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Abstract

In the present paper, we consider 2 integral transforms involving the Appell function F; in the
kernels. They generalize the fractional integral operators given by Saigo (1978). Formulas for
compositions of such generalized fractional integrals with the product of the H-function and a general
class of polynomials are proved. The results are established in terms of H-function due to Inayat-Hussain
(1987(a), 1987(b)). The obtained results of this paper provide an extension of the results given by the
literature.

Keywords: Generalized fractional calculus operators, H-function, Generalized Wright hypergeometric
function, Generalized Wright-Bessel function, the poly-logarithm function, Generalized Riemann Zeta
function and Whittaker function

Introduction

A significantly large number of works on the subject of fractional calculus give interesting accounts
of the theory and applications of fractional calculus operators in many different areas of mathematical
analysis. Many applications of fractional calculus can be found in turbulence and fluid dynamics,
stochastic dynamical systems, plasma physics and controlled thermonuclear fusion, nonlinear control
theory, image processing, non-linear biological systems and astrophysics. In the last 5 decades, a number
of workers including Love [1], Srivastava and Saxena [2], Saxena et al. [3-6], Saigo [7], Kilbas [8],
Samko, Kilbas and Marichev [9], Miller and Ross [10], Baleanu, Mustafa and Agarwal [11], Baleanu et
al. [12,13], Agarwal [14-17], Srivastava and Agarwal [18] and Ram and Kumar [19,20], etc. have studied
in depth, the properties, applications and different extensions of various hypergeometric operators of
fractional integration.

Several definitions of the operators of the classical and generalized fractional calculus are already
well known and widely used in the applications to mathematically model fractional order. Motivated by
these avenues of applications, a remarkably large number of fractional integral formulas involving a
variety of special functions have been developed by many authors (see, for example [21-25]).

For our purpose, we begin by recalling some known functions and earlier works.

Let y >0 and a,a', 8,8,y € C, then the fractional integral operators ]gif AP and ]:OZ BBy

of a function f (x) is defined by Saigo and Maeda [26], in the following form;
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( Ig,xa',ﬁ,ﬂzy f)( x) -

and

rx(_;)I(x_’)M tF (a,a, B, By ~t/x,1-x[t) f(¢)dt, Re(y)>0, (D

(e 1) (%) =

) (t—x) " tF (a,a, B, B 7;1-x[t 1-1/x) £ (t)dt, Re(y)>0- (2
/4

= C—y 8

These operators reduce to the fractional integral operators introduced by Saigo [7], due to the
following relations;

LGP f(x) =102 f(x),  (reC), 3)
and
[EXPP fx)y =127 f(x), (yeC). )

Recently, Ram and Kumar [19] have obtained the images of the product of 2 H-functions in Saigo-
Maeda operators; Saxena, Ram and Kumar [3] have obtained the generalized fractional integral formulae
of the product of Bessel functions of the first kind involving Saigo-Maeda fractional integral operators.
Similarly, generalized fractional calculus formulae of the Aleph-function associated with the Appell
function Fj; is given by Saxena et al. [5,6], and Ram and Kumar [20].

A lot of research work has been recently come up on the study and development of a function that is
more general than Fox’s H-function, known as the H-function. The H-function was introduced by Inayat-
Hussain [27,28] and is defined and represented in the following manner (see for example [29,30]).

Z M.N __M’N (aj’aj;Aj)l,N’(aj’aj)NH,p _L >y &
Hre |z]=Hro { (zvj,ﬂj)l,M,<hj,ﬂj;3j>M+I,Q}‘ 7 10 © e (220) ®
where i:\/—_l and;
M N Aj
_ Hr(bj—ﬂjf)H{F(l—aj+aj§)}
0(s) = —5 = — . (6)
{F(l_bﬁrﬂjf)} 11 F(aj—ajé’)
Jj=M+1 J=N+1

