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Abstract

In this article, a new (G'/ G )-expansion method is proposed, where G = G(&) satisfies a second
order nonlinear ordinary differential equation to seek the travelling wave solutions of nonlinear evolution
equations. The Burgers equation is chosen to illustrate the validity and advantages of proposed method.
Hyperbolic function, trigonometric function and rational function solutions with arbitrary constants are
obtained from which some special solutions, including the known solitary wave solution, are derived by
setting the appropriate values of constants. It is shown that the new ( G'/G )-expansion method is
effective, and gives new, more general, travelling wave solutions than the existing methods, such as the
basic ( G'/ G )-expansion method, the extended ( G'/G )-expansion method, the improved ( G'/G )-
expansion method, the generalized and improved ( G'/ G )-expansion method etc.

Keywords: ( G'/ G )-expansion method, the Burgers equation, homogeneous balance, traveling wave
solutions, solitary wave solutions

Introduction

The investigation of the traveling wave solutions of nonlinear partial differential equations (NPDEs)
plays an important role in the study of nonlinear physical phenomena, especially in fluid mechanics,
solid-state physics, biophysics, chemical kinematics, geochemistry, electricity, propagation of shallow
water waves, plasma physics, high-energy physics, condensed matter physics, quantum mechanics,
optical fibers, elastic media, and so on. As a key problem, finding their analytical solutions is of great
interest, and is carried out through various methods to construct exact solutions of nonlinear evolution
equations (NLEEs). With the invention of symbolic computation software, like Maple or Mathematica,
direct methods to search for exact solutions of NLEEs have attracted more attention. As a result,
researchers have developed and established many methods, for example, the inverse scattering transform
[1], the Darboux transformation method [2], the Backlund transformation method [3], the Hirota bilinear
method [4], the tanh method [5], the symmetry method [6], the Painleve expansion method [7], the Exp-
function method [8-12], and so on, to construct exact solution of NLEEs.

Wang et al. [13] introduced a simple and straightforward method, called the (G'/G) -expansion

method, to investigate traveling wave solutions of nonlinear evolution equations. Applications of the
(G'/ G) -expansion method to NLEEs can be found in the references [14-22] for better conception.
In order to establish the effectiveness and reliability of the (G'/G) -expansion method, and to

extend the range of its applicability, further research has been carried out by several researchers, such as
Zhang et al. [23], who developed a generalized (G'/G) -expansion method to deal with evolution
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equations with variable coefficients. Zhang et al. [24] also presented an improved (G'/G) -expansion

method to look into more general traveling wave solutions. Zayed [25] presented an alternative approach
of the (G'/G) -expansion method where G(&) satisfies the Jacobi elliptical equation

[G'(5)]? =e2G4(§)+elG2(§)+eO. Zayed [26] again presented a further alternative approach of this

method in which G(&) satisfies the Riccati equation G'(&) = 4+ BG? (&) . Akbar et al. [18] presented a
generalized and improved (G'/G) -expansion method which provided further new solutions than the
improved (G'/G) -expansion method [24].

In this article, a new (G'/G) -expansion method is offered to look for solutions of NLEEs in

mathematical physics. This approach is new and has not been used previously. To show the originality,
reliability and advantages of the projected method, the Burgers equation has been solved and further new
families of exact solutions are found.

Materials and methods

Let us consider the NLPDE in 2 independent variables x and ¢ of the form;
FQuug gty e ) =0, (1)

where u(x,¢)is an unknown function and F is a polynomial of its arguments. In order to solve the
NLPDE (1), we have to execute the following fundamental steps;

Step 1 At this step, we introduce the traveling wave ansatz;
u(x,0) =u(l), {=x+Vt, 2)

where V is the velocity of the wave. Substituting (2) into Eq. (1) yields a nonlinear ordinary differential
equation (ODE) for u(¢);

H(u,u',u",u"-)=0,
3)
where prime indicates the ordinary derivatives with respectto & .

