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Abstract

1/k 2/k

In 1954, Perron constructed simple continued fractions of e'/* and e*/* where k is a positive integer.
These are called Hurwitz continued fractions. Using the method given in Perron’s book, we determine
explicit shapes of simple continued fractions of ke'/*, %el/ k and 2e.
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Introduction

A simple continued fraction is an expression of form

1

ay + ——— = |ap, a1, a9, .. .|, 1
0 CL1_~_(12+1i [ 0, 1, 42, } ( )

whereag € Z, a; € N (i > 1). The a;’s are called the partial quotients, the value [ag, a1, . . ., an)| = Pn/qn

is called the nth convergent, and the tail [a,,, @41, . . .] is called the nth complete quotient of the continued

fraction (1). Let

900(0)7 300(1)7 4100(2), -
©1(0), 1(1),01(2),. ..

0r—1(0), or—1(1), Pr—1(2), ... 2

be k arithmetic sequences. The continued fraction

[(10, cee aakflvch(O)v(Pl(O)? .- ~;80k71(0)7900(1)7901(1); e 'a¢k71(1)7900(2)7<p1(2)a .- ~790k71(2)’ s ]

3)
is referred to as a Hurwitz continued fraction. We denote the continued fraction (3) for short by the symbol
a/07'-~7ak71a800()‘>7901(>\)7'"7S0k71()‘) >\_0- (4)

There have already appeared several papers dealing with continued fraction expansions of e, '/* and e2/*

for positive odd integer &, e.g. [1-3]. Here we determine the explicit forms of the continued fractions of
2e, ke!/* and +el/*, which to our knowledge have never appeared before.
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Preliminaries

We shall make use of the following known facts about simple continued fractions whose proofs can
be found in [4, Sections 28-29].

Lemma 1. Let &y, 1o be two irrational numbers such that

_afp+b
c§o +d

where a,b, c,d € Z. Let A,,, B, be the numerator and denominator of the vth convergent of
EO = [CLO,G,17CL27...}. (6)

For a suitable fixed index vy, if

Mo (c€o+d>0, ad—bc=n>0) 5)

B,,_1(c€o+d) > 1 and ay,, > 2n+ |c|, 7

. aA,,_1+bB,,_ .. . . .
then the fraction W has a positive denominator and its value is equal to a convergent of 1.
vo— vo—

Lemma 2. Let &y, g be two irrational numbers satisfying

_ afo + b
o= céo +d
where a,b, c,d € Z. Let the simple continued fraction of £y be

(c€o+d>0, ad—bc=n>0), 8

50: [a’07a17a27"']' (9)
If there are increasing indices vy, V1, Vo, . . . such that
By,—1(céo+d) > 1, ay, > 2n+|c|, and a,, > 2n (i=1,2,3,...), (10)

then the simple continued fractions for &y and ng correspond in sections as

50 = [aO;ala .. 'aal/g—l‘auoaauo—i-la' .. 7al/1—1|aD17aV1+17 .. '7a’l/2—1| .. ']a (11)
o = [do,dl,. .. 7du0—1|duo’dﬂo+17' .. 7du1—1|du1’du1+17' . "dl42—1| .. .], (12)
in such a way that p; = v; (mod 2) and
alag, a1, ..., Gyy—1] + b
=|dy,dy,...,d, 1], 13
clag, a1, ... ap,—1] +d [do, du po=1] (3)
TilQu; s Quyt1s v Quyy—1] — i
z[ vis Yy 41 . Vit1 1] i [duiadui+1;~~7dui+1fl]7 (14)
7

where i, i, t; € Z are defined recursively by

ro = ng(CLAvO,1 + vanfl, CAU0,1 + dBvofl), (15)
n D, _ cA, _o+dB,, _
S0=—, to= 892 — g0 -2, (16)
70 D1 cAyy—1+dBy,—1
in general, Tit1 = ng(riAVi+1—w—1,l/7‘, - tiBV71+1—V1:—1,V7:7 SiBti+1—l/1‘,—17V7t)v
n Di*i*li Bi*i*&i
Siy1 = , ti+1:3i+1M_ri+1M, (17)
Ti+1 D/Li+1—li7‘,—17#1‘, BVH—l_’/i_lsz
where A, /B, C, /D, are the vth convergents of & := |ag, a1, ...], Mo := [do, du, . ..], respectively, and
Ay /By, Cupi/Dy y; denote the vth convergents of €, = [au,, Gu,+1, -] My, = [duss dpy+1, - - -,
respectively.
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Lemma 3. Under the hypothesis of Lemma 2, both sections
|G Qo1 e ey Qo —1] and ay,, g1y ey Gy 1] (18)

differ only in the starting element, which are congruent modulo n. If r; =1r;, s; =385, t; =1, then
the two corresponding sections

|dm, dm—i—la . ,dui+1_1| and |duj7duj+17 . ,duj+1_1| (19)

differ only in the starting element, with

o Uy — Gy,

dy = dyyy 77 = (20)

