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Abstract 

The aim of the study is to obtain the solution of semilinear space-time fractional diffusion equation 
for the first initial boundary value problem (IBVP), by applying an implicit method. The main idea of the 
method is to convert the problem into an algebraic system which simplifies the computations. We discuss 
the stability, convergence and error analysis of the implicit finite difference scheme with suitable example 
using MATLAB. 

Keywords: Riemann-Liouville fractional derivative, Caputo fractional derivative, implicit finite 
difference method, stability, convergence 
 
 
Introduction 

Fractional differential equations play an important role in the study of various physical, chemical 
and biological phenomena. Therefore, many researchers are attracted from the fields of theory, methods 
and applications of fractional differential equations. Therefore, there is a need to study reliable and 
efficient techniques to obtain either exact or approximate solutions of fractional differential equations. 
The researchers have developed few numerical techniques and obtained approximate solutions of both 
linear and nonlinear fractional differential equations. 

Liu et al. [1] considered time fractional advection-dispersion equations and obtained its complete 
solution. Eidelman and Kochubei [2] investigated the Cauchy problem for the time-fractional diffusion 
equations with variable coefficients, and constructed the fundamental solution. Lin and Xu [3], Liu et al. 
[4] and Yuste [5] proposed an explicit finite difference scheme for the time fractional diffusion equation. 
Zhuang and Liu [6], Zhuang et al. [7,8], Chen et al. [9], Murio [10] and Birajdar & Dhaigude [11], 
developed an implicit finite difference approximation for the time fractional diffusion equation and also 
discussed its stability and convergence. Liu et al. [12] employed an implicit finite difference scheme for 
space-time fractional diffusion equation. Whereas Zhuang and Liu [13] developed an implicit difference 
scheme for the 2 dimensional space-time fractional diffusion equation. 

Nonlinear partial differential equations have lots of applications in various branches of sciences 
[14,15]. In fact, published papers on the numerical methods for the nonlinear fractional partial differential 
equations are limited. This motivates us to consider an effective numerical method for such problems. 
Choi et al. [16] and Liu et al. [17] developed a numerical technique for fractional diffusion equation with 
a nonlinear source term. Zhang and Liu [18] considered a Riesz space fractional diffusion equation with a 
nonlinear source term. Also Yang et al.[19] provided a numerical solution of a fractional Fokker Plank 
equation with a nonlinear source term and proved its stability as well as convergence. Recently, Dhaigude 
and Birajdar [20-22] developed a discrete Adomian decomposition method for a nonlinear system of 
fractional partial differential equations. 
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We consider the space-time semilinear fractional diffusion equation; 
 

2,<1,1<0,0>),(),(),(),(= ≤≤+
∂
∂ βαβ

α

α

txauftxuDtxa
t
u

x           (1) 

 
with an initial condition; 
 

lxxgxu <<0)(=,0)(                (2) 
 
and boundary conditions; 
 

,<0),(=0=)(0, Tttlutu ≤               (3) 
 
it is called the first initial boundary value problem (IBVP) for a space-time semilinear fractional diffusion 

equation. Note that α

α

t∂
∂ (.)

 is Caputo fractional derivative of order α  and is defined [23] as; 
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and the Riemann-Liouville fractional derivative of order 2)<(1 ≤ββ  is defined [24] as; 
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when 1=α  and 2=β  in (1), it reduces to the first IBVP for a reaction-diffusion equation. 

Here our aim is to find the numerical solution of IBVP for space-time fractional diffusion Eqs. (1) - 
(3) by using an implicit finite difference method. We replace the time derivative by a Caputo fractional 
derivative and the space derivative by a Riemann-Liouville fractional derivative respectively. 

The plan of the paper is as follows. In section 2 we develop an implicit difference scheme for first 
IBVP. Stability of the implicit difference scheme is proved in section 3. Section 4 shows that the implicit 
difference scheme is convergent. Finally, a test problem is given as an application of the method. 
 
Implicit finite difference scheme 

Consider that the first IBVP for a space-time semilinear fractional diffusion equation is; 
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with an initial condition; 
 

)(=,0)( xgxu                  (5) 
 
and boundary conditions; 
 

),(=0=)(0, tlutu                 (6) 
 

Our aim is to find the discrete solution of the fractional IBVP (4) - (6). We divide the whole domain 
into equal parts of rectangles. Define nkktk 0,1,2,...,=,= τ , miihxi 0,1,2,...,=,=  where 

m
lh

m
T =&=τ  are the temporal and spatial steps respectively. 

