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Abstract

The aim of the present paper is to evaluate new integral relations involving a general class of
polynomials and I-functions. The values of the relations are obtained in terms of the Psi functions z//(z)

(the logarithmic derivative of T’ (z) ). These integral relations are unified in nature and act as a key

formula from which we can obtain their special cases. For the sake of illustration, we record here some
special cases of our main formulas which are also new and known. The formulas established here are
basic in nature and are likely to find useful applications in the field of science and engineering.

Keywords: I-function, general class of polynomials, Psi (or digamma) functions 1//(2)

Introduction

Many important functions in applied sciences are defined via improper integrals or series (or infinite
products). The general names of these important functions are called special functions. A general class of
polynomials and I-functions are important special functions and their closely related ones are widely used
in physics and engineering; therefore, they are of interest to physicists and engineers as well as
mathematicians. In recent years, numerous integral formulas involving a variety of special functions have
been developed by many authors (see, e.g., [1-7] and see also, [8]). Also many integral formulas
associated with the general class of polynomials have been presented (see, e.g., [9-10]; see also [11]).
Those integrals involving the general class of polynomials are not only of great interest in pure
mathematics, but they are often of extreme importance in many branches of theoretical and applied
physics and engineering. Here we aim at presenting four generalized integral formulas, which are

expressed in terms of the Psi functions (//(z) by inserting the general class of polynomials and I-

functions. Some interesting special cases of our main results are also considered.

For our purpose, we begin by recalling some known functions and earlier works. The general class
-

of polynomials S ,:'11 _____ [ x] will be defined and represented as follows [12];

M sy [nl/ml] [y /my.] ( ni)ml-ll [

_ i

Snymy, [X1= 11 n. %X >
10T 11:O L=0 i=l /! i

(1)
where my,..., My € N:= {1, 2,3,...} and nyseees My € NO = NU{O} . The coefficients Ani’li ("i’li > () are

arbitrary constants, real or complex.
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A lot of research work has recently come up on the study and development of a function that is
more general than the Fox’s H-function, popularly known as an I-function.
The I-function is defined and represented as follows [13];

a.,a:; a., ..
el

z
b)) (5os)
( I Lm \Ji Pji mlg;

m,n

1 S
Ip/asr =%IL¢(§)Z dé, )

where

m n
[T, -6 1 T(-a; +aé)
$(£) = [ J=1 J=1 : 3)

r d; P
> I r(l_bji+ﬂji§)j:rnl+lr(aji_ajig)

i=1| j=m+l
and m,n, p;,q; are integers satisfying 1<n < p;,1<m<gq;(i=1,..,r),r being finite. aj, j’aji’ﬂj'

are positive integers and a j,b . b .. are complex numbers. The I-function is a generalized form of

a .. ..
J> et
the well known Fox’s H-function [14]. Here the I-function is studied under the following conditions of
existence;

(@)  4;>0; |argz|<%.

and

A7
(i) 4;20; |argz |< ——; Re(B+1)<0,
2

where
n Pj m 4;
A= 2 gt B P T D) @
and
m n p;

qi 1
B=Yb.+ > b.—Ya.— XX a .+ c—q. ),Vi=(,..,r). Q)
FT T S J 2T 2(}71 ql) ( )

By summing up the residues at the simple pole of the integrand in (2), we have after a little simplification
[15];
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mn . (aj,aj )l,n (aji’aji)nﬂ,pi
Pisqisr (bj ,ﬁj)l,m(bj,',ﬂji )WH—l,qj
k m %\ 1 * o*
I ) jglr(bj—p’j(s )jEll“(l—ajJrajé' )(=)
= > - - )
K=0h=l 0§ 0 F(l b+ 5*) o r( 5*) (6)
! —-b..+f.. a:..—o::
L= R JEEEIT e I
* bh +k
and this should be used 6 =
By,

Main results

In this section, we establish four generalized integral formulas, which are expressed in terms of
/8 (Z ) , by inserting the general class of polynomials (1) and the I-function (2) with suitable arguments
into the integrand of (15).

