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Abstract 

The aim of the present paper is to evaluate new integral relations involving a general class of 
polynomials and I-functions. The values of the relations are obtained in terms of the Psi functions ( )zψ  

(the logarithmic derivative of ( )Γ z ). These integral relations are unified in nature and act as a key 
formula from which we can obtain their special cases. For the sake of illustration, we record here some 
special cases of our main formulas which are also new and known. The formulas established here are 
basic in nature and are likely to find useful applications in the field of science and engineering. 

Keywords: I-function, general class of polynomials, Psi (or digamma) functions ( )zψ  
 
 
Introduction 

Many important functions in applied sciences are defined via improper integrals or series (or infinite 
products). The general names of these important functions are called special functions. A general class of 
polynomials and I-functions are important special functions and their closely related ones are widely used 
in physics and engineering; therefore, they are of interest to physicists and engineers as well as 
mathematicians. In recent years, numerous integral formulas involving a variety of special functions have 
been developed by many authors (see, e.g., [1-7] and see also, [8]). Also many integral formulas 
associated with the general class of polynomials have been presented (see, e.g., [9-10]; see also [11]). 
Those integrals involving the general class of polynomials are not only of great interest in pure 
mathematics, but they are often of extreme importance in many branches of theoretical and applied 
physics and engineering. Here we aim at presenting four generalized integral formulas, which are 
expressed in terms of the Psi functions ( )zψ  by inserting the general class of polynomials and I-
functions. Some interesting special cases of our main results are also considered. 

For our purpose, we begin by recalling some known functions and earlier works. The general class 
of polynomials ][,...,

,...,
1

1
xS r

r

mm
nn  will be defined and represented as follows [12]; 

 
( )[ / ] [ / ],..., 1 11 [ ] ... ,,..., ,1 10 0 !1

nn m n m ir m lm m lr rr i i iS x A xn n n lr il l i ilr i

−
= ∑ ∑ ∏

== =
                         (1) 

 
where { }, ..., : 1, 2, 3, ...1m mr ∈ =  and { }0, ..., : 01n nr ∈ = ∪  . The coefficients ( , 0),A n li in li i

≥  are 

arbitrary constants, real or complex. 
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A lot of research work has recently come up on the study and development of a function that is 
more general than the Fox’s H-function, popularly known as an I-function. 

The I-function is defined and represented as follows [13]; 
 

( ) ( )
( ) ( ) ( )

, ,
1, 1, 1, ,, ; 2, ,
1, 1,

α α
ξφ ξ ξ

πβ β

+
= ∫

+

 
 
 
 
 

a aj j ji jin n pm n iI z z dLp q ri i ib bj j ji jim m qi

           (2) 

 
where 
 

( )
( ) (1 )

1 1 ,

(1 ) ( )
1 1 1

m n
b aj j j jj j

q pr i i
b aji ji ji jii j m j n

β ξ α ξ
φ ξ

β ξ α ξ

Γ − Γ − +∏ ∏
= =

=

Γ − + Γ −∑ ∏ ∏
= = + = +

 
  

                 (3) 

 
and , , ,m n p qi i  are integers satisfying 1 ,1 ( 1, ..., ),≤ ≤ ≤ ≤ =n p m q i r ri i  being finite. , , ,j j ji jiα β α β

 
are positive integers and , , ,a b a bj j ji ji  are complex numbers. The I-function is a generalized form of 

the well known Fox’s H-function [14]. Here the I-function is studied under the following conditions of 
existence; 
 

2
( ) 0; |arg | .Aiii A z π> <  

 
and 
 

( ) 0; | arg | ;
2

Aiii A zi
π

≥ ≤  Re( 1) 0,B + <  

 
where 
 

, (1, ..., )
1 1 1 1
α α β β= − + − ∀ =∑ ∑ ∑ ∑

= = + = = +

p qn mi i
A i ri j ji j jij j n j j m

           (4) 

 
and   
 

( )1
, (1, ..., ).

