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Abstract 

In this article, many new exact solutions of the (2+1)-dimensional nonlinear Boussinesq-
Kadomtsev-Petviashvili equation and the (1+1)-dimensional nonlinear heat conduction equation are 
constructed using the Riccati equation mapping method. By means of this method, many new exact 
solutions are successfully obtained. This method can be applied to many other nonlinear evolution 
equations in mathematical physics. 

Keywords: The Riccati equation mapping method, the (2+1)-dimensional nonlinear Boussinesq-
Kadomtsev-Petviashvili equation, the (1+1)-dimensional nonlinear heat conduction equation, exact 
solutions. 
 
 
Introduction 

Nonlinear evolution equations are often used to describe the motion of isolated waves, localized in a 
small part of space, in many fields, such as hydrodynamics, plasma physics, and nonlinear optics. The 
investigation of exact solutions to nonlinear evolution equations plays an important role in the study of 
nonlinear physical phenomena. With the development of computerized symbolic computation, much 
work has been focused on the various extensions and applications of the well known algebraic methods to 
construct the exact solutions of the nonlinear evolution equations [1-32]. 

The objective of this article is to apply the Riccati equation mapping method to find many new 
exact solutions of the following nonlinear (2+1)-dimensional Boussinesq-Kadomtsev-Petviashvili 
equations; 

 
௧ݑ ൌ ௫௫௫ݑ ൅ ௬௬௬ݑ ൅ 6ሺݒݑሻ௫ ൅ 6ሺ߱ݑሻ௬,														                   (1) 
௬ݒ ൌ                                 (2)																																																																	,	௫ݑ
௫ݓ ൌ                       (3)																																																																,	௬ݑ

 
as well as the following nonlinear (1+1)-dimensional heat conduction equation; 
 
௧ݑ െ ሺݑଶሻ௫௫ ൌ ݑ݌ െ                       (4)																																				ଶݑݍ

 
where p and q are known constants. 

Recently, Zheng [32] has discussed about the 2 models (1) - (4) using a different approach, namely, 
the (G´/G )-expansion method, and found some exact solutions of these 2 models. Comparison between 
the results in the present paper and these well-known results will be given later. 
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The rest of this article is organized as follows: In section 2, the Riccati equation mapping method is 
described. In section 3, this method is applied to solve the2 models (1) - (4). In section 4, some 
conclusions are given. 
 
Description of the Riccati equation mapping method  

Consider a given nonlinear partial differential equation (PDE) with the independent variable	ܺ ൌ
ሺݐ, ,ଵݔ ,ଶݔ … . . ,  ;௡ሻ and the dependent variable u(X) in the following formݔ
 

ܪ ቀݑ, ,௧ݑ ,௫೔ݑ 	௫೔௫೔ݑ , ,,௫೔௫ೕݑ … ቁ ൌ 0,																																																																																																																												ሺ5ሻ 
 
where H is a general polynomial function of its arguments. In order to solve Eq. (5) by using the proposed 
method , the following main steps are given; 
 
Step 1 Using the general form of the wave transformation; 
 
ݑ ൌ ߦ															,		ሻߦሺݑ ൌ  ሺ6ሻ																																																																																																																																				ሺܺሻ,ߦ
 
where	ξ	is a real function of the independent variable X.   
 
Step 2 Substituting (6) into (5) yields an ordinary differential equation (ODE) in 	ߦ	of the form; 
  
ܳሺݑ, ,ሻߦሺ′ݑ ,ሻߦሺ′′ݑ ……… ሻ ൌ 0,																																																																																																																																	ሺ7ሻ 
 
where Q is a general polynomial function of its arguments. 
  
Step 3 Assuming that Eq. (7) has the formal solution; 
 

ሻߦሺݑ ൌ ܽ଴ ൅			෍ቄ	ܽ௜߶௜ሺߦሻ ൅ ܾ௜߶௜ିଵሺߦሻඥߪ ൅ ߶ଶሺߦሻቅ,																																																																																			

ெ

௜ୀଵ

ሺ8ሻ 

 
with ߶		satisfying the Riccati equation; 
 
߶′ሺߦሻ ൌ ߪ ൅ ߶ଶሺߦሻ,																																																																																																																																																						ሺ9ሻ 
 
where σ, 	a଴, a୧	, and		b୧		are constants to be determined later, while  M  is a positive integer, which is 
called the balance number. 
 
Step 4 Determining the positive integer M by balancing the highest order derivatives and the nonlinear 
terms in Eq. (7). 
 
Step 5 Substituting (8) along with Eq. (9) into Eq. (7) and collecting all the coefficients 

of	ϕ
୬
ሺζሻ൫ඥσ ൅ ϕଶሺζሻ൯

୫
, ሺn ൌ 	0, േ	1, േ2, േ	3	, … ; 		m ൌ 0,േ1ሻ, then setting each coefficient to zero, 

a set of algebraic equations is obtained for  a଴, a୧	, b୧	and	ξ.	 
 
Step 6 Solving the system of algebraic equations in Step 5 using Maple or Mathematica software to find 
the value of a଴, 	a୧	, b୧	and	ξ. 
 