Here, a, (] =1,...,P) and bj (] :1,...,Q) are complex parameters ;= 0 (] =1,...,P),
B =0(j=1,...,Q) (not all zero simultaneously) and the exponents a‘/(j=1,...,N) and

b i ( Jj=M+1,..., Q) can take on integer values, the reader can also refer the papers [27,28] for more

detail. The following sufficient conditions for the absolute convergence of the defining integral for the H-
function given by Bushman and Srivastava [29];
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M N 0 P
Q:ZI'B-f+ZI:|A.fa.f|_ ZI|B./ﬂj|_ Zlaj>0’ 7)
J= j=

J=M+ J=N+
1
and |arg z| < EQﬂ' :

Also S,:” [X] occurring in the sequel denotes the general class of polynomials introduced by Srivastava
[31];

S'"[x]z[%mA X, n=0,1,2 (8)
n s k' n,k ) 9Ly Lgene

where m is an arbitrary positive integer and the coefficients 4 , (n,k 2> O) are arbitrary constants, real

or complex. Suitably specializing the coefficients An,k, S:," [x] yields a number of known polynomials
as special cases [32].

The paper is organized as follows: The power function formula for the operators ([ g’ f”ﬁ B f ) and
(I fofﬂ By f ) are presented in Section 2. The composition formula of the Marichev-Saigo-Maeda

fractional integral operators (1) and (2) with the product of the H-function and a general class of
polynomials in Section 3. Special cases giving compositions of fractional integrals with the product of the
generalized Wright hypergeometric function, generalized Wright-Bessel function, Poly-logarithm
function, generalized Riemann Zeta and Whittaker function are considered in Section 4. In the sequel,
conclusions are considered in Section 5.

Preliminary Lemmas
In this section, we presented the power function formula for the operators ([g‘ f”ﬂ By f ) and
(I f;fﬂ A ) , are required to establish our main results:
Lemma 1 [26]. Let a,a', B, ',y € C; if Re(]/)> 0,
Re(p)> max |:0, Re(a+a'+B—y),Re(a’- ') :| , then;

[a,a’,ﬁ,ﬂ',;/xp—l _ xp—a—a’+y—1 F(p)r(p ty—a— a' _ﬂ)r(p + ﬁ, - a’)
0,x

’ ' "N (9)
F(pt+y—a-a)l(p+y—a'=Hl(p+f)
In particular, from relation (3), we have;
([(()J:ﬂ,?] tpfl) (x):xpfﬂfl F(p)r(p+77_ﬂ) (10)

C(p-BT(p+a+n)

and if we put f=—¢ in (10), then we have;
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a ,p-1 _ pra-l r
(10+t )(x)—x %, Re(a) > 0,Re(p) > 0. (11)

Lemma 2 [26]. Let @, a', 3, B,y € C s if Re(y)>0,
Re(p)< 1+min[Re(—ﬂ),Re(a +a'—y),Re(a+p'-7) ] , then;

[a,a',ﬂ,ﬂ',;/xpfl — xpfafa'ﬂ/fl r(l +ta+ a' —)— p)r(l ta+ ﬂ, —)— p)r(l B ﬂ B p) ) (12)
o IF'l-pf(+a+a’'+p —y—p)L(+a-LB-p)
In particular, from relation (4), we have;
(Ifz,ﬂ,ly tp—l) (x) — xp—ﬂ—l F(ﬂ - p +1) F(U - p +1) , (13)
Ird-pl(a+p+n-—p+1)
and if we put f=—a in(13) then we have;
(19077) (x) =" H-a-p) 0<Re(ar)<1-Re(p). (14)

[d-p)

Main results

In this section, we shall establish 4 fractional integral formulae for the Marichev-Saigo-Maeda
fractional integral operators (1) and (2). The results are given in the form of the theorems. The theorems
are derived and then the remaining 2 results are deduced as their corollaries.

