity of the walls is proportional to the shear stress
of the fluid. Navier [1] was probably the first to use this idea to find the solution of the Navier-Stokes
equation with partial slip boundary conditions. Later on, numerous researchers utilized this idea for
various geometries. Mention may be made to the works of [2-7]. Only a limited attention has been
focused on the study of partial slip in peristaltic flow phenomena. Peristalsis is a kind of fluid transport,
induced by a progressive wave of area contraction or expansion along the walls of a distensible duct
containing fluid. This transport is widely used in many physiological systems, especially in biomedical
phenomena, and in many practical applications; important studies dealing with peristaltic flow problems
include [8-16]. Recently, Nadeem and Akram [17] discussed the effects of partial slip on the peristaltic
flow of a MHD Newtonian fluid in an asymmetric channel. Ali et al. [18] examined the slip effects on the
peristaltic transport of MHD fluid with variable viscosity.

The Williamson fluid model, when there is partial slip at the boundary, is an important and
interesting problem that has remained so far unexplored. Therefore, the aim of the present paper is to
discuss the effects of partial slip on the peristaltic transport of a Williamson fluid in an asymmetric
channel with different wave forms. The governing equations and partial slip conditions are simplified,
using the assumptions of long wavelength and low Reynolds number. The reduced problem is then solved
analytically using the regular perturbation method. The expressions for pressure rise are computed
numerically. The graphical results against various physical parameters are made and discussed.
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Fluid model

The balance of mass and momentum, for an incompressible fluid is given by;

divV = 0, (1)
pc(lj—\t/=diVS+pf, @

where p is the density, V is the velocity vector, S is the Cauchy stress tensor, f represents the specific

body force, and d/dt represents the material time derivative. The constitutive equation for Williamson
fluid is given by [19];

S=-Pl+r, (3)

v =, +(r +m,)a-17)" (4)

in which P1 is the spherical part of the stress due to constraint of incompressibility, T is the extra stress
tensor, 77, is the infinite shear rate viscosity, 77, is the zero shear rate viscosity, 1" is the time constant.
and y is defined as;

7/:\/522%17/11 :\/EH’ ©)
]

Here ITis the second invariant strain tensor. We consider the constitutive Eq. (4), the case for which
1., =0and T'y <1. The component of extra stress tensor, therefore, can be written as;

t=—n,|0-T7) [ == la+T7) 7. ©)

Mathematical formulation
Let us consider the peristaltic transport of an incompressible Williamson fluid in a two dimensional

channel of width Jl +62. The flow is generated by sinusoidal wave trains propagating with constant
speed C along the channel walls. The geometry of the wall surface is defined as;

Y =H,=d, +§lcos[27ﬂ(>7—cf)},

(@)
Y=H,=-d, —Blcos[%[(f—cf)wﬁ}

where @, and 51 are the amplitudes of the waves, A is the wave length, Jl + 62 is the width of the

channel, C is the velocity of propagation, t is the time, and X is the direction of wave propagation. The
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phase difference ¢ varies in the range 0 < ¢ < 7z, in which ¢ = 0O corresponds to a symmetric channel

with waves out of phase, and ¢ = 7, in which the waves are in phase; further, 51,51,61,62 and ¢
satisfy the condition;

a’+b’+2ab cosg < (51 +d, ).

The equations governing the flow of a Williamson fluid are given by;

£+£:O (8)
oX oy
aJ+Uﬁg+\76q =_£_af_fx_af§? ©)
ot X oY oX X oY’
AN gV GNP Ty Ty (10)
ot X oY oY oX oY

Introducing a wave frame ()_( , Y) moving with velocity C away from the fixed frame ()?,V) by the
transformation;

x=X-cf, y=Y,0=U —c, v=V and P(x)=P(X,t), (12)
Defining
x:z, yzl, U:E, v:z,tzgf, hlzl,
A d, C c A d,
hzzg, Ty = 4 Ty rxy—ifxy, rwziffy, (12)
d, n.c n,c c
_ _ , —
5= Re=fh we It p_ % p ;74
A n, d, cAn c

Using the above non-dimensional quantities and the resulting equations in terms of stream function,
Yu=2, v=—39%") can be written as;

W’
O Re 8_\112_8_‘112 8_\11 :_a_P_é‘Z%_aTXY’ (13)
oy ox oxoy)oy |  ox x oy
sRd[OY O ¥ a\aw|_ P07, 07, 19
oy Ox 0Ox oy ) oX | oy OX oy
where
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2
T, = 2[1+We;/]a ¥
oxoy
2
7, = —[1+Wey] 0¥ _ 520 |
oy? ox?
2
T, = 25[1+We7'/]a Y
Oxoy
2as )2 2
PEIPYE oY (ot 526‘1’ Los? Y
OXoy oy? Ox? OXoy