Step 2 For the suggested method, we assume that the solution of Eq. (3) can be presented in the following
form,;

N

u@ =Y a,(d+G'()IGE) 4)

j=-N

wherein d and «; (j=0,+1,£2,---,+N) are constants to be determined, such that a_y or a, may be

zero, but together they cannot be zero and the unknown function G(&) satisfies the second order
nonlinear ODE;

GG"=AGG'+uG* +v (G")? (5)
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where prime indicates the derivative with respect &, 4, ¢ and v are arbitrary constants. Eq. (5) has not

been used by anybody previously as an auxiliary equation.
The Cole-Hopf transformation ®(&) = ln(G(g“))n transforms the Eq. (5) into the generalized Riccati

type equation in terms of ®(¢);

D(E) = p+ 1 OE) +(v-1) O (&) (6)

where O(¢&) = (G’(f)/ G(f)). The generalized Riccati equation has 25 distinct solutions (see Appendix for
details).

Step 3 The positive integer N can be determined by considering the homogeneous balance between the

highest order derivative u™ (&) and the nonlinear terms of the highest order u” (¢) u® (&) appearing in
Eq. (3).

Step 4 By making use of Eq. (4) and with the help of (6), from Eq. (3) we obtain polynomials in
(d+G'(&)/GE) and ([@+G'(©)/GE)!, (j=0,1,2,--,N). Collecting the coefficients of the like

power of the resulted polynomials to zero, yields an over-determined set of algebraic equations for o ;

J
(j=0,£1,+2,---*N), d and V.

Step 5 Since the general solutions of Eq. (6) are known to us, then by substituting «;, d, V' and the

solutions of (6) into (4), we have more traveling wave solutions of the nonlinear evolution equation (1).

Remark 1 It is important to notice that by the suitable substitution of 4, g and v, the projected method
coincides with the generalized and improved (G'/G) -expansion method studied by Akbar et al. [15], the
improved (G'/G) -expansion method presented by Zhang et al. [24], the basic (G'/G) -expansion
method introduced by Wang et al. [13], and with the generalized (G'/G) -expansion method developed
by Zhang et al. [23] if a; (j =1,2,3,---,N ) are functions of xand ¢ instead of constants. Therefore, the

methods presented in the Ref. [13,18,23,24] are only particular cases of the proposed (G'/G) -expansion
method.

Application of the method

In this section, the proposed method is used to obtain new and more general exact traveling wave
solutions of the celebrated Burgers equation.

Let us consider the Burgers equation;

u, tuu, —u, =0. (7)
The traveling wave transformation & =x-Vt, permits us to transform (7) into the ODE;

V' +uu'—u"=0. (®)

Integrating Eq. (8) obtains;
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1
C—Vu+zu2—u'=0, )
where C is an integration constant. Substituting Eq. (4) into Eq. (9) and balancing the highest order
derivative u' with the nonlinear term of the highest order u> obtains N =1 .

Therefore, the solution of Eq. (9) takes the form;

w(@) =a, (d+G(©)/GE) +ay +a,(d+G(&)/GE). (10)

Substituting Eq. (13) into Eq. (12), the left hand side is transformed into polynomials of
(d+G"(&)/GE)) and ([@+G'(&)/G©E) 7, (j=0,1, 2,---, N). Equating the coefficients of like power
of these polynomials to zero obtains an over-determine set of algebraic equations (for simplicity, these
equations are not displayed) for «,, ;, a_;, d, C and V . Solving the over-determined set of
algebraic equations by using the symbolic computation software, such as Maple, obtains;

Setl a_, =0, oy =ay, a;=2(v-1),d=d,V=-2d-A+2vd+a,,

C=-24dv+22d+2v*d* —4vd* +2uv—2pu+2d* +%a02 —2ayd —ayi+2a,vd . (1)

Set2 o_; =2d? —2,u+2/1d—2vd2, ay=ay, a;=0,d=d,V=24A+2d-2vd+a,,

C:2d2—2,u+2/1d—4vd2+2yv—2/1dv+2v2d2+%a02+aoﬂ+2a0d—2aovd. (12)
1(4uv—4u—2? 1( A
Set3o  =——| LT N g =ay, oy =20v-1), V=a,, d=—| ——|,
2 v—1 2(v-1
Cz8,uV—8,u+%0{02—2/12, (13)

where a,, 4, 4 and v are arbitrary constants.

Substituting Eqgs. (11) - (13) into Eq. (10) respectively obtains;

u (6, 0)=2(v=1)(d+(G'/ G))+ ey, (14)
where & = x - {— 2d A+2vd+ oco}t ,and a,, d, A and v are arbitrary constants.