For our purpose, we begin by assuming that (z) denote the Psi (or digamma) function F(z)

defined by l//(Z) = r (Z)

r(z)

Also, let E(x) stand for;

{2+/11(1—x)+/12(1+x)}, (7

and
s—1 t—1 S t.
G(x)— (l—x) (1+x) Smlw-amr cﬁ (l—x) 1 (1+x)l m,n y(l—X)'u(Hx)V ®
- s+1 s P S+t iqi, :
{E(x)} N 5eesMy i=1 {E(x)}’ i Piqir {E(x)}'quV
We have;
Integral formula 1
} G(x)lo 1o
1 s E(x)
k m x\ 1 *
NCTERRTATS B ) e ) }lf(bj‘ﬁjﬁ ),er(l‘“j”jﬁ) Lo
L RS 4023 / . (e)F (»)" ~
e S T = 5 B 5
| , ki E F]}}mr(l—bﬁwﬁ )j:I;l[HF(aﬂ—aﬂ )

{ﬁ](lml)_” (1+,12)_v3(s+sl.11. wus” i +v5*)|:7log(l+ﬂ1)+y/(s+sl~li w8 )y (s 41+ (s 41 +(y+v)5*)]ﬂ.

(€))
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Integral formula 2

1 I+x
—JlG"”"’g[E(xJ“’

k m n
Ly g (ny /m ] )y o m (71) ]lllr(bj,ﬂj(g*)]_l—:[lr(lfaj+aj5*) .

L, \&
Z C ! X
PP = BN misli | k=0 h=1 r 4% « P . ()" ()
=0 S T r(1-bgp50%) 11 r(a - a0”)

Jj=m+ J=n+l

{ilill(lml)ﬁ (1+2) " B(s syt + 10" vy +v8™ ) dog (1 1))+ (1 1+ v6™) = (s + 4 5 41D +(,u+v)5*):|}i|.

(10)
Integral formula 3
1 2
IG(x)log[ o 2}1:
- {E(0)}
k m %\ 1 *
_ l[nl/ml] L [ mye] ) il i o m (_1) jglr(bj_ﬂjé )ngr(l_a./+a./5 ) L, S5*
=5 ) I HiA”'l_ >y ' ' ()i (»)°
p=0 gm0 =l G TilksoRs e [ R 5
g j:gﬂ (7 ji*Pji )jzl;z[Jrl (ajf“ji )
r —u -y % "
{il;ll(lhll) (1+12) B(s+sl.li+y5 il +ve )><
|:710g{(1+21)(1+/12)}H//(Hsill.+,u5*)+l//(t+tl.li+v5*)721//(s+t+(sl.+tl.)ll-+(,u+v)5*):|}:|.
(11
Integral formula 4
1 1-x
_flG(x)log[m}lx
k m x\ 1 *
o md (g S m) (—”i)mj/j o m (-1) jlllr(bj*ﬁjﬁ )jllll"(lfaj+aj6 ) LSt
2 LR A (R : ; () (»)"
1 =0 1, =0 i=1 [;! sl | k=0 h=1 k'r 9; clios « Pi "
: ) jzlr_[n+l ( it P )j=rn[+1r(aﬂfaﬁ5 )
ﬁ(l+ﬂ1)_u(1+/i )_VB(ers-l-+y§*,t+t-l-+v5*) —log 1+ﬁ’l +|//(s+s-1-+y§*)7|//(t+t~l~+V5*) .
i=1 2 ) ) 1+}”2 il il
12)
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The following interesting integral will be required to establish the results from (9) to (12);