Moreover, we have
Tit1 = Tj41,  Sit1 = Sj41,  lig1 = bjq1. (21)
Theorem 4. (Hurwitz) Let &y, 1y be two irrational numbers such that

_ao+b
7o to+d

(c€o+d>0, ad—bc=n>0) (22)

where a,b,c,d € Z, and if the simple continued fraction for &y is a Hurwitz continued faction, then the
simple continued fraction for ng is also a Hurwitz continued faction, and the order of arithmetic sequence
Jor no is equal to that of &y, except the order O that appear in a continued fraction many fail in the other.

Results and discussion

The simple continued fraction of 2¢

Theorem 5. We have

2% = [5,2,3,2+ 2X,3, 1,2+ 2\, 1, 3|50, (23)

Proof. From [4, Section 31], we have

— 1 _—_—
€0 =2 — = [0,2,6,10,14,18,..] = 0,2, 6,8X + 10, 8A + 1[5, @4
€
From
260 +2
= 2e = , 25
o . (25)

wehavea =2,b=2,c=—1,d = 1. Thus,n = ad — bc = 2(1) — 2(—1) =4 > 0, and

e—1 —e—1 2 2
c&o + &o + e—|—1+ e 1 +e+1+ e—|—1> (26)

The Oth, 1st and 2nd convergents of [0, 2, 6, 10, 14, .. .] are, respectively,

0 0 Al 1 2 6
Ao _ A gl Ay 6 2
BO [0] 1’ B1 [07 ] 2, BQ [O’ 76] 13 ( 7)
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We subdivide the continued fraction of &, into sections in the following way

& = [0,2,6]10|14/18|...] = [0, a1, az|as|aslas]...] = [0, a1, az|av,|aw, |aw,|...]. (28)

Thus,

Byy_1(céo +d) = Ba(c€o +d) — 62% > 1, ay, = 10> 9=2(4) +1 =20+ | (29)
ay, >14>8=24)=2n  (i=1,2,3,...). (30)

From Lemma 2, we obtain

alag, a1, as] +b  2[0,2,6] +2

— = (5,2, 3]. 31
clag,ar,az] +d  —[0,2,6] +1 5,2,3] @1

Since it has an odd number of terms, the 1st section of 7g is 5,2, 3 and we find that the 1st and the 2nd
convergents of [5, 2, 3], are, respectively,

Cq 11 G 38
p=bBAd=5, F=b23=7 (32)
Thus,
4
ro = ged(ady, 1 + bByy_1,cAyy_1 +dBy,_1) = ged(38,7) =1, so = Tﬁ —-=4 (33)
0
For ¢y, we get
D, _ A, _o+dB,, _ 2 —1(1) +1(2
to:SO IUQ—TOC 02+ 02:4(*)— (7()4—()): (34)
Dyy—1 cAyy—1+dBy,—1 7 —1(6) + 1(13)
We proceed to the 2nd section ([10] = [a,,]). We have
vl —t 1[10] — 1
roltwl =t _ MO =1 _pp 54 (35)
So 4
which has an odd number of terms, and the second section of 779 is 2, 3, 1. Then we get
Api—vg—2.00 =As—3-0uy =A_1,, =1, Bu,—vy—20 = Ba—z—2,, = B_1,, =0, (36)
Al/ —vo—1,v A —3—1,v, A v, 10
1i—vo—lwvo _ A4-3-1lvo _ O’UZ[IO}Zf (37)
Blllfl/()*l,l/(] B47371,V{) BO,I/() 1
Crampo-2no _ Co-s-tpo _ Cuw 1y 9 7 (38)
Dlil—,uo—llto D6—3—2,M0 DLNU 3
Oﬂl—#()—l-#o — 06—3—1,#0 — CQ»#O — [2’371] — g (39)
DM*MO*LHO D6*3*1,M0 D27M0 4
Furthermore,
n 4
rr = ng(roAlllfvgfl,l/o - tOBl/lfllofl,I/g,SOBlll*l/ofl,l/Q) = ]-7 S1 = E = I = 4' (40)
For t;, we obtain
D, _ -2 By —vp—2,V, 3 0
b=y et Sttt g (2) _(2) =3, 1)
D/Ll—,uo—l,/l,g Bul—vo—l,l/o 4 1

618 Walailak J Sci & Tech 2019; 16(9)



The Continued Fractions of Certain Exponentials Pratchayaporn DOEMLIM et al.