1 1 1 1 2

q pm ni i
B b b a a p q i rj ji j ji i ij j m j j n
= + − − + − ∀ =∑ ∑ ∑ ∑

= = + = = +
                       (5) 

 
By summing up the residues at the simple pole of the integrand in (2), we have after a little simplification 
[15]; 
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( ) ( )
( ) ( )

( ) ( ) ( )( )

( ) ( )

, ,, 1, 1,
, , , 1, , 1,

1 1
1 1 ,

0 1
! 1

1 1 1

α α

β β

δ
β δ α δ

β β δ α δ

 
 
 
 
 

+

+
∗∗ ∗− Γ − Γ − +∏ ∏

∞ = =
= ∑ ∑

= = ∗ ∗Γ − + Γ −∑ ∏ ∏
= = + = +

 
 
 

a aj j ji jim n n n piI zp q ri i b m bj j ji ji m qi
m nk

b a zj j j jm j j
q pr i ik h

k b aji ji ji jih i j m j n
         (6) 

 

and this should be used * b kh

h
δ

β

+
= . 

 
Main results 

In this section, we establish four generalized integral formulas, which are expressed in terms of 
( )zψ , by inserting the general class of polynomials (1) and the I-function (2) with suitable arguments 

into the integrand of (15). 
For our purpose, we begin by assuming that ( )zψ  denote the Psi (or digamma) function ( )zΓ

defined by ( ) ( )
( )

'
.

z
z

z
ψ

Γ
=
Γ

 

 
Also, let E(x) stand for; 
 

( ) ( ){ }2 1 1 ,1 2x xλ λ+ − + +
                                                                        

          (7) 
 
and 
 

( )
( ) ( )

( ){ }
( ) ( )

( ){ }
( ) ( )

( ){ }
,...,1

,...,1

1 11 1 1 1 1 1, ., ,1

µ ν

µ ν

 
 
 
  

− −− + − + − +
= ∏+ + +=

 
 
  

m mr
n nr

s t s ti irx x x x x xm nG x S c I ys t s t p q ri ii ii E xE x E x
         (8) 

 
We have; 
 
Integral formula 1

  

( )
( )

1 1 d  
1

 
  
 

−
∫
−

xG x log x
E x

( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( ) ( )

( ) 1 1[ / ] [ / ]1 1 1 11 ... ,2 1 0 1!0 0 ! 11
1 1 1

1 1 ,1 21

β δ α δ
δ

β β δ α δ

λ λ µδ νδ

∗ ∗− − Γ − Γ − +∏ ∏ ∗∞ = =
= ×∑ ∑ ∑ ∑∏

= = = ∗ ∗= = Γ − + Γ −∑ ∏ ∏
= = + = +

− − ∗ ∗+ + + + + + −∏
=





 
   

m nkn b an m in m j j j jr mr r lj j iA c yq pn l r i ii k hi ill l ir k b aji ji ji jih i j m j n

r u v
B s s l t t li i i ii

m li i

( ) ( ) ( ){ }1 ( ) ( ) .1λ ψ µδ ψ µ ν δ∗ ∗+ + + + − + + + + +    
log s s l s t s t li i i i i

                  (9)
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Integral formula 2
  

( )
1 1( ) d  
1

 
  
 

+
∫
−

xG x log x
E x

( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( ) ( )

( ) 1 1[ / ] [ / ]1 11 1 1
... ,2 1 0 1!0 0 ! 11

1 1 1

1 1 ,1 21

β δ α δ
δ

β β δ α δ

λ λ µδ νδ

∗ ∗− − Γ − Γ − +∏ ∏ ∗∞ = =
∑ ∑ ∑ ∑= ×∏

= = = ∗ ∗= = ∑ Γ − + Γ −∏ ∏
= = + = +

− − ∗ ∗+ + + + + + −∏
=





     

m nkn b an m in m j j j jr mr r lj j iA c yq pn l ri i ik hi ilil l k b ar ji ji ji jih i j m j n

r u v
B s s l t t li i i ii

m li i

( ) ( ) ( ){ }1 ( ) ( ) .2λ ψ νδ ψ µ ν δ∗ ∗+ + + + − + + + + +    
log t t l s t s t li i i i i

