
  
http://wjst.wu.ac.th                                      Applied Mathematics  

Walailak J Sci & Tech 2014; 11(12): 1069-1076. 
 

On Generalized Composite Fractional Derivative 
 
Mridula GARG1,*, Pratibha MANOHAR2, Lata CHANCHLANI3 and  
Subhash ALHA1 
 
1Department of Mathematics, University of Rajasthan, Jaipur, Rajasthan, India 
2Department of Mathematics, S.S. Jain Subodh Girls College, Jaipur, Rajasthan, India 
3Department of Statistics, Mathematics and Computer Science, SKN Agriculture University,  
Jobner, Rajasthan, India 
 
(*Corresponding author’s e-mail: gargmridula@gmail.com) 
 
Received: 21 March 2013,   Revised: 7 January 2014,   Accepted: 5 February 2014 
 
 
Abstract 

In the present paper, we define a generalized composite fractional derivative and obtain results, 
which include the image of power function, Laplace transform and composition of Riemann-Liouville 
fractional integral with the generalized composite fractional derivative. We also obtain the closed form 
solution of a generalized fractional free electron laser equation with this fractional derivative by using the 
Adomian decomposition method. 

Keywords: Adomian decomposition method, free electron laser equation, generalized composite 
fractional derivative, Laplace transform, Riemann-Liouville fractional integral 
 
 
Introduction 

Fractional calculus is the theory of integrals and derivatives to an arbitrary order, which generalizes 
integer-order differentiation and integration. Fractional derivatives have proved to be very efficient and 
adequate to describe many phenomena with memory and hereditary processes. These phenomena are 
abundant in science, engineering, viscoelasticity, control, porous media, mechanics, electrical 
engineering, and electromagnetism. Unlike the classical derivatives, fractional derivatives have the ability 
to characterize adequately the processes involving a past history. Different from classical (or integer-
order) derivatives, there are several definitions for fractional derivatives given in different contexts. A few 
to mention are those given by Liouville [1], Grunwald [2], Letnikov [3], Riemann [4], Riesz [5], Feller 
[6], Caputo [7], Osler [8], Miller and Ross [9], Nishimoto [10], Hadamard [11,12], Kolwankar and 
Gangal [13], Hilfer [14] and Jumarie [15]. 
 In the present paper, we give a new definition of a fractional derivative termed as a generalized 
composite fractional derivative and obtain some basic results for it. We also obtain the solution of a 
generalized fractional free electron laser equation with the generalized composite fractional derivative 
using the Adomian decomposition method. 
 
Preliminaries 

 The Riemann-Liouville fractional integral of order 0, x aα > >  [16] is defined as; 
 

( ) ( ) ( ) ( )11 ,   0,
t

a t
a

J f t t f dαα τ τ τ α
α

−= − >
Γ ∫              (1) 
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with
 

( ) ( )0 .a tJ f t f t=

  
 The semi group property of the Riemann-Liouville fractional integral (1) is given by [16]; 
 
( ) ( ) ( )( ) ,  , 0.a t a t a tJ J f t J f tα β α β α β+= >

 
       (2) 

  
 The Riemann-Liouville fractional integral of the power function is given by [16]; 
 

( ) ( )
( ) ( )1 1 ,  , 0.a tJ t a t aλ α λα λ

α λ
λ α

− + −Γ
− = − >

Γ +
        (3)

 
 
 The Laplace transform of the Riemann-Liouville fractional integral (1) is given by [16]; 
 

( ) ( )0 ; ; ,  0.tL J f t s s L f t sα α α−  = >            (4)        
 
 The Riemann-Liouville fractional derivative of order α , 1 ,m mα− < ≤  m ∈ ¥  [16] with x a>  is 
defined as; 
 

( ) ( ) ( )
( )

( ) 1

1 ,  
t

m m m
a t t a t t m

a

f
D f t D J f t D d

m t
α α

α

τ
τ

α τ
−

+ −
= =

Γ − −∫         (5) 