1 (1 s—1 1+ t—1 (-2 (14 4 Y v
SR R T K P {yo o1 ]dx
{£(x)} {E(x)} {E(x)
I myd g /g1 (_ni)m-]- L —s—s;. —t—tl. - —v|T
= llZzo er:O i=lT”A”iJiCl (1+j1) i'i (1+,12) i IZI,',S’%I:'”;’ [y(lJJl) (1+/12) TIJ
(13)
where

T E(1_5'51'11"#);(1_t_[ili’v);(aj’aj)l,n ;(aji’aji)n+l,pi

and

T2 = [b],ﬂ] jl,m ;[bji’ﬂji]m+l,ql- ;(1—S—f—(sl-+tl. )Zi’#+vj

The result (13) is also written in the following form with the help of Eq. (6) as follows;

} (1 - x)s -l (1 + x)t -l My Clﬁl (1 - x)si (1 + x)ti mon { (l—x)#(1+x)" ]dx

S+t n,...,n S+t P2 »
-1 {E(x)} 1oty {E(x)} it Di»qi>r {E(x)}ﬂﬂ’
;) 1 ) *
—n _ _ 3. —a; .
1["1 Im] [ng /I m] ! mj/j o m ( 1) jlllr(bj ﬁJ§ )jl;[]l"(l a; +a‘/b ) I; s5*
T2 T L R O PN e Iz ()" ()
L=0 L.=0 Tk eyl N F(l—b~+,6~~5*) il F(a--—a~~5*)
W20 j=me JETEGE ) g NN
* * * *
r —s—sjl;— 1o —t—t;l;—vS F(s + 55l + ué )F(t + 4l +v6 )
x _l_ll(1+/11) (1+/12)
i=

F(s S (s L+ (et v)6*)

(14)
The above result will be convergent under the following conditions;

Az
(i) 4;>0, |argz| < ?

Al-ﬂ'
(ii) 4;20, |argz|< =, Re(B+1)<0.
2

bj

(iii) Re(s)+ gmin| — [> 0.
J

and
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bj
(iv) Re(t)+vmin| — |>0.

J

All the parameters s, 1, LN #N l;,p,v are positive and 4; and B are defined by (4) and (5).

my,...,m
Proof: To evaluate the above integral, we express S 1 "[x] in its series form with the help of (1)
1y

and I[x] in terms of a Mellin-Barnes type contour integral given by (2), change the order of integration
and summation and integrate the x-integral with the help of the known result [16];

i a-l1 —t'B_l
(o) (6-) -

{
a{b—a-i—l(t—a)-i—y(b—t
1+ “ () T (@)r(p)

b—a F(a+ﬁ’) ’

(15)

where a # b, Re(a) >0, Re(ﬁ) >0, b—a+/1(t—a)+/1(b—t) # 0.
Finally, interpreting the & contour integral in terms of the I-function, we arrive at the right hand

side of (13). If we express the I-function involved in the right hand side of (13) in series form with the
help of (6), we easily arrive at (14). This completes the proof of (13).

Proof of the main results

To prove the first integral formula (IF), by taking the partial derivative of both sides of (14) with
respect to s. IF 2 is similarly established by taking the partial derivative of both sides of (14) with respect
to t. To establish IF 3 and 4, we use the IF 1 and 2, first adding the IF 1 and 2, then we get the IF 3. IF 4 is
similarly established by subtracting IF 2 from IF 1.

Special cases of the main integral formulas

In this section, we consider other variations of Integral formulas 1 to 4. In fact, on account of the

M ...,

most general nature of the I-function and S 1 "[x] occurring in our main integrals given by (9) to
r

(12), a large number of integrals involving simpler functions of one variable can easily be obtained as

their special cases. For an illustration, we just give several special cases.