Theorem 1 Let a,a',ﬂ,ﬂ',y,,u,zeC,Re(y) >0 and ﬂj,0'>0 (je{l,2,...,s}). Further let
the constants M, N,P,Q € N, N (] = l,...,P),bj (] = 1,...,Q) be complex,
|argz|<7zQ/2, Q>0 and the exponents Aj (j=l,...,N),Bj (j=M+l,...,Q)6EN be given

and satisfy the condition;

b,
Re(ﬂ)*”g}iﬁ} RGLFJ,} > max [O,Re(a +a'+ﬂ—}/),Re(a'—ﬁ’):|. Then we have the
following relation;

(af &) Af )I,N i (af & )N+1,P

(6,:8,),,-(6,:5:B,),,..,

_ xﬂfafaur}/fl [ﬂlz/”il] [”s/ms] (_nl )mlkl ..~(_ns )msks A/ A(s) ki ckS (x)z.sjzlljkj

ny,m| ng,mg 1 s
et kL. k!

(x)

s
ad f. By | pul mi[ A g e
15 t ||Snj [cjt i|HP,Q zt
j=1
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—M,N+3 (1_#_2;:11}]@’0-;1)’(1_:u+a+a,+ﬂ_7_z;':l/1'k< 0;1),

o JT
P+3,0+43 | ZX

(bj’ﬁf)l,M’(bf’ﬂf;Bf)M+1,Q’(1_”+a+a,_7_2j=1/1'k' 0;1)’

JJ

(1_ﬂ+“'—ﬁ'_2j-:1 Ak, ’0;1)’("1’0‘/‘;‘41 )1,N ’(af’af )N+1,P

. (15)
(1—y+a'+ﬂ—7—z;1/1jkj ,J;l),(l—y—ﬂ'—ijlﬂjkj,0';1)
Proof:

In order to prove (15), we first express the product of a general class of polynomials occurring on its

left-hand side in the series from given by (8), replacing the H-function in terms of Mellin-Barnes contour

integral with the help of Eq. (5), interchange the order of summations, we obtain the following form (say
I);

[nfl] 15 /ms] (—I’ll )mlkl -"(_ns )msks '

o0 ko k\..k! ML s

1 - ' v Mt S;lk-+o—§—1

L Ja | g AT () ag
27i Y

[nlz/m:l] [HS/mS](_nl)mlkl "'(_nS)’”S" '

— S (s) K ks
= L] Ay e Ay €€
k=0 kg=0 IREREUPR

I=

— lM_[F(bj—ﬂjf)H I(1-a;+a¢) 4
1 J-xy—a—a+y+zj:11jkj—l(zxa A { }

N
j=

j=1

2y lg[ {F(l—bj+ﬁj§)}3j ﬁ F(aj—ajé)
o D) o - Al o)

F(y+2jzlﬂ,jkj+0'§+}/—a—a’) F<y+2jzli/kj+0§+y—a'—ﬂ) F(u+z;21/l/kj+0'§+ﬂ')

Finally, re-interpreting the Mellin-Barnes counter integral in terms of the H-function, we obtain the
right-hand side of (15). This completes the proof of Theorem 1.

Corollary 1.1 Let &, 3,7, l,Z € C,Re(a) >0 and lj,G >0 (] € {1,2,...,S}), and satisfy the
condition;

b,
Re(u)+o min Re [ﬂ_jJ > max I:O, Re(S-7) ] . Then we have the following relation;
1 .

<jsM
J
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(aj’aj; A./' )l,N ’(a/”af )N+1,P
(bj’ﬂj )I,M ’(bf’ﬂf;Bj )M+1,Q

u—p-1 [nlfl] ) (_nl )mlkl '"(_n‘Y )m k4 (=)

(%)

S
B . A: ] —M,N
el N [ B [cjz -/}HP,Q zt°
J=1

s

cfl..chs (x)zf:lljkj

St
np,myttng mg
e A

—M,N+2 " (l_'u_z;lﬂ“jkj’O-;l)’(l_'u-’_ﬂ_j/_Zj‘:/ljkj’0;1)’
P+2,0+2 | ZX E
(bj’ﬂj)l,M ’(bf’ﬂ/;Bi)M+1,Q’(l_ﬂ—i_’g_z.i:lﬂfk/’a;l)’
(aj’ a/;A«/ )1,1\/ ’(aj’ q; )N+1,P

(l—y—a—y—Z}:lﬁjkj,a;l)

where the conditions of existence of the above corollary follow easily with the help of (15).

