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Abstract

Let D be an integral domain. For sequences @ = (ay,as,...,a,)and I = (i1,i9,...,4,) in D™ with
distinct 4, call @ a (D™, I)-polynomial sequence if there exists f(z) € D[z] such that f(i;) = a; (j =
1,...,n). Criteria for a sequence to be a (D™, I)-polynomial sequence are established and explicit structures
of D" /P,  where P, 1 is the set of all (D™, I)-polynomial sequences are determined.
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Introduction

For a fixed n € N, by a polynomial sequence (of length n), we mean a sequence @ := (a1, as, ...., an)
in Z"™ for which there exists f(x) € Z[z] such that f(i) = a; foralli = 1,2,...,n; werefer to f(z) as a
polynomial which generates the sequence a. Denote by P, the set of all polynomial sequences. Cornelius,
Jr. and Schultz in [1] characterized P,, using Lagrange and (implicitly) Newton interpolation polynomials
and determined the structure of Z" / P,,.

The main objectives of this work are first to extend the characterization of Cornelius-Schultz from Z
to an integral domain D and second, to determine their corresponding structure.

Throughout, let I = (i1, 2, ...,%,) € D™ with distinct ¢; and let
P, ={a=(a1,...,a,) € D" | there exists f(z) € D[z] suchthat f(i;) = a; foralll1 < j<n} (1)

be the set of all (D™, I')-polynomial sequences. It is easy to see that the set P,  is a group under addition
andifa € P, jthenca € P, forany c € D.

Characterization

For a fixed sequence I as above and a sequence a := (aq,...,a,) € D", the Lagrange interpolation
polynomial, [2, page 33], which interpolates the points (i;,a;) (1 < j < n), is defined by

- 2 T — i
L = i i
a,1() Z a; H e € Dglz] (Dg the quotient field of D) )
j=1 m=1,m#j
and satisfies
La,[(ij) = aj (1 S _] S n) (3)
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Theorem 1. Let I = (i1,%2,...,i,) € D™ with distinct i;. Then a = (a1,...,a,) € D" isa (D™, I)-
polynomial sequence if and only if L, 1(x) € Dlx],, the set of all polynomials in D|x] of degree < n.
Furthermore, L 1(x) is the unique polynomial of degree < n in Dg|x] that generates a.

Proof. Ifa € P, 1, thenthere is f(x) € D[z] such that f(i;) = a; (1 < j < n). We next let a polynomial
p(x) == (x —i1) - (x —in) € D[z], degp(x) = n. Since p(x) is monic, by the division algorithm,
f(z) = g(z)p(x) + r(x), where g, € D[z] with degr < n. Evaluating at the points i; (1 < j < n), we
see that r(x) generates the sequence a which shows that both r(x) and L, ;(z) are polynomials in Dg|[z]
of degree < n which agree at n distinct points and so both must be identical. The remaining assertions are
trivial.

Taking I = (1,2,...,n) in Theorem 1, we recover [1, Theorem 2.1].

Given a set of n points (ig,ar) (k = 1,...,n), with distinct i;, and aj being in D, the Newton
interpolation polynomial corresponding to the points (ix,ax) (k = 1,...,n) is defined as

Noi(z) =bor+bir(x—i1) +bor(x —i1)(@—d2) + -+ bp_r (@ —i1)(x—id2) - (T — in_1), (4)

k
a; . .
where by, ;1 = Z ) JH‘ . (0 < k < n —1). Note that the Newton interpolation poly-
7=0 Hm:l,m#j-&-l(zj"rl - Zm)
nomial can be obtained by solving the system of equations

No1(ix) = ag (1<k<n) %)
which can be done inductively. The elements
1,pi, = (& —41),pip = (x —i1)(x —42)y...,pi,,_, = (& —i1)(x —ida) -+ (x — i) 6)

are referred to as the corresponding Newton basis polynomials [2, page 39-40].

Theorem 2. With the above notations, we have

Na,](l') = La’[(.’b). (7)

Proof. By Theorem 1, L, ;(x) is the unique polynomial with coefficients in Dy of degree less than n
generating @. Since N, 1(i;) = aj = L, (i) for 1 < j < nand deg N, ; < n, they are identical.