  
 The Riemann-Liouville fractional derivative (5) acts as left-inverse (but not right-inverse) of the 
Riemann-Liouville fractional integral (1). 
 The Caputo fractional derivative of order α , 1 ,m mα− < ≤  m ∈ ¥  is defined as [7]; 
 

( ) ( ) ( ) ( )
( )1

1 1 .
t

C m m m
a t a t t tm

a

D f t I D f t D f d
m t

α α
α τ τ

α τ
−

− +
= =

Γ − −∫         (6)  

 
 The composition of the Riemann-Liouville fractional integral operator (1) and Riemann-Liouville 
fractional derivative (5) is given by [16]; 
 

( ) ( ) ( ) ( )
( ) ( )( )

1

0
,    1 ,  .

1

k mm
k m

a t a t t a t t ak

t a
J D f t f t D J f t m m m

k m

α
α α α α

α

− +−
−

→
=

−
= − − < ≤ ∈

Γ − + +∑ ¥
 

       (7) 

 
Adomian decomposition method for linear differential/ integro-differential equations [17] 

 We consider the linear differential equation written in an operator form as; 
 

,Lu Ru g+ =          (8)        
 
where L  is the lower order derivative which is assumed to be invertible, R  is the other linear differential 
operator and g  is a source term. 
 We next apply the inverse operator 1L−  to both sides of Eq. (8) and use the given conditions to 
obtain; 
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( )1 ,u f L Ru−= −         (9)        
 
where the function f represents the terms that arise due to application of 1L−  to the source term g and the 
given conditions that are assumed to be prescribed. Further we decompose the unknown function u into a 
sum of an infinite number of components given by the decomposition series; 
 

0
,n

n
u u

∞

=

= ∑        (10)  

 
where the components 0 1 2, , ,....u u u are usually recurrently determined. Substituting (10) into both sides of 
(9) leads to; 
 

1

0 0
n n

n n
u f L R u

∞ ∞
−

= =

  
= −   

  
∑ ∑ .      (11)       

  
 This can be written as; 
 

( )( )1
0 1 2 3 0 1 2...... ..... .u u u u f L R u u u−+ + + + = − + + +       (12)       

 
 The Adomian method uses the formal recursive relationship as; 
 

( )( )
0

1
1

,
, 0.k k

u f
u L R u k−

+

=
= − ≥       (13)       

 
Generalized composite fractional derivative 

 In this section, we define a generalized composite fractional derivative for 
1 , ,  0 1,  m m mα β ν− < ≤ ≤ ≤ ∈ ¥ , as follows; 

 

( )( ) ( ) ( )( )( )( ) ( )1, ; .m mm
a t a t t a tD f t J D J f tν β ν αα β ν − − −=

 
     (14)

 
 

  
 In the case that 0ν = , (14) gives the Riemann-Liouville fractional derivative of order α  as; 
 

( ) ( ) ( )( ) ( ) ( ) ( ), ;0 ,mm
a t t a t a tD f t D J f t D f tαα β α−= =       (15)       

 
and for 1ν = , it gives the Caputo fractional derivative of order β  as; 
 

( )( ) ( )( ) ( ) ( )( ), ;1 .m m C
a t a t t a tD f t J D f t D f tβα β β−= =       (16) 

 
 For 0 1ν< < , it interpolates continuously between the Riemann-Liouville fractional derivative of 
order α  and the Caputo fractional derivative of order β . 
 For α β= , the generalized composite fractional derivative (14) reduces to the fractional derivative 
defined by Hilfer [14]. 
 Now, we obtain some results for the generalized composite fractional derivative , ;

a tDα β ν . 
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Theorem 1 If 1 , ,  0 1,  m m mα β ν− < ≤ ≤ ≤ ∈ ¥ and ,  0t a λ> > , then; 
 

( ) ( )
( )( ) ( ) ( )1 1, ; .a tD t a t aλ ν α β λ αα β ν λ

ν α β λ α
− − + − −Γ

− = −
Γ − + −

      (17) 

 

Proof In view of definition (14) and the result (3), we get; 
 

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )

1 (1 )( ) 1, ;

1

(1 )( )

                         .

mm m
a t a t t

mm
a t

D t a J D t a
m

J t a
m

λ ν α λν βα β ν

αν α ν λν β

λ
λ ν α

λ
λ αν α ν

− − − + −−

− − + −−

Γ
− = −

Γ + − −
Γ

= −
Γ + − −

      (18)      

 
 Using result (3) again, we get (17). 
 