                (10) 
 
Integral formula 3

 
 

( ){ }

21 1( ) d  21

 
 
  
 

−
∫
−

xG x log x
E x

( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( ) ( )

1 1( )[ / ] [ / ]1 1 1 11 ... ,2 !1 0 10 0 ! 11
1 1 1

1 1 ,1 2
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β β δ α δ

λ λ µδ νδ
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∗∞ = =

= ×∑ ∑ ∑ ∑∏   = = =  = = ∗ ∗ Γ − + Γ −∑ ∏ ∏  = = + = +  
− − ∗ ∗+ + + + + + ×

m nk b ann m j j j jin m r mr r j j liA c yq pn ll r i ii k hi il l ir k b aji ji ji jih i j m j n
u v

B s s l t t li i i i

m li i

( )( ){ } ( ) ( ) ( ) }
1

1 1 2 ( ) ( ) .1 2λ λ ψ µδ ψ νδ ψ µ ν δ


∏
=

∗ ∗ ∗ − + + + + + + + + − + + + + +    

r

i

log s s l t t l s t s t li i i i i i i

           
                   (11) 
Integral formula 4 
 
1 1( ) d  11

 
  
 

−
∫ +−

xG x log xx

 
( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( )
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β δ α δ
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β β δ α δ

λ λ µδ νδ

∗ ∗− − Γ − Γ − +∏ ∏ ∗∞ = =
= ×∑ ∑ ∑ ∑∏

= = = ∗ ∗= = Γ − + Γ −∑ ∏ ∏
= = + = +

− − ∗ ∗+ + + + + +∏
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r u v
B s s l t t li i i ii
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( ) ( )1 1 .
1 2

λ
ψ µδ ψ νδ

λ
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      (12)
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The following interesting integral will be required to establish the results from (9) to (12); 
 

( ) ( )
( ){ }

( ) ( )
( ){ }

( ) ( )
( ){ }

1 11 1 1 1 1 1 1, d  , ,11

,...,1
,...,1

µ ν

µ ν

− −
− + − + − +

∏∫ + + +=−

 
 
 
  

 
 
  

s t s ti irx x x x x xm nS c I y xs t s t p q ri i i ii E xE x E x

m mr
n nr

 

( ) ( ) ( ) ( )
( )[ / ] [ / ]1 1 r r1 , 2i i 1... 1 1 1 1 ,1 2 2, 1; 1 2,2 1 2!0 01

µ ν
λ λ λ λ

−
− − − − − −+∑ ∑= + + + +∏ + +== =

 
  

nn m in m r s s l t t l Tl m ni iiA c I y Tp q rn l i ii i ilil lr

m li i  

 (13) 
 
where

 
 

( ) ( ) ( ) ( )1 , ; 1 , ; , ; ,1 1,1,
µ ν α≡ − − −

+
T t a α aj ji ji n pn i

s - s l t li i i i j  

and 
 

( ), ; , ; 1 ,2 1, 1,
β β µ ν

     
             

≡ − − + +
+

T bj b s t lj ji ji i i im m qi
s-t  

 
The result (13) is also written in the following form with the help of Eq. (6) as follows; 
 

( ) ( )
( ){ }

( ) ( )
( ){ }

( ) ( )
( ){ }

1 11 1 1 1 1 1 1, d  , ,11

,...,1
,...,1

µ ν

µ ν

− −
− + − + − +

∏∫ + + +=−

 
 
 
  

 
 
  

s t s ti irx x x x x xm nS c I y xs t s t p q ri i i ii E xE x E x

m mr
n nr

( ) ( ) ( )
( ) ( ){ }( ) ( )