Uy (x,0) = (2d2 —2,u+2/1d—2vd2)(d +(G'/G)) " +ay, (15)

where & = x -(/1 +2d-2vd + o, )t, and a, d, A, p and v are arbitrary constants,

, B duv—du—1* A , o
+(G /G)J { 20D J(Z(V—l)—i_(G /G)] +a,. (16)

and

u3(x,t):2(v—l)[

2(v-1)
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where & =x-a,t,and a,, A, x4 and v are arbitrary constants.

Substituting the solutions G(&) of the Eq. (6) into Eq. (14) and simplifying obtains the following

solutions;
when Q:/IZ—4yv+4,u>0 and A(v—1)#0 (or u (v=1)%0),

uy, (o) =2 (v~ 1){ (1+\/_tanh(—\/_§)j}+a0

2 (a7
U, (x,t):2(v—1)><{d— (M\/ﬁcoth(l\/ﬁg)j}mo.
2 2(v-1) 2 a18)
uy, (x,0) = 2(v = 1)x {/1+J_ (tanh(\/_ &) tisech(\Q e;))}}ao
: 2(1/ (19)
u, (x,0)=2(v-1)x|d - ! {,1+J5 (coth(JE &) esch(VQ 5))}}%.
s o 2(v-)) 20)
u, (x,0)=2(v=1)x| d - {21+\/_(tanh(—\/_§)+coth(—\/_f)jH+a0.
: | 4(v D 1)
- _ -
u, (x,t):Z(V—l)x d+ ! —/1+i 4+ B )—A\/acosh(\/aé) +ay.
° 2(v-1) Asinh(\Q &)+ B
- - (22)
, 2 2
u (x,t):2(v—1)>< ! —A+i QA +B )+A\/§COSh(\/5§) +ay,
’ 2(v-1) Asinh(\/Q &)+ B
- - (23)
where 4 and B are real constants.
2ycosh(1\/5§)
ulg(x,t):Z(v—l)x d+ T 2 I +ay.
Ja sinh(—\/a E— 1 cosh(f\/a )
(24)
Z,usmh( \/_5)
u, (x,0)=2(v-1)x{d +a,.
J_ Q cosh( L VG- Asinh(_ LJa e
(25)
2,ucosh(\/_§)
2(v-1
u1 (x t) (V ) { \/_smh(\/_ﬁ) ﬂCOSh(\/_Cf)_‘_l\/_} (25)
2 usinh(\/Q &)
) =2(v-1)x{d
up, (x,1) (v )x{ +\/5005h(\/—§) /Ismh(\/_f)*\/_} @n
When Q= 4> —4puv+4pu<0and A(v-1)=0 (or g (v—-1)#0),
Walailak J Sci & Tech 2014; 11(8) 647
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—A+4-Q tan(—\/ﬁ 5))} +ag.

A+ —Qcot(%\/—Q.f)j}+a0.

1+4/-Q (tan(\/ﬁ &) tsec(v-Q 5))}} +ap.

! {/1 + \/E(cot(\/z &)=+ csc(\/z f))}} +ay.

. +4/-Q (A% - BY) - AV-Q cos(-Q &)

Asin(W-Q &)+ B

2(v-1)

u (x,0)=2(v-1)x|d + 1 {—m

AsinW-Q &) +B

. mMmm(ma}

where 4 and B are arbitrary constants such that A*>-B*>0.

2,ucos(l\/$§)
uy,, (1) =2(v =1)xd - = ! o
J-a sm(aﬁ &)+ ms(am &)
2ysm( \/55)
ulzo(x’t)zz(v_l)x d+ ao.
mcos( \/55) /Ism( \/35)
2,ucos(\/_§)
D =2(v-1)x3d -
uy,, (1) v ){ m51n(\/_§)+/1cos(‘/_§)+\/_}

2,us1n( mf)

u (x,0)=2(v-1)xid +

When =0 and A(v-1)#0,

J=Q cos(V-Q &) — zsm(\/_ Hida|

up, (x,0) = 2(v—1)><{d -

Ak - +ay.
(v =1){k + cosh(4 &) —sinh(4 &)}

—24+4-Q [tan(—ﬁ &)- cot(—ﬁ e;)j} +ap.

(28)

(29)

(30)

€2))

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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(v, =2(v- l)x{d __ Aeosh(2 )+ sinh(4 3} }+ .
# (v —1) {k + cosh(2 &) +sinh(Z &)}

(40)
where k is an arbitrary constant.
When (v—-1)#0 and A = u =0, the solution of Eq. (10) is;
up, (x,1) = Z(V —l)x{d —;}4‘(10,
V-1 <&¢+¢ @1)

where ¢, is an arbitrary constant.