/

]2 1/2
)

in which o, Re,Werepresent the wave, Reynolds and Weissenberg numbers, respectively. Under the

assumptions of long wavelength 6 <<1 and low Reynolds number, and neglecting the terms of order &

and higher, Egs. (13) and (14) take the form;

2
P 8{1 Waw}aw
oy’

x oy oy*
oP o
EY

Elimination of pressure from Egs. (15) and (16) yields;

o {1 +We azqf}a\f 0.
oy° oy* | oy

The dimensionless mean flow Q is defined by;
Q=F+1+d,
in which;

o O
B h, (x) ay

where

= lP(hl(x) —h, (X))’

h, (X) =1+acos 27zx, h, (xX) = —d —bcos(27x + @).

(15)

(16)

a7

(18)

(19)

(20)

The boundary conditions in terms of stream function ¥ are defined as;
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F oY

\P:E, EZ_IBTW -1 at y=hl(X),
F oY

LP:_E, E:ﬂfxy—l at y:hZ(X)'

In the above conditions, £ = 0 corresponds to the no slip conditions.

Exact solution

The exact solution of Eq. (17) is obtained as follows;

so Eq. (17) can be written as;

62

2

(1+WeT)T =0.

The twice integration of the above equation yields;
WeT?+T = A+By.

The roots of above equation are;

Tl J1+4(A+By)We
- 2We '

With the help of (21a) and (21b), we can write;

o*W  —1+./1+4(A+By)We
oy’ 2We '

which after twice integrating gives;

2 5/2
y* , (1+4(A+By)We)

4\We 60BAWe?

Y=- +Ty+T,,

(21)

(213a)

(21b)

in which the constant appearing in the above equation can be calculated using boundary conditions.
However, to compute these constants exactly seems to be very difficult; either we can calculate

approximately, or we can find the solution of the given equation analytically.
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Perturbation solution

Since Eq. (17) is a nonlinear equation, we employ the regular perturbation method to find the
analytical solution.

For the perturbation solution, we expand ¥, F and P as;

¥ = W, +WeW, + O(We?), (22)
F = F, +WeF, +O(We?), (23)
P = P, +WeP, + O(We?). (24)

Substituting the above expressions in Egs. (15) and (17) and boundary conditions (21), we get the
following system.

System of order We°

o', (25)
v O
R, _ 0¥, (26)
ox oy
F, oY 0% @7)
‘Po=?, Y =p Y -1 on y=h(x),
F, O o'W (28)
‘Poz—?, Y =—pf Y -1 on y=h,(x).

System of order We*

o'y 0% (o2, (29)
1 0
ay4 - ay2[ ayz ] !
B _ o[ (30)
aX - ay3 ayZ 1
Fooy, o, (o°%,) (31)
\P1=_1’ 1=ﬂ[ 21+( 20]] on y=h1(x),
2 oy oy oy
F ov oy, (o2 )
\Pl = _?l’ é'y_l = _ﬂ[ ayzl + ayzoj J on y= hz(x)- (32)

890 Walailak J Sci & Tech 2015; 12(10)



Partial Slip Consequences on Peristaltic Transport of Williamson Fluid Safia AKRAM et al.

http://wjst.wu.ac.th

Solution for system of order We®
The solution of Eq. (25) satisfying the boundary conditions (27) and (28) can be written as;

3

v —c +cy+c, e L
0 =Lt Y+ 22|+ 3T (33)

where

C = _( Fo(h1 + hz)(h12 — 4h1h2 + hzz)_ (h12 — h22)2(3Fo,B + h1h2 )J
° 2, ~h, )’ (h, ~h, ~65) ’

(34)

c :_[hf—hs +6Fhyh, +3h1h2(m—h2)+6Foﬂ(m—hz)J
' (hl_hz)z(hl_hz_Gﬂ) ,

C _6(Fo+hl_h2)(h1+h2) CBZ_( 12(F0+h1_h2) J

2_(h1_h2)2(h1_h2_6ﬂ)' (hl_hz)z(hl_hz_Gﬂ) '

The axial pressure gradient at this order is;

dR, [ 12(F,+h —h,)
dx B ((hl - hz )2 (h1 - hz - 6ﬂ)] )

For one wavelength, the integration of Eq. (35), yields;

dﬁ dx.

Aazﬂdx

(36)

The above solution is for viscous fluid, which agrees with the results obtained by [20] in the
absence of slip parameter.