= X

(16)

Remark 1 We can also obtain results concerning Riemann-Liouville and Erdélyi-Kober fractional
integral operators by putting f =—a and £ =0 respectively in Corollary 1.1.

Theorem 2 Let a,a',ﬁ,ﬂ’,y,u,zeC,Re(y) >0 and ﬂ_/,(7>0 (jE{I,Z,...,S}). Further let

the constants M, N,P,Q € N, a, (] = 1,...,P),b‘/. (] = 1,...,Q) be complex,
|argz| < 7ZQ/2, Q>0 and the exponents Aj (] = 1,...,N), Bj (] =M +1,...,Q) ¢ N be given

and satisfy the condition;

Re(u)—o min Re z—’ < 1+min[ Re(—ﬁ),Re(a+a’—7/),Re(a+ﬁ'—y)].

1<j<M '
J
Then we have the following relation;

10| p T80 (e PG | 220 (A ) )s (%)
/= ' | (b.i’ﬂ.i )1,M ’(bf’ﬁj;Bj)

M+1,0

ny/m ng/mg ] (— —
B xﬂ—a—a’w—l[lz:l] [ s \]( nl )m]kl ( ns )mxks A, (s) Ckl Ck“' (x)zsl_:l/ljkj
= PR o * Angmg €1 e+ Cy !
k=0 kg=0 TRERTU P
s
—M+3,N (af’aj’ Af )1,/\’ ’(aj’aj )N+1,p ’(1 TH~ z/‘:lijkj ’G)’

Hpiz 03| 2x°

(1+a+a'—}/—,u—2‘;:1/1jkj,J),(1+a+ﬁ’—7—y—2;:1/1jki,0),
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(1+a+a’+ﬂ'—7/—y—z;l}tjkj,0'),(l+a—ﬂ—,u—z;l/1jkj,0')

| (7
(l_ﬁ_ﬂ_zj‘qﬂ“/kj ’6)’(bf’ﬂf)1,M ’(bf’ﬂf;B-j)

M+1,0

Proof:

In order to prove (17), we first express the product of a general class of polynomials occurring on its
left-hand side in the series form given by (8), replacing the H-function in terms of Mellin-Barnes contour
integral with the help of Eq. (5), interchange the order of summations, we obtain the following form (say

D;

[m/m]  [ns/ms] (—n ..(—n
I= Y .Y ( l)m}j" E{ 'S)msk‘“ A,;bml...A,Ej?mS cl...cls
k=0 kg=0 TRERTU P

2%1‘ IZGES Llf’“””’f” e ](x)d«:
L

[”1/2'”1] [”S/'"S](_nl )m]kl ...(—ns )msks A (5) ok

= PR oy A mg €1 ...cskf
k1=0 kg=0 IREUTR)
Y 4j
e xﬂ_a_a'+y+zj':1}“jkj_l (z 0)5 lf:!r(bj —/3,-5) H{F(l—aj +a‘/§)}
; [ . P
2 H {F(l_b./ +IB./9E)}8/ H F(a.i —a/.(f)
j=M+1 Jj=N+1

s

F(1+a+a'—7/—y—z‘j:l/1jkj—of) 1"(1+a+,6”—}/—y—2j_:lljkj—of) F(l—ﬂ—y—z;lﬂjkj—of)d
r(1—y—2‘;:l,1jkj —ag) r(1+a+a'+ﬁ'—y—y—2j_:]/1jkj—ag) r(1+a—ﬂ—y—2‘;:l/1jkj —0'5)

Finally, re-interpreting the Mellin-Barnes counter integral in terms of the H-function, we obtain the right-
hand side of (17). This completes the proof of Theorem 2.