Substituting the solutions G(¢&) of the Eq. (6) into Eq. (15) and simplifying obtains the following
solutions;
when Q = A2 —4uv+4pu>0and A(v—-1)#0 (or u (v—-1)%0),

-1
1_1 [,1+\/5tanh(%\/5§)j} +ap.

uy (60)=(d>-2u+22d-2 vdz)x{d—z -

(42)
U, (x,t)=(2d2—2ﬂ+2ﬂd—2Vd2)><{d [ﬂ+\/acoth(—\/_§))} +ag.
: 2(v-1) )
-1
uzl(x,t)=(2d2—2,u+2/1d—2vd2)>{d— 1){/1+\/5(tanh(\/§§)iisech(\/5§))}} +ay.
) (44)

Similarly, the other families of exact solutions of Eq. (7), which are omitted for convenience, can be
written down.

When Q=A> -4 yv+4u<0and A(v—-1)=0 (or u (v=1)%0),
uy, (o0=0d?-2u+22d-2vd*)x

{d T 1( /1+\/_tan(—\/$§)j} +ag.

(45)
uy, (1) =(2d> ~2u+22d—2vd* )x
{d o 1)(1+J_Qcot(—m§)j} +ag.
(46)
u214(x,t):(2d2—2,u+2/1d—2vd2)x
{d 2w { A+4/- (tan(\/ Q &) xsec(v— 5))}} +a.
- (47)
When (v—-1)#0 and ﬂzyzO,the solution of Eq. (7) is;
-1
_ (a2 - covd Wdg Y
uy, (0= ~2u+22d-2va?) {d (V—1)§+C1} ay. "

where ¢, is an arbitrary constant.
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The other families of exact solutions of Eq. (7), which are omitted for convenience, can be written
down.
Finally, substituting the solutions G(&) of the Eq. (6) into Eq. (16) and simplifying obtains the

following solutions;
when Q=A% —4uv+4u>0 and A(v=1)#0 (or z (v—1)#0),

uy, (x,0)=2(v—1)x { Vo tanh(%\/a g’)j}

2(v-1

2 -1
_[4uv—4u—ﬂJ {Z(V - \/_tanh(%\/ﬁé‘)j} ray.

2(v-1)

(49)

uz, (x,0)=2(v-1)x { \/acoth(%\/aff))}

2(v-1)
a1
_(4ﬂv—4ﬂ—lzjx{ 1 (\/acoth(%\/ag)j} +a.

2v—1) 2(v—1) (50)

2(v—

uy, (x,0)=2(v _1){ 1 5 {\/E(tanh(\/a &) +isech(\\Q 5))}}

-1

2
_(4,uv—4,u—/1 ]{2(1 1){\/E(tanh(\/af)iisech(\/a.f))}} +ag.
bV

2(v-1) 51)

For simplicity, other families of exact solutions are omitted.
When Q=A% -4 uv+4u<0and A(v—=1)=0 (or u (v=1)%0);

uy | (x,0)=2(v—1)x { (\/_ tan(—@ 5)]}

_1)
_(4/1V—4,Ll—ﬂ,2j { (\/_tan(—mf)j} +ay.
2(v-1)

2(v-1)

(52)

s (x,t):2(v—1)><{ ! (mcot(lmf)j}
E 2(v—1)

_(4;:1/—4#-/12] {2( _1)(\/_cot(—\/3f§)j} tag.

2v-1)

(53)

usy, (x.t)=2(v _1)x{2(vl_ 5 {m(tan(m E)tsec(v-Q 5))}}

_[4uv—4ﬂ—f}{ ! {m(tammmsec(ma)}}1+a0.