We proceed to the 3rd section of 1y ([14]) = [a,,]). We compute
T1 [a,,l] - tl 1[14] -3

= =12.1.3 42
81 4 [ ) 9 ]7 ( )
which has an odd number of terms and the third section of 7 is 2, 1, 3. Thus,
Al/g—l/l—Q,Vl = A5—4—2,y1 = A—l,l/l = I;Buz—l/l—Z,ul = B5—4—2,u1 = B—l,yl =Y, (43)
Avymvi—1n  As—a—1,  Aow 14
2 1171: 54171: 011:[14]:7 (44)
BVz*lllfl,l/l B57471,V1 BO,Vl 1
Cuz—m—?,m _ 09—6—27M1 _ Cl,m _ [27 1] _ 2 (45)
Dyy—pn—20 Do—6-2,, D1y,
Cruz=i =1 = Co—6-1.4u = Cap =12,1,3] = E (46)
DNZ—Ml—LMl D9—6—1,M1 D27M1
yielding
n 4
ro = ng(TlAngVlfl,Vl - tlBlszl/l*l,lllvslBl/zfl/l*l,lll) = ng(1174) = 17 S2 = 7 = I = 4' (47)
2
For to, we have
D —p1—2 BV —v1—2,v Dl B—ly 1 0
t2:$2 H2—H1 sH1 — 7y 21 V1 = $9 sH1 — 7y V1 :4(7)_1(7):1 (48)
D#zﬁul*lyﬂl BV2*V1*17V1 D27#1 BO,V1 4 1
We proceed to the 4th section of 7 ([18]) = [a,,]) by computing
T2 [CLVQ] - t2 1[18] —1 1
= =44 =[4,3,1 49
which has an odd number of terms, and the 4th section of 7 is 4, 3, 1. Then we get
AV3—V2—2,1/2 = A6—5—2,IJ2 = A—l,uz = 1; BV3—V2—2,1/2 = BG—5—2,V2 = B—17V2 = Oa (50)
Avg—vo—1vs  As—5-11,  Aow 18
3—ve—lywvs  6-5-1wvy 0,2:[18}:7 (51)
Buy—vy—10, Be-s—1u, DBou, 1
CMB.*ILZ*Q;/M _ 012*9*2#2 _ CLH2 _ [473] _ g (52)
DH3—H2—27H2 D12—9—27H2 Dlaﬂz 3
Cus—po—tp> _ Cra-0-14p _ Copp _ 4.3.1] = 17 53)
D#S*szl’ﬂz D12*9*17M2 D2,H2 4
yielding
n 4
rs = gcd(r2.Al/37y2717V2 - tQBVS*IQ*LVz’SQBV3*V2*1,V2) = ng(l?, 4) = ]., S3 = 7 = I = 4. (54)
3
For t3, we have
D, -2 BV —vo—2,v 3 0
ts = $3 M3 —H2—2,142 —ry 3—V2—2,V2 :4<7) _ 1(7) — 3, (55)
D#x—ﬂ2—17H2 BV3—V2—17V2 4 1
and so
v — T 1122] — 3
mlaw] Zts 12073 g (56)
Walailak J Sci & Tech 2019; 16(9) 619
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Since tg = t2, So = S2, 70 = re and t; = t3, s1 = s3, " = r3, by Lemma 3, we gett; = t;, 5; =

85, 73 = rj for j = ¢ + 2. Therefore,

o = [57 27 3? 2? 3) 17 27 1a 3a4a 37 174a la 37 .- ] = [57 2737X0(>\)737 17X1(A)) 173]2\020’
1.e., from
50 = [032a67 107 147 18; ] = [0a27678>‘ + 1078>‘ + 14]30:0 = [0ﬂ276aw0()‘)ﬂ¢1()‘)]3020 5

we have found that

2e = [57 2737 XO()‘)a 37 17X1 ()‘)7 173]2\0:0 3

where
— 10-1
XO()\>:duo+T(2)7w0()\)nwo(0) gy BATI0ZI0 40 LIPS
Xl()\):dm_krfwzg_szerg)\,
n