Corollary 3. Leta € D". Then a € P, 1 if and only if
k

aj+1
ka:Z s} A - (k=0,1,...,n—1) (8)
=0 = matgn (G2 — i)

is an element in D.
Proof. The result follows immediately from Theorems 1 and 2.

Taking I = (1,2,3,...,n) in Theorems 1 and 2, we get the following corollary.
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Corollary 4. Leta € Z™.
k —1)k+i

A) ([1, Lemma 2.2]) If No(x) = bopo(x) + bip1 () + - + bp1pn1(2), b = 35 Stz
(k=0,...,n—1), then

Ny(x) = Lo(2). 9)

B) ([1, Corollary 2.4]) A sequence a is a polynomial sequence if and only if each number
k .
(=" aj41
b = ~— (k=0,1,...,n—1 (10)
2w ¢ )
is an integer.

It is of interest to investigate the above results for small values of n. Thus we obtain the following
result.

Lemma 5. With the above notations, the following statements hold:

A) Forany I = (i1) € Z, we have P, 1 = Z.
B) Foranya = (a1,as), I = (iy,i2) € Z* where iy < ia, we have

a€ Py ifandonlyif a1 =ay mod (i1 — iz).
In fact, if I = (1,2), then Py = 7.

C) Foranya = (a1, az,a3), I = (i1,i2,i3) € Z> where iy < iy < i3, we have
(a3 — ag) + m(zz — ’63)
(11 — i) (i2 — i3) 11 — 12

Infact, if I = (1,2,3), then Py = {(ay1,a2,a3) € Z3 | a1 = a3 mod 2}.

ac P ifandonlyif are integers.

Proof. We prove the above results as follows:

A) For any a € Z there exists f(z) = a such that f(i1) = a. Thus P; ; = Z.

B)Leta = (a1, a2) € Z2. By Corollary 3,a € P, yifandonly ifby ; = a1 and by ; = Aot =
% are integers. Hence, @ € Py ifand only if a1 = a2 mod (i —i2). If I = (1,2), theni; —ip = 1,

and so Py, = Z2.
C) Leta = (a1, az,a3) € Z3. Then

bo,r = aq, (11
a Qa a1 — a
byj=—t 2 =12 (12)
11 — 19 19 — 11 11 — 12
ay as as (as — az) + m(iz — i3)
bor = — — — + — — — + — — — = - —— - , 13
2 G i) i) | (e i)z —da) | i) —1)  (in— ia)(ia — i) ()
where m = M. (14)
11 — 12

By Corollary 3,a € P; rifand only if m = $1=32 € Z and % are integers . If I = (1,2, 3),

then m = “=52 = ay — a; is an integer. Hence,

(a3 —az) +m(2—3) (a3 —az)+ (a2 —a1)(—1) a3 —a
3(1—3)(2—3) == 2 =5 - (15)
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is an integer if and only if 2|az — a;. Thus @ € Z3 is a polynomial sequence of length 3 if and only if a;
and ag are of the same parity.

The next result shows how to turn a sequence into a (D™, I')-polynomial sequence.

Theorem 6. Let I = (iy,ia,...,9,) € D™ with distinct i;, let & = (a1, a2, . .., a,) € D™ and let
n—1 n

M= M, where Mj= J[ (ij31—im) (G=0,1,2,...,n—1). (16)
7=0 m=1,m#j+1

Then Ma = (May, Mas, ..., Ma,) € P, 1.

Moreover, if D is a unique factorization domain, then M'a = (M'a1,M'aq,...,M'a,) € P,
where M' = lem{M; ;_1;01 and M’ is the minimal element in D for which this is true for every sequence of
length n. The element M’ is the minimal in the sense that if La € P, 1 for all n then M' | L.

Proof. Using the above notation, since

k

k

aj+1 aj+1

bk,I: k J . _ == n B B (OS]{ZSTL*].), (17)
jgo Hm-;ljJrl,m:l(Zj-i-l —im) ];0 M;/ T nmkr2mpgan (41 = im)

we see that Mby, 1 € Z and so Ma is a (D™, I)-polynomial sequence.