Corollary 2.1 Let &, ,7, 1,z € C,Re(a) >0 and 4;,0>0 (] € {1,2,...,S}), and satisfy the
condition;

: b, :
Re(x)—o min Re ; <1+ mln[Re(ﬁ),Re(y) ] . Then we have the following relation;

I<j<M )
J

(a_/' ’ a/ ’ A./ )l,N ’ (a-/ ’ aj )N+1,P

(x)

R 2. —M,N
[f’ﬂ’y " IHSnj;] |:le‘ 'I:| Hppo zt°
j=1

_ e [n]ﬁn:l] [ns/ms](—n1 )mlkl ...(—ny )myks . © ok

npmy *t Fing mg
k1=0 kg=0 kl 'kv'
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o (aj’aj;Aj)l,N ’(af’af)/v+1,p ,(l—,u—Z‘j:lljkj ,O'),(l+a+/3+}/—y—2‘j:1/1jkj ,0')
HP+2,Q+2 zx’
(1+ﬂ_ﬂ_z‘,—=1 Aik; ’6)=(1+7_ﬂ_z‘,-=1 Aik; ’6)’(bj’ﬁj)]ﬂM ’(bﬁﬂj;Bj)MHQ
(18)
where the conditions of existence of the above corollary follow easily from Theorem 2.

Remark 2 We can also obtain results concerning Riemann-Liouville and Erdélyi-Kober fractional
integral operators by putting f =—a and £ =0 respectively in Corollary 2.1.

Special cases and applications

On account of the most general nature of H-functions and the general class of polynomials
occurring in our main results given by (15) and (17) a large number of fractional integral formulas
involving simpler functions of one variable can easily be obtained as their special cases. However, we
give here only 6 special cases by way of illustration:

(i) If we take M =1, N=P and Q=Q+1 in Theorem 1, the H-function occurring therein

breaks up into the generalized Wright hypergeometric function Yo () given by [29]. Then, Theorem 1

takes the following form after a little simplification;

(l_aﬂaj;Aj)

e

L e T s [c‘,/f } Wol-2t
i (1-b,.8,:B, )1,

o
[n]/m]] [”A‘/’"A‘] (_nl) (—n ) s "
=yt uu ks g1 Ak ks ()Xt
klZ:O = k1 !"‘ks | ny,my ng,mg 1 s ( )
—1,P+3 (l_ﬂ_Zj/:J’jkj ’O-;l)’(l_ﬂ+a+a,+ﬂ_7/_zji:12’jl€j ,U;l),

Pi3,0+4 | 2x° )
(l—bj,,Bj;Bj)l’Q,(1—y+a+a'—7—zj:1/1jkj,0;1),
(l—,u+a’—,b"—2i=1/1jkj ,0;1),(1—61].,051.;141,)1,‘[) "
(1mprasp-y =3 Ak, o) (1-u=-p =3 2k, .0u1)

The conditions of validity of the above result easily follow from (15).

Remark 3 If we set S:,n;/ =1 and A].,Bj =1, and use the relation (3) and make suitable adjustment in

the parameters in (19), we arrive at the known result given by Kilbas [8].
(i) If we take M =1, N =P =0 and QO =2 in (15), and the H-function occurring therein breaks

_ﬁ) B
up into the generalized Wright-Bessel function J» (Z) , then Theorem 1 takes the following form;
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](‘)Z;a"ﬂ’ﬂ"y Lt/ll f[SZj |:Cjt]'j :| 75’3 (_th)' )J (x)
=1

p—a—a'+y-1 [nl/zml] g (_nl )mlk] '“(_nS )msk_y ’

=X AW ek ks (x INREL

prur S k\..k ! AL s LT ( )
. (1-u=3 Ak, ot (l-nrava' v fr=3) Ak .0ul),
His| zx?

(0,1),(—b,,8;B),(1—,u+a+a'—7—z;1/11kj ,0;1),(1—,u+a'+ﬂ—7—Z;li/.kj ,0';1),
(1-u+a'-p =3 2k,.0)
(1-u=p =X 2k, 0]

The conditions of validity of the above result can easily be followed directly from (15).