The simple continued fraction of ke'/*
Theorem 6. For k € N, we have

kel/F = [k 41,2k — 1,2+ 2X, 1, 2k — 132,

Proof. From [4, Section 31], we have

el/k -1 —_—_—
50 - m = [O, Qk, 6k7, 10k, 14]{37 .. ] == [O, 2]43, (4)\ + 6)]{3})\:0.
Putting
k& + k
no = kel/* = _Z+ 1’

wegeta=k,b=k,c=—1,d=1. Thus,n = ad — bc = k — (—k) = 2k, and

—et/* 41 —el/k —1 2 2
Cfo—‘rd:—go—i-l:ei—i-l: © =+ +1=

el/k +1 el/k+1  el/h41 ki1

The Oth and 1st convergents of [0, 2k, 6k, 10k, 14k, . . .] are, respectively,

Ao 0 Ay 1

We subdivide the continued fraction of £, into sections in the following way
& = [0, 2k|6K|10k|14k|...] = [ao, a1]az]as|as]...] = [ao, a1|ay,|av, |y, ]--],

to get

4k
Buy-i(céo+d) = Bi(cko +d) =

ay, > 10k >4k =2(2k) =2n,  (i=1,2,3,...).

0.

>1, ay, =6k >4k +1=2(2k) + 1 =2n+ ||

(57)

(5%)

(39)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)
(69)
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From Lemma 2, we obtain
alag,a1] +b  K[0,2Kk] + K

= =k+1 =lk+1,2k—1]. 70
daoa] 1d  —ipo a1 Pt kAL ] (70)
Since it has an even number of elements, the 1st section of ng is k + 1,2k — 1, and we obtain
Co k+1 Cy 2k? + k
— =k+1l]=—, —=[k+1,2k—-1]= . 71
p, ~ Ftll=—— p =k+1L =27 (71)
Thus,
9 n 2k
ro = gcd(aA1 + bBy,cA; + dBl) = ng(Qk‘ + k, 2k — 1) =1, 9= o = T = 2k. (72)
0
For ¢y, we have
D -2 CAV _9+ dBl, -2 2k —1
t —g Ko —r 0 0 — — 1 73
" Dyt YAy, 14dBy,,1  —1+2k (73)
We proceed to the 2nd section ([6k]), and find
To [CLVO] — to [6k] -1 1
= =24 —— =[21,2k—1 74
which has an odd number of terms, and the second section of 7 is 2, 1, 2k — 1. Proceeding further, we have
AV1—VU—2,I/0 = A3—2—2,y0 = A—l,l/o = 1; BV1—VU—2,I/0 = B3—2—2,1/0 = B—l,uo = Oa (75)
A, L1y Az o 1, Ay 6k
Bl/l—l/()—l,l/g B3—2—1,y0 BO,I/O 1
0#1—#0—27#0 _ 05—2—2,#0 _ Cl»#o _ [2’ 1] :§ (77)
Dy —po—200  Ds—2-240 D1y 1
e o k—1
Cm Ho—l,po Cs5-2 Lpo C2,uo _ [2,1,21@7 1} _ 6 (78)
Dyy—po—1m0 Ds—2-140 D2y 2k
yielding
= ng(roAlll*l/(]*l,llg - tOBlllfllofl,l/()u SOBlll*I/o*l,l/()) = ng(Gk - 17 2k2) = 17 (79)
2k
s = L =2 o, (80)
71 1
and so
D, - -2 BV —vo—2,V 1 0
tl =5 M1—Ho sHOo —r 1 0 o 2]{;(7) _ 1(7) -1 (81)
D#l—#o—L#o BVl_VO_lvVO 2k 1
v —t 1
rifay,] -t 44 — = [4,1,2k - 1]. (82)
S1 1+ 2k—1
Since tg = t1, So = S1, 7o = 11, by Lemma 3, we gett; = t;, s; = s;, r; = r; forall 4, j, and then
no=k+1,2k—-1,2,1,2k—1,4,1,2k —1,...] =[k+ 1,2k — 1, x0(N), 1,2k — 1]32,, (83)
i.e., from
& = [0, 2k, 6k, 10k, 14k, ...] = [0, 2k, (4X + 6)K]3Z = [0, 2k, 1o (N)]320, (84)
we get
A)— 0 4\ + 6)k — 6k
Xo()\):duo—krgiwo( )n%( ) _ gy UATOk -6k 23{ =2+ 2\ (85)
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The simple continued fraction of 1e'/*

Theorem 7. For k € N, we have

%el/k = [0,k —1,2k,1,2+ 2X, 2k — 1, 1], (86)