Let k
iu  be the numerical approximation to ),( ki txu . First, we approximate the time derivative as 

follows. 
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where kjmijjbj 0,1,2,...,=;0,1,2,...,=,1)(= 11 αα −− −+ , we have; 
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For every )<1(0 nn −≤β  the Riemann-Liouville derivative exists and coincides with the 
Grunwald-Letnikow derivative. The relationship between the Riemann-Liouville and Grunwald-Letnikov 
definitions also has another consequence which is important for the numerical approximations of the 
fractional order differential equations. This allows the use of the Riemann-Liouville definitions during the 
problem formulation and then the Grunwald-Letnikov definitions for obtaining the numerical solution. 
For ),( txuDx

β , we adopt the shifted Grunwald formula at all time levels for approximating the second 
order space derivative. 
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where the Grunwald weights are defined by; 
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and the nonlinear function approximate as; 
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We rewrite the Eq. (7) as follows; 
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Now using Eqs. (7) - (11); 
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Let k
iu  be the numerical approximation of ),( ki txu  and let k

if  be the numerical approximation 

of )),(,,( kiki txutxf . Therefore the complete discrete form of the first IBVP (4) - (6) is; 
1
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0initialcondition = = 0,1,2,..., 1,−i iu g i m            (15) 

 

0and boundaryconditions = = 0,1,2,..., .k k
mu u k n            (16) 

 
For 11,2,...,=0,= −mik  in Eq. (14) we get the set of 1)( −m  equations. The matrix equation is; 
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Also for 11,2,...,=1,= −mik  the matrix equation is; 
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In general, 11,2,...,=1, −≥ mik  we can write as; 
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Stability 

Lemma 1 In Eq. (14), the coefficients )0,1,...,=(kbk  and 0,1,2,...)=( jg j  satisfy:   
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Let k

iu  be the approximate solution of the implicit finite difference scheme (4) - (6), and let k
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for nkmi 0,1,2,...,=1,1,2,...,= − , assuming 
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We now analyze the stability via the method of induction. When 1=k , assume that 
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Hence, the following theorem is obtained. 
 

Theorem 1 Suppose that )1,2,...,=1,1,2,...,=( nkmik
i −ε  is the solution of the roundoff error 

Eqs. (4) - (6) and the nonlinear source term satisfies the Lipschitz condition, then there is a positive 
constant 0C such that 0

0|| || || || , = 1,2,...,k C k nε ε∞ ∞≤ .  
 

Convergence 
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where = 1,2,..., 1, = 0,1,2,...,−i m k n  
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Using mathematical induction and Lemma 1, we give the convergence analysis as follows. For 1=k , 
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1 1
0 1 1 0|| || ( ), ( (1 ) = )α α α βτ τ τ+ +

∞≤ + + +

ke C k h r L c C           (23) 
 
If Tk ≤τ  is finite then, the following theorem is obtained. 
 

Theorem 2 Let k
iu  be the approximate value of ),( ki txu  computed by using an implicit finite 

difference scheme and source term to satisfy the Lipschitz condition. Then there is a positive constant 0C  

such that )(|),(| 0 hCtxuu ki
k
i +≤− τ   

 
Test problem 

Example 1 Consider the space-time semilinear fractional diffusion equation 
 

Ttxfu
x

u
t

u
≤++

∂
∂

∂
∂ <0,<<0,= 2

1.8

1.8

0.9

0.9

π  

 
with initial condition, ( ,0) = sin( );u x x  
and the boundary conditions );,(=0=)(0, tutu π  

where 0.1 2 2
1,1.1= sin( ) ( ) e sin( 0.9 ) sinπ− + −t tf t x E t x xe

 
and exact solution is ( , ) = sin( )tu x t e x . 

  
The solution of Example 1 is given as fallows with its error analysis (Table 1). 
 
 
Table 1 Comparision between exact solution and obtainted solution at t = 0.01 
 

u(x,t) I.F.D.M. Exact solution Absolute error Relative error % Error 

,0.01)
6

(πu  0.5064 0.5050 0.0014 0.0028 0.2772 

,0.01)
3

(πu  0.8751 0.8747 0.0004 4.573×10-4 0.04578 

,0.01)
2

(πu  1.0103 1.0101 0.00024 2.376×10-4 0.0238 

,0.01)
3

2( πu  0.8754 0.8747 0.0007 8.0027×10-4 0.08 

,0.01)
6

5( πu  0.5064 0.5050 0.0014 0.0028 0.2772 

 
I.F.D.M. = Implicit Finite Difference Scheme 
 
 

The solution of Example 1 at different time levels and its graphical representation is given as 
fallows (Figure 1).  
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Figure 1 Comparison between the exact solution and the numerical solution when t = 0.02 and t = 0.05.  
 
 

Example 2 Consider the space-time semilinear fractional diffusion equation 
 

= sin( ), 0 < x < 1,0 < , 0 < 1, 1 < 2
α β

α β α β∂ ∂
+ ≤ ≤ ≤

∂ ∂
u ux u t T

t x
 

 
with initial conditions, );(1=,0)( xxxu −  
and boundary conditions );(1,=0=)(0, tutu  
Th solution of Example 2 is given as fallows with different values of alpha and bita (Figure 2). 
 

 
Figure 2 Numerical solution of ),( txu  at different time steps when 0.9=α  and 1.8=β . 
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Conclusions 

This method is very useful to find the numerial solution of semilinear fractional partial differential 
equations. Stability as well as convergence of the implicit finite difference method is developed by using 
the matrix method. The theoretical results are demonstrated with the help of numerical problems. 
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