Theorem 2 If 1 , ,  0 1,  m m mα β ν− < ≤ ≤ ≤ ∈ ¥ , then the composition of the Riemann-Liouville 
fractional integral (1) with the generalized composite fractional derivative (14) is given by; 
 

( )( ) ( ) ( ) ( )

( )( ) ( )( )
1

( ) , ; (1 )( )

0
.

1

k m mm
k m

a t a t t a t t ak

t a
J D f t f t D J f t

k m m

α ν α
α ν β α α β ν ν α

α ν α

− + + −−
+ − − −

→=

−
= −

Γ − + + − +∑
 

     (19) 

 
Proof For 1 , ,  0 1,  m m mα β ν− < ≤ ≤ ≤ ∈ ¥  the generalized composite fractional derivative (14) can be 
represented as a composition of the Riemann-Liouville fractional integral (1) and the Riemann-Liouville 
fractional derivative (5) as follows; 
 

( ) ( ) ( ) ( )( )( )( )( ) ( ) ( )( )( )1, ; .m m m mm
a t a t t a t a t a tD f t J D J f t J D f tν β ν α ν β α ν αα β ν − − − − + −= =       (20)      

 
 Applying ( )

a tJ α ν β α+ − on both sides and using the semigroup property (2), we get; 
 

( )( )( ) ( ) ( )( ) ( ), ; .m m
a t a t a t a tJ D f t J D f tα ν β α α ν α α ν αα β ν+ − + − + −=       (21)      

 
 In view of the result (7), we arrive at (19). 
  
Theorem 3 For 1 , ,  0 1,  m m mα β ν− < ≤ ≤ ≤ ∈ ¥ , the Laplace transform of generalized composite 
fractional derivative is given by; 
 

( ) ( ) ( ) ( )( )( )( )( )
1

1 1 1, ; ( )
0 0

00

; ; .
m

m k m k
t t

tk
L D f t s s L f t s s D J f tν β ν αα β ν ν β α α

+

−
− − − − − −− +

→=

  = −    ∑
 

     (22)
      

 
Proof For convenience, let us write ( ) ( )( ) ( ) ( )1

0
mm m

t t tg t D J f t D h tν α− −= = . Now by definition of , ;
0 tDα β ν  

and in view of the result (4), we have; 
  

( ) ( ) ( ) ( ) ( ), ;
0 0; ; ; .m m

t tL D f t s L J g t s s L g t sν β ν βα β ν − − −   = =             (23)  
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 Now writing ( )g t in terms of ( )h t and using the formula of Laplace transform of mth derivative of a 
function [18], we can write the right side of (23) as; 
 

( ) ( ) ( )( )
1

1

00

; lim
m

m m m k k

tk
s s L h t s s D h tν β

+

−
− − − −

→=

 = −    
∑       (24)      

 
where ( ) ( )( ) ( )1 m

a th t J f tν α− −= . Using the result (4) for the Laplace transform of ( )h t , we arrive at the 
result (22). 
 In all the above Theorems 1 to 3 if we take α β= , we get corresponding results for the composite 
fractional derivative defined by Hilfer [19] as given in the works of [14,19,20] respectively. 
 
Solution of the generalized fractional free electron laser equation with a generalized composite 
fractional derivative 

 We use the Adomian decomposition method, to solve generalized fractional free electron laser 
equation. 
 