Proof. From [4, Section 31], we have

el/k -1 —_—_
50 = m == [07 Zk, Gk, 10k, 14]{:7 . ] == [0, Qk, (4)\ + 6)]@})\:0, (87)
we get el/F = % Putting
Loaw_ S+l
. - 88
Mo k‘e —kéo + ka ( )
we have
a=1b=1,c=—-k,d=k, n=ad—bc=k— (—k) =2k >0, (89)
and
et/t —1 —el/k 1 2k 2k
The Oth and the 1st convergents of [0, 2k, 6k, 10k, 14k, . . .], are, respectively,
Ag 0 A 1
20 — = = 0.2kl = —. 1
B=ll=1 F=0b2H=g a)
We subdivide the continued fraction of &, into sections in the following way
&o = [0, 2k|6K|10k|14k]...] = [ao, a1]az|as|as| . ..] = [ao, a1]au,|au, |au,]| - - ] (92)
to get
4k
Byofl(cé-o + d) = Bl(cgo + d) = m 2 ]., Ayy = 6k 2 5k = 2(2k) + k=2n + ‘C| (93)
ay, > 10k > 4k = 2(2k) = 2n (1=1,2,3,...). (94)
From Lemma 2, we obtain
alag,a1] +b [0,2K] +1 1
_ — =10,k — 1,2k, 1]. 95
clag,ar] +d  —k[0,2k]+k  k—14 1o [ ] ©3)

2k+1

Since it has an even number of terms, the 1st section of 7 is 0, k — 1, 2k, 1, and we find the 2nd and the 3rd
convergents as

Cy 2k Cs 2k +1
— =00,k—-1,2k| = ————, —=[0,k—-1,2k1] = ——. 6
Then we get
n 2k
rog = gcd(aA,,O_l + bB,,O_l,CAVO_1 + dBuo—l) =1, sg = 7 = T = 2k. 97)
0

622 Walailak J Sci & Tech 2019; 16(9)
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For ¢y, we have

DHO,Q CAVO,Q + dBl,O,Q . 4k3 —4k2 + k

0T 0Dt YAy 1 +dBy, 2%2 — k 98)
We proceed to the 2nd section of 79 to get
rolay,] —to  [6k] — 2k +1 1
= =2 =[2,2k—1,1 99
50 2k o1t 1 | ] ©9)

which has an odd number of terms, and the second section of 1)y is 2, 2k — 1, 1. Proceeding as in the previous
theorem, we have

Api—vg—2.0 = A3_0 00 =A_1,,=1, By, —vy—2, = B3—2-202=DB_1,, =0, (100)
A, Az _o_ A
vi—vo—1,v9 _ 3—2—1,19 _ 0,v0 _ [6]{?} _ % (101)
Bul—uo—l,uo BS—Q—l,uo BO,J/O 1
C/"‘I_NO_27ND — C7_4_27FL0 — ClaNO — [2 Qk _ 1] — 4k - 1 (102)
D#l*#o*l#o D77472,,u0 1,10 2k —1
CNI_NO_L/“O — O7_4_17H0 — 027150 — [2 2k_ -1 1] — 4]€ + 1 (103)
DM*#O*LMO D7*4*1,#0 D2»#O 2k
Furthermore,
T = ng(TOAulfuofl,Vg - tOBlllfI/ofl,l/o; SOBulfVofl,uo) = ng(4k +1, 2k) =1, (104)
2k
s1= L =28 _ ok, (105)
1 1
Hence,
D, . — B, ., — 2k — 1
ty = s HATHo=2p0 . Tvimvo2ve Qk( i ) - 1(9) —2%k 1, (106)
D#l—ﬂo—LHO BVl_VO_lvVO 2k 1
and
1 [am] -1 1
=4 =1[4,2k —1,1]. 107
. top T - WL (107)
Since tg = t1, So = S1, 7o = r1, by Lemma 3, we gett; =t;, s; = s;, r; = r; forall s, j, and so
mo=[0,k—1,2k1,2,2k —1,1,4,2k — 1,1,..] = [0,k — 1,2k, 1, xo(N), 2k — 1, 1], (108)
i.e., from
& = [0, 2k, 6k, 10k, 14k, ...] = [0, 2k, (4X + 6)K]3Z, = [0, 2k, 1o (N)]320, (109)
we obtain
A) — 0 4N+ 6)k — 6k
XO()\):d“U—l-rgM:Q—FL:Q—F%\. (110)
n 2k
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