Solution for system of order We'
Substituting the zeroth-order solution (33) into (29), the solution of the resulting problem satisfying
the boundary conditions take the following form;

y’? y? y*
‘P1=C4§+C5§+C6y+c7—C§E, (37)

where

C =2 _6F1(h1_h2)3(_h1+h2+613)2 +144(F0+h1_h2)2(h13_3h12:3+h22(h2+3ﬂ))
v (hl_hz)S(hl_hz_Gﬂ)(_h1+hz+6:8)2 ’
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1
3(h1 - hz )2 (hl - hz _Gﬂ)(hl - hz - Zﬁ)

5=

J18F1(h1 + hz )(hl - hz - Zﬂ)

72(F, +h, —h,)’
(hl - hz)s(_ h, +h, +6ﬂ)2

j—4(hl —h,)(h +2h%h, + 20,12 + hf)

+33(5h +8n°h, —10h2hZ +8hhS +5h? )-188(h, —h, )(h, +h, )ZD’

1

C, = 5
3(h1 _hz) (hl _hz _Gﬂ)(hl _hz _213)

36(F0 + hl B hz )2(h1 + hz)(4h1h2(h1 B hz)(2h12 B h1h2 + 2h22)_ 6(h1 B hz )Sﬁz)
(hl - hz)g(_ h1 + hz + 613)2 _18F1(h1 - hz - 213)(_ h2ﬁ+ hl(hz +ﬂ))

N B(5hy —36n°h, +38n?h2 — 36h,1S +5h!)
(hl - hz )3(_ hl + hz + 6[3)2 _18F1(h1 - hz - Zﬂ)(_ hzﬂ + h1(h2 + :3)) ,

3 1
B 12(h1 - hz)z(h1 - hz - Gﬂ)(hl - hz - Zﬁ)

7

]_ 6F1(h1 + hz)(hl - hz - Zﬂ)

(h12 - 4h1h2 + hz2 - 6ﬁ(h1 - hz ))

+ 144h1(F0 + h1 — hz )2 (hl(hl — hz)(hl4 — 2h13h2 — 3hlzhz2 — 4h;))
(hl - hz)s(_ hl + hz + Gﬂ)z

(144h,(F, + b, —h,)* B8NS —11hfh, —8h°hZ + 6h2hd —16hh +5hf)
(hl - hz)s(_ hl + hz + 6ﬂ)z

+(864h1:32(|:0 + hl — hz )2 (h1 — hz)(Zhl + hz)(h12 + hz2 )j]

(hl - h2 )3 (_ h1 + hz + 618 )2 (38)
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The axial pressure gradient at this order is;

dP, 2 144(F, + h, —h, )?(n? —3h2 B + h2(h, + 33))
TV 2 —6F + 3 2

dx (hl_hz) (hl_hz_Gﬂ) (hl_hz) (_h1+h2+6ﬂ) (39)

_144(F, +h, —h, F(h, +h,)
(hl - hz )4(h1 - hz - 6ﬂ)2
Integrating the above equation over one wavelength, we get;
1 dP,
AP = ol (40)

Summarizing the perturbation results for the small parameter We, the expression for stream
functions and pressure gradient can be written as;

2 3 3 2 4
¥ =C, +C1y+CZy?+C3y?+We(C4%+C5%+C6y+C7 ~C? i/—zj (41)
dP_ 12(F+h-h,) +We( 288(F +h, —h, )*(n¢ —3h2 B +hZ(h, +35))
dx (hl_hz)z(hl_h2_6ﬂ) (hl_hz)S(_h1+h2+6ﬂ)2(h1_h2_6ﬂ) (42)
_144(F +h —h, )’ (h +h, )j
(hl _hz )4(h1 _hz _6:3)2 1
The non-dimensional pressure rise over one wavelength AP for the axial velocity is;
= 2—5 dx. (@3)

dP
where Cs are defined in Egs. (34) and (38), and gy is defined in Eq. (42).