( ) ( ) ( )

( ) 1 1[ / ] [ / ]1 1 r r1 1 1
... ,2 0 11 !0 0 ! 11

1 1 1

1 11 2

β δ α δ
δ

β β δ α δ

µδµδ νδ
λ λ

∗ ∗− ∏ ∏− Γ − Γ − + ∗∞ = =
∑ ∑ ∑ ∑∏=

= == ∗ ∗= = ∑ ∏ ∏Γ − + Γ −
= = + = +

∗∗ ∗ Γ + + Γ +− − − − − −
× + +







m nk
n b ain m n m j j j jr m lj j iA c yn l q pri i k h i ii lil l k b ar ji ji ji jih i j m j n

s s l t ts s l t t l i i ii i i i

m li i

( )
( ) .

1 ( ) ( )

νδ

µ ν δ

∗
+

∏ ∗= Γ + + + + +

  
 
  

lr i
i s t s t li i i

                                                                                                                                                                   

(14) 
 
The above result will be convergent under the following conditions; 
 

( ) 0, arg .
2

Aii A zi
π

> <
 

( ) 0, arg , Re( 1) 0.
2

Aiii A z Bi
π

≥ ≤ + <
 

( ) Re( ) min 0.
b jiii s

j
µ

β
+ >

 
 
 
 

 

and 
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( ) Re( ) min 0.ν
β

+ >
 
 
 
 

b jiv t
j

 

 
All the parameters ,, , , , ,s t s t li i i µ ν  are positive and Ai  and B are defined by (4) and (5). 
 

Proof: To evaluate the above integral, we express 
,...,1 [ ]

,...,1

m mrS x
n nr

 in its series form with the help of (1) 

and [ ]I x  in terms of a Mellin-Barnes type contour integral given by (2), change the order of integration 
and summation and integrate the x-integral with the help of the known result [16]; 
 

( ) ( )
( ) ( ){ }

( ) ( ) ( ) ( )
( )

1 1

1 1
,

b t a b t
dt

a b a t a b t

b a

α β

α β
λ µ

α β
λ µ α β

α β

− −
− −

∫ +
− + − + −

− −
+ + Γ Γ

=
− Γ +

                                                                                              (15) 
 
where ( ) ( ) ( ) ( ), Re 0, Re 0, 0.a b b a t a b tα β λ µ≠ > > − + − + − ≠

 

 

Finally, interpreting the ξ  contour integral in terms of the I-function, we arrive at the right hand 
side of (13). If we express the I-function involved in the right hand side of (13) in series form with the 
help of (6), we easily arrive at (14). This completes the proof of (13). 

 
Proof of the main results 

To prove the first integral formula (IF), by taking the partial derivative of both sides of (14) with 
respect to s. IF 2 is similarly established by taking the partial derivative of both sides of (14) with respect 
to t. To establish IF 3 and 4, we use the IF 1 and 2, first adding the IF 1 and 2, then we get the IF 3. IF 4 is 
similarly established by subtracting IF 2 from IF 1. 
 
Special cases of the main integral formulas 

In this section, we consider other variations of Integral formulas 1 to 4. In fact, on account of the 

most general nature of the I-function and 
,...,1 [ ]

,...,1

m mrS x
n nr

 occurring in our main integrals given by (9) to 

(12), a large number of integrals involving simpler functions of one variable can easily be obtained as 
their special cases. For an illustration, we just give several special cases. 
 