If D is a unique factorization domain, then letting M’ = lem{M; ;-L;(},

in D.

itis easy to see that M'by, s is

To see that M’ is the minimal element with the stated property, consider the following sequences in
Table 1.

Table 1 Sequences and its corresponding coefficients in the Newton interpolation polynomial

Sequence a bo,r b1 ba. 1 bpn—1,1
- T 1 T
21 - (1’ 0,0,... ’O) 1 ilIi2 (i1*i2)1(i1*i3) T (i17i2)(7;17f3)"'(i17in)
22 = (O’ L0,... ’O) 0 i2—1i1 (iz—il)l(iQ—is) e (i2_7;1)(7:2_11:3)"'(7;2_in)
@ = (0,0,1,...,0) 0 e
@ =(0,0,0,...,1) 0 0 0

(in—11)(in—%2) - (in—tn—1)

Foreacha; (1 <i < n), weseethat M; _1a; € P, jand forany element L € D suchthat La; € P, 1,
we have M;_1|L (1 < i < n). Therefore, by the definition of M’, we have M’|L, showing that M’ is the
minimal element such that M'a € P, ;.

Before proceeding, let us work out two examples.
Example 1. a)Let D = Z,a = (2,8,12) and I = (5, 6,8). We see that

4 62
Na,[<x) = _7x2 + -

. 5@ — 68 ¢ Z[a]. (18)
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Soa ¢ P31 over Z. Since My = 3, M; = 2 and My = 6, M’ = 6. We deduce that M'a = (12,48,72) is
a polynomial sequence generated by —8x2 + 24z — 408 with respect to I = (5,6, 8) in Z.

b)Lete = (4 —i,5,6 + 2i) € Z[i]® and I = (i, 3i,2 + i) € Z[i]>. We see that

Noi(z) = %ﬁ + (7 + 40T+ @ ¢ 7[i[x]. (19)

So ¢ ¢ Psyover Z[i]. Since My = —4i, My = —4(1 + i) and My = 4(1 — i), M’ = 8, we get that
M'é = (32—8i,40, 48+ 16i) is a polynomial sequence generated by (—3+5i)x? + (244 8i)x + (37— 274)
with respect to I = (4, 34,2 + 4) in Z[i].

If D=Zand I =(1,2,...,n), then we have the following result which is [1, Theorem 2.5].

Corollary 7. Ifa = (a1, as,...,a,) € Z", then
(n—Dla = ((n—Dla, (n — lasg,...,(n—Dlay,) € P, 1. (20)

Moreover, (n — 1)! is the least positive integer for which this is true for every sequence of length n.

Proof. Take I = (1,2,3,...,n). Using the same notation as in Theorem 6, we compute
M= ] G+1-m) ="' G n—j-1)! 0<j<n—1). 1)
m=1,m#j+1

Since (n — 1)! = (j)l(n —j — 1)!(";1) (0 < j < n—1), the integer M; is a divisor of (n — 1)! for all
0<j<n-1land M,_; = (n—1)L. Hence, M = lem(M;, Ms,...,M,) = (n— 1)L

Structure

In this section, we show that P, ; is a rank n subgroup of the free abelian group D". We first show
that for any I € D", we have P, ; = D[z],, as a group where D[z],, is the set of polynomial in D[z] of
degree less than n.

Theorem 8. The group P, i is isomorphic to D[z],.

Proof. Define v : D[z] — D™ by v(f(z)) = (f(i1), f(i2),..., f(in)). Let f1, fo € D[z],. Then

v((f1+ f2) (@) = ((fr + f2)(@1), (fr + f2)(i2), ..., (f1 + f2)(in)) (22)
= (f1(i1) + fa(ir), f1(i2) + fali2), ..., f1(in) + f2(in)) = v(f1(2)) +v(fa(z)). (23)

Thus v is an additive homomorphism. We next show that v restricted to D|x],, is an isomorphism from
Dix], to P, ;. Leta = (a1, az,...,a,) € P, 1. Then there exists f(z) € D[z] such that f(x) generates
a. Again as in Theorem 1, f(z) = q(x)p(x) + r(z) where p(z) = (x — 1) - -+ (x — in), ¢, € D[z] with
r = 0 or degr < n. Evaluating at the points 7; (1 < j < n), we see that r(z) generates the sequence a. So
v is onto.