Expressions for different wave shape

The non-dimensional expressions for three considered wave forms are given as;
1) Sinusoidal wave;

h,(x) =1+asin2zx, h,(x) =—d —bsin(272x+ ¢).
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2) Triangular wave;

h(x) =1+ a{%iﬁsin(&r@m —1)x)}

7° & (2m-1)

h, (x) = —d —b[%i%sin(zn(zm —1)x+¢)}

m=1

3) Trapezoidal wave;

B 32 &sing(2m-1) —(om
hl(x)_1+aLT2 2 om_1f sin(27z(2m 1)x)}

_ L 32&sing(2m-1) (o
h,(x)=—d bLZ Z—(Zm_1)2 sin(27z(2m 1)x+¢)}.

m=1

Results and discussion

In this section, the graphical results of the problem under consideration are displayed, to see the
behavior of various physical parameters of interest. Figures 1 - 5 are prepared for pressure rise against
volume flow rate Q. It is observed from Figure 1 that, in the adverse pressure gradient (AP > 0, in
pumping region) and favorable pressure gradient (AP < 0, in pumping region), the pressure rise decreases
with the increase in Weissenberg number. From Figures 2 - 4 it is observed that, in the adverse pressure
gradient (AP > 0, in pumping region), the pressure gradient increases with the increase in slip parameter g
and amplitude of wave a and b, while in the copumping region (AP < 0, in favorable pressure gradient),
the behavior is quite opposite. In this region, the pressure rise decreases with the increase in slip
parameter S and amplitude of wave a and b. It is shown in Figure 5 that, in the adverse pressure gradient
(AP > 0, in pumping region), the pressure gradient decreases with the increase in width of the channel d,
while in the free pumping (AP = 0) and copumping region (AP < 0, in favorable pressure gradient) the
pressure rise increases with the increase in d. Figures 6 - 9 are prepared to distinguish the behavior of
pressure gradient for different values of Weissenberg number We, width of channel d, slip parameter f,
and amplitude of wave a. It is observed that pressure gradient decreases with the increase of We and d
(see Figures 6 and 7). However, it is observed from Figures 8 and 9 that, with the increase in g and a, the
pressure gradient increases in the region x& [0.2, 0.8]. The velocity field for various values of We, gand Q
are plotted in Figures 10 - 12. The velocity field U for different values of We are plotted in Figure 10. It
is observed that, for positive values of y, the velocity field increases with the increase in We and, for
negative values of y, velocity u has the opposite results. It is observed from Figure 11 that, due to slip
parameter 3, the velocity near the channel walls are not same, but it slips, and, also, the velocity increases
with the increase in g. It is also observed from Figure 12 that the velocity profile decreases with the
increase in volume flow rate Q. The pressure rise against the volume flow rate Q for different wave
shapes are shown in Figure 13. It is depicted that the pressure rise for the trapezoidal wave is greater than
the sinusoidal wave, and the sinusoidal wave is greater than the triangular wave.

The trapping phenomena for different values of Weissenberg number We, slip parameter S, volume
flow rate Q, and different wave forms are shown in Figures 14 - 17. It is seen from Figures 14 that the
size of the trapping bolus increases with the increase in Weissenberg number We in the upper and lower
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half of the channel. From Figure 15, it is observed that, with the increase in the values of slip parameterg,
the size and number of the trapping bolus increases in the upper half of the channel, while in the lower
half, the size of the trapping bolus decreases. It is depicted in Figure 16 that the number and size of the
trapping bolus reduces in the upper half of the channel, while in the lower half, the size of the trapping
bolus increases with the increase of volume flow rate Q. The stream lines for three different wave shapes,
trapezoidal, sinusoidal, and triangular, are shown in Figures 17(a) - 17(c). The stream lines represent the
particular shape of the wave which we have considered.

10
We=0.0
~ o - - -We=0.02
5l
ol
o
<
_5 =
10 t
15 ‘ ‘ ‘
0 0.5 1 15 2
Q

Figure 1 Variation of AP with Q for different values of We. The other parameters are a=0.8,
b=05 d=1 ¢=%, f=0.04.

——B=0.0
S - - =p=0.04 ||

AP

-10

-12

Figure 2 Variation of AP with Q for different values of . The other parameters are a=0.7,
b=05d=1 ¢=%, We=0.02.
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3
a=0.1

2b ., -=-=-a=03 ||
T e a=0.5

AP

Figure 3 Variation of AP with Q for different values of a. The other parameters are We = 0.04,
b=05 d=1 ¢=%, p=0.02.

——b=01
. - = =b=03
ArTe e b=05 |

AP

Figure 4 Variation of AP with Q for different values of D. The other parameters area = 0.7,
We=0.04, d=1, ¢=%, #=0.02.
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AP

-10 !
1.5 2

Figure 5 Variation of AP with Q for different values of d. The other parameters are a=0.7,

b=0.5 We=0.02, ¢=%, =0.02.