Theorem 4 Consider the generalized FFEL equation; 
 

( ) ( ) ( ) ( ), ;
0

0

, 1; , 1; ,  0 1,D a a b i d c i
τ

α β ν δ γ
τ τ λ ξ τ ξ φ δ ηξ ξ µτ φ γ ητ τ= − + + + ≤ ≤∫                     (25) 

 
where , 0;  0 1;  , ;  , , , , ,b cα β ν µ λ γ δ η> ≤ ≤ ∈ ∈£ ¡  with , 0, 1, 2,...γ δ ≠ − −  and , ;

0 Dα β ν
τ  is the 

generalized composite fractional derivative defined by (14) with initial conditions; 
 

( )(1 )( )
0 0

r m
rD J a bν α

τ τ τ
τ− −

=
= ; 0,1, 2,....., 1r m= − ; 1 .m mα− < ≤       (26)      

 
 The closed form solution to this problem is given by; 
 

( )
( )

( )( )
( ){ } ( ) ( )( )

( ) ( )

( )( )

1

0
1

( ) *

1 0

( ) 1 ( )

0
*

1

1 , ( ) 1;

1

, ( ) 1 ( ) 1; ,

r m mm
r

r
mk k k r

r
k r

k

k

ba
r m m

b kb k k r i

c kb k i

α ν α

δ α ν β α

α ν β α δ γ α ν β α

ττ
α ν α

λ δ τ φ α ν β α δ ητ

µ γ τ

φ α ν β α δ γ α ν β α ητ

− + + −−

=
∞ −

+ + − + +

= =
∞

+ − + + + + + −

=

=
Γ − + + − +

 
+ Γ + + − + + + + 

 
+ Γ + 

+ + − + + + + + − + 

∑

∑ ∑

∑

 

     (27)

 

 

 
where *φ is the modified confluent hypergeometric function given by; 
 

( ) ( ) ( ) ( )
( )

*

0

1, , , , .
!

n
n

n

a za c z a c z
c c n n

φ φ
∞

=

= =
Γ Γ +∑       (28)      

 
Proof If we take s τ ξ= −  in (25), it transforms to; 
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( ) ( ) ( ) ( ) ( )( ), ;
0

0

, 1; , 1; ,D a c i s a s b i s ds
τ

δα β ν γ
τ τ µτ φ γ ητ λ τ φ δ η τ= + + − + −∫       (29)   

  
 Applying ( )

0 J α ν β α
τ

+ − on both sides of Eq. (29) and using the result (19), with 0a = , and initial 
conditions (26), we get; 
 

( )
( )

( )( )
( ) ( ) ( ) ( )( )

1

0

( )
0

0

1

, 1; , 1; .

r m mm
r

r

b
a

r m m

J c i s a s b i s ds

α ν α

τ
δα ν β α γ

τ

τ
τ

α ν α

µτ φ γ ητ λ τ φ δ η τ

− + + −−

=

+ −

=
Γ − + + − +

 
+ + + − + − 

 

∑

∫
      (30)      

 
 We now decompose the unknown function ( )a τ  into a sum of an infinite number of components 
as; 
 

( ) ( )
0

.k
k

a aτ τ
∞

=

= ∑       (31)      

 
 Using the Adomian decomposition method, these components can recursively be obtained by; 
 

( )
( )

( )( ) ( )
1

( )
0 0

0

, 1; .
1

r m mm
r

r

b
a J i

r m m

α ν α
α ν β α γ
τ

τ
τ µτ φ η γ ητ

α ν α

− + + −−
+ −

=

 = + + Γ − + + − +∑       (32)      

 
and 
 

( ) ( ) ( ) ( )( )( )
1 0

0

, 1; ,  0,1, 2,3,....k ka J s a s b i s ds k
τ

δα ν β α
ττ λ τ φ δ η τ+ −

+

 
= − + − = 

 
∫       (33)  

 
 Using (3) and the following formula [21]; 
 