Let f,g € D[z],. Suppose v(f(z)) = v(g(x)). Then f(ir) = g(ix) for all 1 < k < n. Since both
deg(f) and deg(g) are < n and the polynomials f, g agree at n distinct points, they are identical, i.e., v is
one-to-one. Therefore v is an isomorphism from D|x],, onto P, ;.
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We next consider the structure of Z" /P, ;. For I = (1,2,...,n) € Z", it was shown in [1, Theo-
rem 3.2] that

VP, 2222 B Z/3 & BZ/(n—1)Z. (24)
We use the technique similar to that in [1] to generalize the above result to D™ /P, ;.

Theorem 9. Forn > 2, let I = (iy,i2,...,i,) € D™ If

k—1 k—1
1 G —im)/ T Gir —im) €D (1<k<j<n), (25)
m=1 m=1
then
Dn/Pn)I = D/(ZQ — il)D &) D/(’Lg — il)(ig — ’iQ)D D---D D/(ln - ’Ll)<ln — ig) cee (Zn - ’L'nfl)D.
(26)
Proof. For j, k€ {1,2,...,n}, let
[T (i — i)/ Tl (i — i) 65 2 k> 1
ajr =41 ifk=1 27)
0 ifj <k,
so that
1 0 0 0 0
1 1 0 0 ... 0
fazty 1 0 .. 0
An = (ajk) = i2—11 (28)
inoiy Gn=i0)(n—is)  (in=i1)(in—is)(in—is) )
i2—11 (i3—11)(i3—i2) (ia—11)(ta—12)(ia—13) e
Leter(j — 1) be the j** column of A, (j =1,2,...,n). Since det A,, = 1 and
k—1 k—1
ajp = [ G —im)/ [] Gk —im) €D (1<k<j), (29)
m=1 m=1
the matrix A,, is a unimodular [3, Lemma 1.15]. In this case, we see that {e;(j —1),j = 1,2,...,n} forms
a D-basis for D™. Now let
1 0 0 0
1 is—1 0 0
Cn — (Cjk) — 1 i3 - ’il (ig - il)(i3 - ’iz) 0 , (30)
1 dp—it1 (G —i1)(in—32) oo (in—191) ... (in — tn-1)
(ij—il)(ij—i2)~-~(’ij—ik,1) 1f1</€§]
cir =141 ifk=1 3D
0 if j <k,
and let D,, be the diagonal matrix whose ;" diagonal entries are
djr = (ij —i1)(i; —iz) -~ (i —i5-1) (G=12,...,n). (32)
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It is easy to see that C,, = A,, D,,. Since {1, p;, (z),...,pi,_, (x)} forms a D-basis for D[z],,, by Theorem
8, the map v : D[z],, — P, s is an isomorphism. So the image

{v(1), v(pi, (2)), .., v(pi,_, (2))}

forms a D-basis for P, ;. From

1 0 0
1 i 0

v(pi(@) = || el (@) = |87 v, (@) = : :
L in— i (i — 1) (i — i2) .- (i — 1)

we see that v(p;,_, (x)) is the j* column of C,, (j =1,2,...,n). Since C,, = A, D,,, we have

(pij—l(x)) = (’LJ - 7;1)(ij - i2) T (ZJ - ij—l)el(j - 1) = H (ij - im)el(j - 1) (] =1,2,.. .,Tl).

m=1 (33)
Thus,
n (er(0)) ® (er(1)) @ (er(2)) & - @ (er(n — 1))
D"/P, = T - . — . 34
S 0 @ T (s — i) (1 (D) @ - & [T (i — i) (e (1 — 1) Gy
_ (er(0)) (er(1)) (er(n—1)) 15
(er0) T — im0 T G — i) (ex(n— 1)) G
2 n—1