Example 1 

If we set 1r =  in (9), (10), (11) and (12), respectively, then the I-function reduces to the familiar 
Fox’s H-function, we get the following results after a little simplification, which are believed to be new; 
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( ) ( )
( ){ }

( ) ( )
( ){ }

1

1

,...,
,...,

1 11 1 1 1 1 1 11 , H d  ,11

µ ν

µ ν

        
    

− −
− + − + − +− ∏∫ + + +=−

 
 
  

r

r
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− − ∗ ∗+ + + + + + −∏

=
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r u v
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               (16) 
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r
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Example 2 
If we take 01 2λ λ= = ,c=1, , ...,

1
m m

r
=1, , ...,

1
n n n

r
= , si = 1, ti = 0 and A( , , ..., , )1 1n l n lr r =

( )
( )

1

1

nn l
n

l

α βα

α

+ + ++

+

 
 
 

 in (9), then the polynomial 
11

2

x
S n

− 
  

 occurring therein breaks up in to the 

Jacobi polynomials 
( )( ),

xPn
α β

 [12] and the integral (9) takes the following form after a little 
simplification; 
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                                                                                                                                                                   (20) 
 
Example 3 

If we put 1, 0, 1, 2, 0, 1, ', '1 1 1,1 1,1r n p m q b bi i m mβ λ β µ= = = = = = = = − =+ +  in 

(2) I-function reduces to Wright’s generalized Bessel function, i.e. ( ) ( )
( ) ( )............ '1,0

0,2;1 '0,1 , ', 'I z J zµ
λλ µ =−

 
 

then result (9) reduces to the following form after a little simplification, which is also believed to be new; 
 

( ) ( )
{ }

( ) ( )
( ) ( )

( ){ }

1 11 1 1 1 1,1 'P  d  '21 2

µ ν
α β µ

µ νλ
 
 
 

− −
− + − +−

∫ + +−

 
 
 
 

s tx x x xxlog x J y xs t n
E x

( ) ( )
( )

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )1 11 , ( ( ) .2 ! 1 ' ' 10! 1 20

kn rn n l knl l ic y B s l k t k s l k s t l kn i i il k k ikll l

α β α µ ν ψ µ ψ µ ν
λ µα

 ∞− + + + −  +   = + + + − + + − + + + +∑ ∑ ∏   Γ + + ==  += 

                                                                     (21) 
Example 4 

If we put r = 1, n = pi = p, m = 1, qi = q + 1, b1 = 0, β1 = 1, aj = 1 – aj, bji = 1 – bj, βji = βj in (2) I-
function reduces to Wright’s generalized Hypergeometric function, i.e.

( ) ( )
( )

( )
( )1 , ;

1, 1, 1,
, 1;1 0,1 , 1 , 1, , ;

1,

a aj j j jp p pI z zp qp q b p bj j j j p

α α
ψ

β β

− −
= −+ −

   
   

     
 then the result (9) reduces to the following 

form after a little simplification, which is also believed to be new; 
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( ) ( )
{ }

( ) ( )
( ) ( )

{ }

1 1 , ;1 1 1 1 1, 1,1 P  d  
2 , ;1 2 21,

µ ναα β
ψ µ νβ

 
 
 

 
 
 

 
 
 

− −
− + − +− −∫ + +−

 
 
  

s t a j jx x x xpxlog x y xp qs t n b j j p

( ) ( )
( )

( )
( )

( ) ( ) ( ) ( ) ( ) ( )1 11 , ( ) .2 10! 1 2 !0

a kj jn rn n j l knl l ic y B s l k t k s l k s t l kn i i il ikl b k kl l j j

α
α β α µ ν ψ µ ψ µ ν
α β

∞ Γ +∏ ∞− + + + =  +   = + + + + + − + + + +∑ ∑ ∏   ==  + Γ +=
  

                

(22) 
 
Concluding remarks 

We can consider another variation of the results derived in the preceding sections. The I-function 
due to Saxena [13] can be regarded as an extreme generalization of the Fox H-functions. Further, it can be 
easily seen that the I-function in (2) is a special case of the Fox H-function. Therefore, the results 
presented in this paper are easily converted in terms of a similar type of new interesting integrals with 
different arguments after some suitable parametric replacements. We are also trying to find certain 
possible applications of the results presented here to some other research areas. 
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