Example 1
If we set » =1 in (9), (10), (11) and (12), respectively, then the I-function reduces to the familiar
Fox’s H-function, we get the following results after a little simplification, which are believed to be new;
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}@_asloiprIMJ?H]yMW{}ﬁO—0”O+0”]Hmﬂ{UAVwﬂY}x
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1 (1 - X)S - (1 + x)t - [ 1—x2 ] my,...,nm, I‘ (1 - X)Si (1 + x)ti m,n |: (l—x)’u(l+x)vj|d‘
] 5T lo Sooi el "™ |H ] Ty
SO R (PR By ") e

k m b 5* n *
) i)y O | OO (0 (7]

L=0 =0 i=l I;! pli | k20 h=1

ﬂhk!{'ﬁ (1507 11, Foji=er0%)

Jj=m+l jentl
lljl(l%])_u (1+/12)—v B(s+sil; + 0™ 1+ 1 45" )« .
Plog{(uj])(nﬂz )} +W(S+Sili +'”5*)+'/’(t+tili +v5*)_2l//(s+t+(sl' +i)l; +(,u+v)5*)}

(18)

1 (17““)5_1(1*"))?_1 1-x | amypm, | £ (l’x)si (1+x)ti m,n (lfx)'u(ler)V
T og| o (S eIl S V|
e e S L e

km %\ 1 *
_ l[nl/ml] [”r/mr] r (_ni)m-- o m (_1) jl_zllr(bj_ﬁf5 )]E]F(l—aj+aj§ )

L8

. 0 ()i (y)" ~
1. =0 1.=0 i=1 l.! nl’l k=0h=1 q * P *

| r i gy I1 r(l—bﬁ+ﬂﬁ§ )_n r(aj,.—aﬂa )

J=m+l J=n+1
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Example 2
If we take 21 =/12 =0,C:1,m1,...,m =l,n,..,n =n, s;= 1, 1= 0 and A(nl,ll,...,nr,l,,) =

n+a (a+ﬂ+n+ll l-x . . .
in (9), then the polynomial S occurring therein breaks up in to the
2

n (a+1)l

a, . . .
Jacobi polynomials P,(1 'B)(x) [12] and the integral (9) takes the following form after a little

simplification;

L= T 0en) ™0 iy (@), ] () ()
—Il {2}s+t log(Tan (x) Ip’q yi{z}/ﬁv

k m x\ 1 *
1 g: (—n)l(a+ﬂ+n+1)l(n+a) © g (71) _,'1111“(17]75]5 )jlllr(liajJraj&) ()5*
2 n(esn) 2t V| ay klZ{ i r( —b.-+,6--5) i r( --5*)} v
h Ji Ji j=n+l ‘11
{11:[B(S+l +/15 t+vo )|: (s+ll-+y§*)—y/(s+t+ll-+(y+v)5*)]}}.

(20)

Example 3
Ifweput r=1, n=p; =0, m=1, q; =2, by =0, By=1 b, 11=-2% Bt =H in

s RO

then result (9) reduces to the following form after a little simplification, which is also believed to be new;

(2) I-function reduces to Wright’s generalized Bessel function, i.e. 1(1)’3.1 |:

0 0 ™ ey e G )
i (2 (2)*! (x) /1[ {E(x)}wv

(")I(OH/MH)I(Ta){ °§ (-1 )(c)li (y)k {[]i[lB(sHl.+yk,t+vk)[—z//(s+li+yk)—z//(s+t+(ll.+(y+v)k)}H.

1 )
220 n(a+)? KZOKIT(1+ 2% 'k

n
b
21=

1)
Example 4

Ifweputr=1,n=p,=p,m=1,¢;=q+1,0,=0,8=1,a;=1—-a, b;=1-b;, f;=Fin(2)I-
function reduces to Wright’s generalized Hypergeometric function, ie.

Lp . (l_aj_aj)l,p _ ( J’ J)l,p
e I O O v Il L O

form after a little simplification, which is also believed to be new;

1 —z | then the result (9) reduces to the following
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JEE e

| {2}s+t R
]O'O[ F(a.+a.k) , A

OW(M&) % Jj= )k' (e)i(y) {ili[]B(s+li+yk,t+vk)[y/(s+li+yk)—l//(s+t+li+(y+v)k)}} .