= D/(iy —i1)D® D/ [[ tis = im)D & --- & D/ [ (in — im)D- (36)

By Theorem 9, for 1 < j < n, if ajr, = [[5_1(i5 — im)/ 15y (ix —im) € D (1 < k < j),
choosing k = j — 1, we get

j—2 j—2
aji—1 = H(ij—im)/ H(ijfl_im)eD (jZO,l,...,n—l). (37)
m=1 m=1

Thus, dj 1 = 1772, (ij—im) = ajj1-(ij—ij_1)-dj_1.1,1.e.,d;_y isthe factorof d; ; (j =1,2,...,n),
yielding

Corollary 10. With the set up above, D"/ P, | is a finite abelian group of the form
D/d, D& ---®D/dyD & D/d, D
where dy | do | -+ | dn—1.

Ifwetake D = Zand I = (1,2,...,n), we deduce the following result.

Corollary 11. /1, Corollary 3.3] If I = (1,2,...,n) (n > 3), then 2"/ P,, is a finite abelian group with
Smith normal form

Z/n—V)Z&- - &L/ L/2Z

and Smith invariant (n — 1), ..., 3!,2!). Moreover,

Z"P,| =110 .
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We pause to look at one simple example.

Example 2. Let D = Z[i] and [ = (2 + 4,3 + 44,2 + 114). Since

iz —idp (24110 — (2+14) . ,
04372—1_2_2_1— (3—|—4Z)—(2—|—Z) —3+Z€Z[Z], (38)

all the elements aj;, of the matrix A3 are in Z[i]. By Theorem 9 we get

Z[i] zli] __ Z[i]

2P/ Por = iz © oa) (1 + 7020~ (L4 3020 © (70 - 0020

(39

The quotient condition in Theorem 9 simplifies for some particular sets / as witnessed in the next
corollary.

Corollary 12. The following statments hold:
A) Let a, q be elements in D and n > 2. If i, = aq” (1 <k <n), then

n—1
D" /P,LI_D/aq(q—l)DGBD/(IQ 1+2(q 1)((]—1)D @D/an 1 1+2+3+ +(n—1) H q _1
=1

(40)

B)Forn>2,1<k<n-—1,ifigy1 — i = cforsomec € D, then

D"/P,;=DJc-D®D/2\¢*D @& D/3!*D&---® D/(n—1)lc"'D. (41)

Proof. A) Since iy, = ag®, ix11 —ix = ag®(g—1) (1 < k < n —1), wehave i; — i, = ag’ — ag® =
aq®(¢?~* — 1) (j > k). By the proof of Theorem 9, we get

k=1 /. _ k—1 j—m _ 1
g?__fgz.] Zi = an 1(3 1)) ifj>k>1
An = ik)s = m=1\tk — tm m=1 - 42
(o) =4 4 ith =1 “42)
0 ifj < k.

For1 < k < j <mn, since an;ll (=™ —1)/ H ( ™ — 1) is a g-binomial coefficient, it is in D and by
Theorem 9 we have

n—1

D"/P,; = D/ag(q~1)D & D/a**(¢* ~ 1)(q - )D& --- & Dfa"¢" 5 [[(¢' ~1)D.  (43)

i=1
B) Since i1 — i = ¢ (1 <k <n—1), we have
—igp = (ij —ij-1) + (Gj—1 — j—2) + -+ (k1 — i) = (j — k)c (1 > k). (44)
By the proof of Theorem 9, we get
k-1 i .
Ty Gy = i)/ T (i — i) = (J25) i > k> 1
Ay = (a1), ajr=141 itk =1 (45)

0 ifj < k.
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Thus, a;, € D and by Theorem 9, it is easy to see that

D"/P,;=D/cD®D/2c’D&---&D/(n—1)lc" ' D. (46)

Taking D =7, I = {1,2,...,n} and ¢ = 1 in Corollary 12 B), we recover [1, Theorem 3.2].
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