(20)

(i) If we take M =1, and N =P =0 =2 in (15), the H-function reduces into the Poly-

logarithm [33] of complex orderV, denoted by L’ (Z) Then, Eq. (15) takes the following form after
simplification;

[g:a’,ﬂ’ﬂ"}’ (ty_l li[S:;j [cjz’lj:| L (Zl‘(y )J (x)
=1

p—a—a'+y-1 [”l/zml] brgfms] (_nl )m|k] '“(_ns )msks ’ A(V) . Clkl ”.cfs (X)Z;‘:lljkj

= X
ny,nm g ,m,
k=0 kg=0 kl 'kS '

s ) (1—#—2;:1/1/]{/,0';1),(1—,u+a+a'+/3—7—z;1/1/kj,0;1),(1—,u+a'—ﬂ'—2j_:1/1jkj,a;l),
55| —2x
(0,1),(0,1;v—1),(1—y+a+a'—7—zsjzlljkj,0;1),(1—y+a’+ﬂ—y—2jzlijkj,0;1),
(0,1,1),(1,1;v)

(1—ﬂ—ﬂ’—2§:lzjk‘,,a;1) ' 1)

The conditions of validity of the above result can easily be followed directly from Theorem 1.

(iv) If we reduce the H-function occurring in the left-hand side of (15) to a generalized Riemann
Zeta function [34] given by;

¢(z,l,77)=i z Elzz{—z

r:0(77+7")l B

(22)
(0,1),(=.1;1)

(0,1,1),(1—77,1;1)}

then, we arrive at the following result;
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I(c)n:,a',ﬂ,/?'a}’ (ﬂ‘l li[S::j [le‘ﬂj:| ¢(Zt6al’ 77)} (x)
j=l

[m/m]  [ng/ms] (— I el 7 3
g el nl)’”}j' E{?A)mska;w... O ke ()T
Fre S k!
s Ni=u=2 2k o) (1-prara+ poy=3 Ak o) (1-pra =B -3 Ak, il
55 —ZX ] )
(0,1),(—77,1;1),(1—,u+a-I—a’—;/—z;zlﬂjkj,0;1),(1—y+a’+ﬂ—)/—2jjzlljkj,0';1),
(0,1;1),(1-n,1;1)
(1-u=p =X 2k;.001

—a—a'+y-1
= x* 4

: (23)
)

The conditions of validity of the above result can easily be followed directly from (15).

(v) If we set the product of polynomials S;"_’ to unity, and reduce the H-function to a Whittaker

function [35] by taking A4 = Bj =1, then we obtain the following result;

—z%

eorsl o % w, (o) || o

P (1— y—z;lijkj,a;l),(l— ptratd+ - y—ijlﬂjkj,O';l),
(%ib,l),(l—;ﬁa+a'—;/—z;=lﬁjkj,0;1),(1—y+a’+ﬂ—y—2i=]ljkj,a;l),
(1—ﬂ+a'_ﬂ1_2jzlljkj,O';l),(l—a,l)

(1-u=B -3 Ak, 031

24

The conditions of validity of the above result can easily be followed directly from Theorem 1.

(vi) If we set product of polynomials S;"f to unity, and reduce the H-function to Fox’s H-function,
J

then we can easily obtain the known results given by Saxena and Saigo [6].

Conclusions

In this section, we briefly consider some consequences of the results derived in the previous
sections. The H-function and a general class of polynomials are important special functions that appear
widely in science and engineering. In the present paper, we have given the 2 theorems of generalized
fractional integral operators given by Saigo-Maeda. The theorems have been developed in terms of the
product of the H-function and a general class of polynomials in a compact and elegant form with the help
of Saigo-Maeda power function formulae. Most of the given results have been put in a compact form,
avoiding the occurrence of infinite series and thus making them useful in applications. Further, it is
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interesting to observe that, if we set o' = 0 the results given by Agarwal [15] follow as a special case of
our main results.

The H-function defined by (5), possesses the advantage that a number of special functions are found

to be particular cases of this function. Therefore, we conclude this paper with the remark that, the results
deduced above are significant and can lead to yield numerous other fractional integrals involving various
special functions by the suitable specializations of arbitrary parameters in the theorems.
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