( ) ( ) ( )( ) ( ) ( ) ( )'' 11 * * 1 *

0
, ; ', '; ', '; , Re 0, Re ' 0,

t cc c ca c t a c t d t a a c c t c cξ φ ηξ ξ φ η ξ ξ φ η−− + −− − = + + > >∫    (34) 

       
in recursive formulae (32) and (33), we obtain these components as; 
 

( )
( )

( )( ) ( ) ( )

( ) ( ){ } ( ) ( )( )
( ) ( ) ( )

1
( ) *

0
0

1
( ) *

0
( ) 1 ( ) *

1 , ( ) 1; ,
1

1 , ( ) 1;

1 , ( ) 1 (

r m mm
r

r
mk k k r

k r
r

k

ba c i
r m m

a b kb k k r i

c kb k

α ν α
α ν β α γ

δ α ν β α

α ν β α δ γ α ν β α

τ
τ µ γ τ φ α ν β α γ ητ

α ν α

τ λ δ τ φ α ν β α δ ητ

µ γ τ φ α ν β α δ γ α ν β α

− + + −−
+ − +

=
−

+ + − + +

=
+ − + + + + + −

= + Γ + + − + +
Γ − + + − +


= Γ + + − + + + +

+ Γ + + + − + + + + + −

∑

∑
( )) 1; ,

1, 2,3,...
i

k
ητ + 

=

  (35)

       
Substituting (35) into (31) we obtain the required result as given by Eq. (27). 
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Special cases 

(1) If we take α β=  in Theorem 4, we obtain a solution of the following generalized FFEL with a 
composite fractional derivative defined by Hilfer [14]. 
 
Corollary 5 Consider the generalized FFEL equation; 
 

( ) ( ) ( ) ( ),
0

0

, 1; , 1; ,  0 1,D a a b i d c i
τ

α ν δ γ
τ τ λ ξ τ ξ φ δ ηξ ξ µτ φ γ ητ τ= − + + + ≤ ≤∫       (36)      

 
where 0;  0 1;  , ;  , , , , ,b cα ν µ λ γ δ η> ≤ ≤ ∈ ∈£ ¡  with , 0, 1, 2,...γ δ ≠ − −  and ,

0 Dα ν
τ  is the composite 

fractional derivative defined by Hilfer [14], with initial conditions; 
 

( )(1 )( )
0 0

r m
rD J a bν α

τ τ τ
τ− −

=
= , 0,1,2,....., 1r m= − , 1 .m mα− < ≤       (37)      

 
The closed form solution to this problem is given by; 

 

( )
( )

( )( )
( ){ } ( ) ( )( )

( ) ( ) ( )( )

1

0
1

) *

1 0

1 *

0

1

1 , 1;

1 , 1 1; ,

r m mm
r

r
mk k k r

r
k r

k

k

b
a

r m m

b kb k k r i

c kb k i

α ν α

δ α

α δ γ α

τ
τ

α ν α

λ δ τ φ α δ ητ

µ γ τ φ α δ γ α ητ

− + + −−

=
∞ −

+ + +

= =
∞

+ + + +

=

=
Γ − + + − +

 
+ Γ + + + + + 

 
 + Γ + + + + + + + 

∑

∑ ∑

∑

         (38)      

 
(2) On taking 0ν = , in Theorem 4, we get the solution of fractional free electron laser equation with 
Riemann-Liouville fractional derivative, solved earlier by Saxena et al. [22] by the method of successive 
approximations. 
(3) On taking 1ν = , in Theorem 4, we get the solution of the generalized fractional free electron laser 
equation with Caputo fractional derivative studied by Garg and Sharma [23]. 
 
Conclusions 

In this work, we have defined a generalized composite fractional derivative. We considered 
generalized fractional free electron laser equation with this fractional derivative. We obtained 
composition of Riemann-Liouville fractional integral with generalized composite fractional derivative and 
using this result in Adomian decomposition method, we have solved the fractional free electron laser 
equation. 
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