We=0.0
= = =We=0.03

dP/dx

“o 0.2 0.4 0.6 0.8 1

Figure 6 Variation of dP/dx with X for different values of \We. The other parameters area = 0.7,
b=05, d =15, =2, Q=05, 5=0.06.
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dP/dx

-0.4 L L L L
0.4 0.6 0.8 1

Figure 7 Variation of dP /dx with X for different values of d . The other parameters are a =0.5,
b=0.5 We=0.02, ¢=%, Q=0.5 S=0.04

dP/dx

Figure 8 Variation of dP/dXx with X for different values of f. The other parameters are a = 0.9,
b=05 d=2, #==, Q=0.5 We=0.03.
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a=0.1
== =2a=0.3
08 P a=0.5
0.6 B
x 047 b
E 3 ‘\
5 ‘ \

02 Ry

Figure 9 Variation of dP/dx with X for different values of a. The other parameters are
We=0.0.04, b=0.5 d=2, ¢=%, Q=05 S=0.04.

Figure 10 Velocity profile for different values of WWe . The other parameters are a=0.7, b=1.2,
d=2, ¢=%, Q=3, £=0.09.
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Figure 11 Velocity profile for different values of f3. The other parameters are a=0.7, b=1.2,
d=2, ¢=%, Q=3, We=0.06.

— Q=00
---Q=05
SeQ=1.0 |

Figure 12 Velocity profile for different values of Q. The other parameters are a=0.7, b=1.2,
d=2, ¢=%, We =0.04, £ =0.06.
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12 T
= = = Sinusoidal wave
Trapezoidal wave
or N e Triangular wave 1
gl
6K -
o S e
< ~
4l
2r,
ol
-2 L
-1 0.5 0 05 1
Q

Figure 13 Variation of AP with Q for different wave forms. The other parameters are a =0.5,
b=0.5, We=0.04, d=1, ¢=%, =0.02
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(b)

(©)

Figure 14 Stream lines for different values of We . (a) for We = 0.04, (b) for We =0.05 and (c) for
We =0.06. The other parameters are ¢ =0.01, Q=15 a=0.5, d =0.9, b=1.0, 5 =0.06.
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(b)

Figure 15 Stream lines for different values of £ . (a) for =0.03 and (b) for  =0.04. The other
parameters are ¢ =0.01, Q=15 a=0.5, d =0.9, b=1.0, We=0.06.

Walailak J Sci & Tech 2015; 12(10) 903



Partial Slip Consequences on Peristaltic Transport of Williamson Fluid Safia AKRAM et al.

http://wjst.wu.ac.th

-
=>,

0.5
0
0.5
15 |
2 0.2 0.1 0 o1 0.2 0.3
(@)

(b)

904 Walailak J Sci & Tech 2015; 12(10)



Partial Slip Consequences on Peristaltic Transport of Williamson Fluid Safia AKRAM et al.

http://wjst.wu.ac.th

15

1 g

/\
0 !
-0.5 §
-1 i
-1.5 J
2 . . . .
-0.2 -0.1 0 0.1 0.2 0.3
(©

Figure 16 Stream lines for different values of Q. (a) for Q =1.4, (b) for Q =1.5 and (c) for Q =1.6.
The other parameters are ¢ =0.01, We=0.06, a=0.5, d =0.9, b=1.0, 5 =0.06.
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15

(©

Figure 17 Stream lines for different wave forms; (a) for Sinusoidal wave, (b) Triangular wave and (c) for
Trapezoidal wave. The other parameters are ¢=0.01, We=0.04, Q=1.6, a=0.5, d =0.9,

b=1.0, f=0.04.
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Concluding remarks

This paper presents partial slip consequences on peristaltic transport of Williamson fluid in an
asymmetric channel. The governing two dimensional equations have been modeled and then simplified
using long wave length approximation. The results are discussed through graphs. The main finding can be
summarized as follows:

1) It is observed that in the adverse pressure gradient (AP > 0, in pumping region), the pressure
gradient increases with the increase in slip parameters, and amplitude of wave a and b, while in the
copumping region, the behavior is quite opposite.

2) The pressure gradient decreases with the increase in width of the channel d, in the adverse
pressure gradient, while in the free pumping (AP = 0) and copumping region (AP < 0, in favorable
pressure gradient), the behavior is quite opposite.

3) The velocity profile decreases with the increase in volume flow rate Q.

4) The pressure rise for the trapezoidal wave is greater than the sinusoidal wave, and the sinusoidal
wave is greater than the triangular wave.

5) The size of the trapping bolus increases with an increase in Weissenberg number We in the upper
and lower half of the channel.

6) The size and number of the trapping bolus increases in the upper half of the channel, while in the
lower half, the size of the trapping bolus decreases with an increase of slip parameter £.

7) The number and size of the trapping bolus reduces in the upper half of the channel, while in the
lower half, size of the trapping bolus increases with an increase of volume flow rate Q.
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