2(v-1) 2(v-1) (54)

When (v—1)#0 and A = u =0, the solution of the Burgers equation is;

650 Walailak J Sci & Tech 2014; 11(8)



Md. Nur ALAM and M. Ali AKBAR

New (G'/G)-Expansion Method and Its Application
http://wjst.wu.ac.th

A 1
u325(x’t)_2(v_1)x{2(v—1)_(v—l) E+e }

_{4#"_4/‘_12}{ A ! }l-i-ao.
(55)

2v—1) 2v-1) (v-1) E+¢

where ¢, is an arbitrary constant.
The other families of exact solutions of Eq. (17) are omitted for convenience

Physical explanation
Solutions ull(x,t) ) Uy, (x,1) , u, (x,1), up, (x,0) , Uy, (x,0) , uy, (x,1) , Uy, (x,0) , ulll(x,t) ,

uy,, (x,1), uy, (x,1), uy (x,1), and u, (x,7), represent kink. Kink waves are traveling waves which

2
arise from one asymptotic state to another. The kink solutions approach to a constant at infinity. Figure 1
below shows the shape of the exact kink-type solution u; (x,7) of the Burgers Eq. (7). Other figures are

omitted for convenience.

Figure 1 Graph of the solution u;(x,) for A1=1, p=-1, v=2,d=1, a=1 with -10<x,¢<10.

Solutions u; (x,t),u; (x,1),uy (x,7),u; (x,1)are the singular kink solution. Figure 2 shows the

shape of the exact singular kink-type solution uy, (x,1) of the Burgers equation.

651
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Figure 2 Graph of the solution ulz(x,t),for A=1, u=-1,v=2,d=1, a=1 with -10<x,£<10.

Solutions u, , (x,f) - u;, (x,t) represent the exact periodic traveling wave solutions. Periodic
solutions are traveling wave solutions that are periodic, such as cos(x —¢). Figure 3 below shows the
periodic solution of u,, (x,f). A graph of periodic solution u; (x,7), for A=1, u=1,v=1,d=1,

a =1 with —1< x,¢ <1 is shown. For convenience, other figures are omitted.

Figure 3 Graph of the solution uy, (x,0) for =1, u=1,v=1,d=1, a=1 with -1<x,¢<1.

Solutions u, (x,t) and u, (x,f)are the exact periodic traveling wave solutions. Figure 4 shows

theoutlineofu2l4(x,t)with A=1, u=-1,v=2,d=3, a=1 with -10< x,¢<10.
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Figure 4 Graph of the solution obtained from u; , (x,1) .

Solutions u, (x,f) and u; (x,?) are the exact singular periodic traveling wave solutions. Figure 5

showstheshapeofuzu(x,t) with A=1, u=-1,v=2,d=3, a=1 with -10< x,r <10 ).

Figure 5 Graph of the solution obtained from u;  (x,?) .

Solution u3 (x,7) shows kink traveling wave solutions. Solutions u3 (x,#) and us (x,¢) are

singular Kink solutions. For convenience, other figures are omitted.
Solutions u3 (x,f), u3 (x,7) and uj, (x,?)are the exact singular periodic traveling wave solutions.

Figure 6 below shows the outline of the exact singular periodic traveling wave solution of w3, (x, t), and

other figures are omitted for convenience.
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Figure 6 Graph of the solution u3 (x,7) for 2=1, p=-1, v=2,d =3, a=1 with -10<x,7<10.

Solution u3 (x,?) is the exact periodic traveling wave solutions. Figure 7 below shows the outline of the

exact periodic traveling wave solution of us, (x,1).

Figure 7 The shape of uz, (x,1) with =2, u=3,v=2,d=3, a=1 with -10<x,£<10.

Remark 2 The obtained solutions have been checked by putting them back into the original equation and
have been found to be correct.

From the above solutions, it is observed that, if v=0, d =0, and o) =1 + 1[12 —4u ,and A and
1 are replaced by —4 and —u respectively in the solutions, then the Kheiri et al. [27] solution (13) is

identical to the present solution u; when B =0, and solution (13) is identical to the present solution u;

when 4 =0. Similarly, the Kheiri et al. solution (14) is identical to the present solutions u; —and u;
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when B =0 and 4 =0 respectively. On the other hand, the Kheiri et al. solution (14) is identical to the
present solution u; . Kheiri et al. [27] did not find any more solutions, but by using the proposed new

(G'/ G)-expansion method, for set 1, apart from these solutions, 20 more new solutions are obtained. The

solutions obtained in this article for set 2 and for set 3 are not obtained by Kheiri et al. It can be shown
that solutions obtained by the improved ( G'/ G) -expansion method [24] and the basic (G'/G) -expansion

method [13] are only special cases of the proposed ( G’/ G) -expansion method.

Conclusions

In this article, a new (G'/G)-expansion method is initiated and applied to the Burgers equation.