(22)

Concluding remarks

We can consider another variation of the results derived in the preceding sections. The I-function
due to Saxena [13] can be regarded as an extreme generalization of the Fox H-functions. Further, it can be
easily seen that the I-function in (2) is a special case of the Fox H-function. Therefore, the results
presented in this paper are easily converted in terms of a similar type of new interesting integrals with
different arguments after some suitable parametric replacements. We are also trying to find certain
possible applications of the results presented here to some other research areas.

Acknowledgements

The authors should express their deepest thanks for the referees’ valuable comments and essential
suggestions to improve this paper as in the present form.

References

[1] P Agarwal. A Study of New Trends and Analysis of Special Function. LAP Lambert Academic
Publishing, 2013, p. 1-164.

[2] P Agarwal. Certain multiple integral relations involving generalized Mellin-Barnes type of contour
integral. Acta Univ. Apulensis Math. Inform. 2013; 33, 257-68.

[3] P Agarwal. On a unified integral involving the product of Srivastava’s polynomials and generalized
Mellin-Barnes type contour integral. Adv. Mech. Eng. Appl. 2012; 2, 158-61.

[4] P Agarwal and CL Koul. Integrals involving product of H [x,y] and the generalized polynomials

S x]. Proc. Nat. Acad. Sci. India 2004; 74, 507-14.

[5] P Agarwal. On multiple integral relations involving generalized Mellin-Barnes type of contour
integral. Tamsui Oxf. J. Math. Sci. 2011, 27, 449-62.

[6] J Choi and P Agarwal. Certain classes of infinite series deducible from Mellin-Barnes type of
contour integrals. J. Korea Soc. Math. Educ. Ser. B Pure Appl. Math. 2013; 20, 233-42.

[71 P Agarwal. On a new theorem involving generalized Mellin-Barnes type of contour integral and
Srivastava polynomials. J. Appl. Math. Stat. Inform. 2012; 8, 29-35.

[8] P Agarwal, Certain properties of the generalized Gauss hypergeometric functions, Appl. Math. Inf.
Sci. 2014; 8(5), 2315-2320.

[9] P Agarwal. New unified integral involving a Srivastava polynomials and H -function. J. Fract.
Calc. Appl. 2012; 3, 1-7.

[10] P Agarwal and S Jain. New integral formulas involving polynomials and I-function. J. Appl. Math.
Stat. Inform. 2012; 8, 79-88.

[11] P Agarwal and S Jain. On unified finite integrals involving a multivariable polynomial and a
generalized Mellin Barnes type of contour integral having general argument. Nat. Acad. Sci. Lett.
2009; 32, 281-6.

[12] HM Srivastava. A multilinear generating function for the Konhauser sets of bi-orthogonal
polynomials suggested by the Laguerre polynomials. Pacific J. Math. 1985; 117, 183-91.

Walailak J Sci & Tech 2015; 12(11) 1017


http://www.naturalspublishing.com/files/published/8t85x52o8s1p5t.pdf

A New Class of Integral Relations Involving General Class of Polynomials Shilpi JAIN and Praveen AGARWAL

http://wjst.wu.ac.th

[13] VP Saxena. A formal solution of certain new pair of dual integral equations involving H-functions.
Proc. Nat. Acad. Sci. India 1982; A52, 366-75.

[14] HM Srivastava, KC Gupta and SP Goyal. The H-Function of One and Two Variables with
Applications. South Asian Publishers, New Delhi, India, 1982.

[15] VP Saxena. The I-Function. Anamaya Publishers, New Delhi, India, 2008.

[16] IS Gradshteyan and IM Ryzhik. Tables of Integrals. Academic Press, New York, 1980.

1018 Walailak J Sci & Tech 2015; 12(11)