Abundant exact traveling wave solutions are constructed for this equation by the proposed method. It is
noteworthy to observe that our solutions are more general and contain further arbitrary constants and the
arbitrary constants imply that these solutions have rich local structures. This study shows that the
proposed method is quite efficient and practically well suited to be used in finding exact solutions of
NLEEs. It is important to note that the basic (G'/G) -expansion method, the improved (G'/G) -

expansion and the generalized and improved (G'/G) -expansion method are only special cases of the
proposed new (G'/G) -expansion method, and thus the new (G'/G) -expansion method would be a
powerful mathematical tool for solving NLEEs.

Acknowledgment

We would like to express our sincere thanks to the anonymous referees for their useful and valuable
suggestions for enhancing the quality of the article.

References

[1] MJ Ablowitz and PA Clarkson. Soliton, Nonlinear Evolution Equations and Inverse Scattering.
Cambridge University Press, New York, 1991.

[2] VB Matveev and MA Salle. Darboux Transformation and Solitons. Springer, Berlin, 1991.

[3] MR Miura. Backlund Transformation. Springer, Berlin, 1978.

[4] R Hirota. The Direct Method in Soliton Theory. Cambridge University Press, Cambridge, 2004.

[5] W Malfliet and W Hereman. The tanh method: II. Perturbation technique for conservative systems.
Phys. Scr. 1996; 54, 563-9.

[6] GW Bluman and S Kumei. Symmetries and Differential Equations. Springer-Verlag, Berlin, 1989.

[7] J Weiss, M Tabor and G Carnevale. The Painlevé property for partial differential equations. J. Math.
Phys. 1983; 24, 522-6.

[8] JH He and XH Wu. Exp-function method for nonlinear wave equations. Chaos Soliton. Fract. 2006;
30, 700-8.

[9] ST Mohyud-Din, MA Noor and KI Noor. Exp-function method for solving higher-order boundary
value problems. Bull. Institute Math. 2009; 4, 219-34.

[10] A Yildirim and Z Pinar. Application of the exp-function method for solving nonlinear reaction-
diffusion equations arising in mathematical biology. Comput. Math. App!. 2010; 60, 1873-80.

[11] E Misirli and Y Gurefe. Exp-function method for solving nonlinear evolution equations. Math.
Comput. Appl. 2011; 16, 258-66.

[12] W. Zhang. The extended tanh method and the exp-function method to solve a kind of nonlinear heat
equation. Math. Probl. Eng. 2010; 2010, Article ID 935873, 12 pages.

[13] M Wang, X Li and J Zhang. The (G'/G) -expansion method and traveling wave solutions of

nonlinear evolution equations in mathematical physics. Phys. Lett. 4 2008; 372, 417-23.
[14] MA Akbar, NHM Ali and EME Zayed. Abundant exact traveling wave solutions of the generalized

Bretherton equation via (G'/ G) -expansion method. Comm. Theor. Phys. 2012; 57, 173-8.

Walailak J Sci & Tech 2014; 11(8) 655



New (G'/G)-Expansion Method and Its Application Md. Nur ALAM and M. Ali AKBAR

http://wjst.wu.ac.th

[15]
[16]
[17]
[18]
[19]

[20]

N Taghizadel and A Neirameh. The solutions of TRLW and Gardner equations by (G'/G) -
expansion method. Int. J. Nonlinear Sci. 2010; 9, 305-10.

H. Zhang. New application of the (G'/G) -expansion method. Commun. Nonlinear Sci. Numer.
Simulat. 2009; 14, 3220-25.

GR Koll and CB Tabi. Application of the (G'/G) -expansion method to nonlinear blood flow in
large vessels. Phys. Scr. 2011; 83, 045803.

MA Akbar, NHM Ali and EME Zayed. A generalized and improved (G'/ G) -expansion method for
nonlinear evolution equations. Math. Probl. Eng. 2012; 2012, Article ID 459879.

EME Zayed and KA Gepreel. Some applications of the (G'/G) -expansion method to non-linear
partial differential equations. Appl. Math. Comput. 2009; 212, 1-13.

A Bekir. Application of the (G'/G) -expansion method for nonlinear evolution equations. Phys.
Lett. A 2008; 372, 3400-6.

EME Zayed. The (G'/G) -expansion method and its applications to some nonlinear evolution
equations in the mathematical physics. J. Appl. Math. Comput. 2009; 30, 89-103.

S Zhang, J Tong and W Wang. A generalized (G'/ G) -expansion method for the mKdV equation
with variable coefficients. Phys. Lett. A 2008; 372, 2254-7.

J Zhang, X Wei and Y Lu. A generalized (G'/G) -expansion method and its applications. Phys.
Lett. A 2008; 372, 3653-8.

J Zhang, F Jiang and X Zhao. An improved (G'/G) -expansion method for solving nonlinear
evolution equations. Int. J. Comput. Math. 2010; 87, 1716-25.

EME Zayed. New traveling wave solutions for higher dimensional nonlinear evolution equations
using a generalized (G'/G) -expansion method. J. Phys. A Math. Theor. 2009; 42, 195202-14.
EME Zayed. The (G'/G) -expansion method combined with the Riccati equation for finding exact
solutions of nonlinear PDEs. J. Appl. Math. Inform. 2011; 29, 351-67.

H Kheiri, MR Moghaddam and V Vafaei. Application of the (G'/G) -expansion method for the

Burgers, Burgers-Huxley and modified Burgers-KdV equations. Pramana. J. Phys. 2011; 76, 831-
42.

656

Walailak J Sci & Tech 2014; 11(8)



New (G'/G)-Expansion Method and Its Application

Md. Nur ALAM and M. Ali AKBAR

http://wjst.wu.ac.th

Appendix
The solutions of Eq. (7) are;
when

Q:/12—4yv+4,u>0 and A(v—1)#0 (or u (v—-1)%0),

{/1 +VQ2 tanh( L/ 5)}
{,1 +Q coth(CO 5)}
Lo anneQ ) +iseen ),
[4 0 foth(0 &)+ esc (VR 6

l2(v1

2" 2(v 1

3T 2(v N

N 2/1+J_ {tanh(—\/_ <§)+coth(—J_ g)H
4(v-1|

o -] _/1++1/Q(A2+B) AVQ cosh(VQ &) |

T 2w-) A sinh(¥Q &)+ B ’

0. | __;L_J_rw/Q(Az+BZ)+A\/5cosh(\/§§)_

YOI A sinh(VQ &)+ B ’

where 4 and B are non-zero constants.

2u cosh(% \/5 &)

D, = s

' Jao sinh(% Jae -4 cosh(% Ja &

2u sinh(%\/a &)
Dy = ,
Jo cosh(%\/a £)-4 sinh(%\/ﬁ )

o _ 2 gcosh(vQ &)

0 JQ sinh(VQ &) — Acosh(WQ &) +i JQ
o 2 usinh(§Q &)

L=

VQ cosh(WQ &) — 4 sinh(VQ &) £/Q

when Q=42 —4uv+4u<0and A(v—1)£0 (or u (v—1)£0)
=35 —l){ ;L+\/_tan(—\/3§)}
T _D{/H\/_Qcot(—ﬁg)}
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D, = 0 _1)[ /1+\/—Q{tan(\/—Qg)isec(\/—Qf)}],
©s =5l B ko8 o seser -2 0]
@16_4(1 1){ 21+4-Q {tan(—\/—Qé) cot(—\/—Qf)H
v—
1 _1+iw/—Q(A2 ?) = A\—-Q cos(v— Q9|
T ow -1 Asin-Q &)+ B
1 _i_iw/—Q(Az B?) + AV-Q cos(v-Q Q9|
BTow-1 AsinV-Q &)+ B
where 4 and B are non-zero constants and satisfy the condition 4> — B > 0.
~2pcos( V-08)
() = s
N \/Esin(%ﬁé)MwS(%V—Q@
Zysin(%\/—Qé)
Dy =
o COS(%«/—Q £)-2 sin(%«/—Q &)
©. - —2ucos(+—Q¢)
S QsinW-Q &) + Acos(V-Q &) td-Q
©. = 2 usin(/—Q &)
2=

V=0 cos(WV-Q &) - A sin(W-Q &) tV-Q

When =0 and A(v-1)#0,

o - Ak
27 (v =Dk +cosh(A &) —sinh(A &)}
o % {cosh(A &) +sinh(2 &) }
24 =

(v =Dk + cosh(A &) + sinh(1 &)}
where k is an arbitrary constant.

When (v—-1)#0 and A = u =0, the solution of Eq. (6) is;
-t
v-D&+e,’

©,)5 =

where ¢ is an arbitrary constant.
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