Step 7 As Eq. (9) possesses the solutions; 
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߶ሺߦሻ ൌ

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ െ√െߪ tanh൫√െߪ	ߦ൯ ߪ								, ൏ 0,

െ√െߪ coth൫√െߪ	ߦ൯ ߪ									, ൏ 0,

ߪ√ tan൫√ߪ	ߦ൯ ߪ																					, ൐ 0,

ߪ√ cot൫√ߪ	ߦ൯ ߪ																					, ൐ 0,
	

െ
1
ߦ
ߪ																																									,	 ൌ 0,

																																																							 																																															ሺ10ሻ 

 
substituting a଴, a୧	, b୧		ξ		and (10) into (8) to obtain the exact solutions of Eq. (5). 
 
Applications 

In this section, many exact solutions of the nonlinear (2 +1)-dimensional nonlinear Boussinesq-
Kadomtsev-Petviashvili Eqs. (1) - (3) and the nonlinear (1 + 1)-dimensional  heat conduction Eq. (4) are 
determined using the Riccati equation mapping method described in section 2. 
 
Example 1 The exact solutions of the nonlinear (2 + 1)-dimensional Boussinesq-Kadomtsev-
Petviashvili equations (1) - (3) 

In order to construct the exact solutions of Eqs. (1) - (3), suitable wave transformations are chosen; 
 
ݑ ൌ ݒ				,ሻߦሺݑ ൌ ݓ			,	ሻߦሺݒ ൌ ߦ				,ሻߦሺݓ ൌ ݔ݂	 ൅ ݕ݃ െ     ሺ11ሻ																																																																															,ݐ݄
  
where f, ݃ and h are constants to be determined later. The transformation (11) is a special case of the 
general form (6). Substituting (11) into Eqs. (1) - (3) and integrating once, the ODEs; 
 

ሺ݂ଷ ൅ ݃ଷሻ	ݑ′′ሺߦሻ ൅
6
݂݃

ሺ݂ଷ ൅ ݃ଷሻݑଶሺߦሻ ൅
1
݂݃

ሾ6ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ ൅ ݂݄݃ሿ	ݑሺߦሻ ൌ ܿଵ,																																		ሺ12ሻ 

 

ሻߦሺݑ ൌ
௙	௨ሺకሻା௖మ

௚
,																																																																																																																																																								ሺ13ሻ   

 

ሻߦሺݓ ൌ
ሻߦሺݑ݃ ൅ ܿଷ

݂
,																																																																																																																																																		ሺ14ሻ 

are obtained, where		ܿ௜	ሺ݅ ൌ 1 െ 3ሻ are constants of integration and		′ ൌ ௗ

ௗక
. 

By balancing u''(	ߦሻ with ݑଶሺߦሻ in Eq. (12) , we get M = 2. On using (8) the formal solutions; 
 

ሻߦሺݑ ൌ ܽ଴ ൅ ܽଵ߶ሺߦሻ ൅ ܽଶ߶ଶሺߦሻ ൅ ܾଵඥߪ ൅ ߶ଶሺߦሻ 	൅ ܾଶ߶ሺߦሻඥߪ ൅ ߶ଶሺߦሻ	,																																														ሺ15ሻ 
 

are obtained, where ܽ଴, ܽଵ, ܽଶ, ܾଵ		ܽ݊݀	ܾଶ are constants to be determined. Substituting (15) along with 

(9) into Eq. (12) and collecting all the coefficients of ߶
௡
ሺߦሻ൫ඥߪ ൅ ߶ଶሺߦሻ൯

௠
, then setting each coefficient 

to zero, the following system of algebraic equations; 
 

߶
ହ
ሺߦሻ ∶ 12݂ଷܽଶܾଶ ൅ 6݂݃ସܾଶ ൅ 6݂ସ݃	ܾଶ ൅ 12݃ଷܽଶܾଶ ൌ 0, 

߶
ସ
ሺߦሻ ∶ 12݂ଷܽଶܾଵ ൅ 12݃ଷܽଵܾଶ ൅ 12݃ଷܽଶܾଵ ൅ 2݂݃ସܾଵ ൅ 12݂ଷܽଵܾଶ ൅ 2݂ସ݃	ܾଵ ൌ 0, 

߶
ଷ
ሺߦሻ ∶ 12݂ଷܽଵܾଵ ൅ ݄݂ܾ݃ଶ ൅ 12݃ଷܽ଴ܾଶ ൅ 11݂ସܾ݃ߪଶ ൅ ଷܽଶܾଶ݃ߪ12 ൅ 6ܿଶ݂ଶܾଶ ൅ 12݂ଷܽ଴ܾଶ

൅ ଷܽଶܾଶ݂ߪ12 ൅ 12݃ଷܽଵܾଵ ൅ 11݂݃ସܾߪଶ ൅ 6ܿଷ݃ଶܾଶ ൌ 0, 

߶
ଶ
ሺߦሻ ∶ 6ܿଶ݂ଶܾଵ ൅ ଷܽଵܾଶ݂ߪ12 ൅ 6ܿଷ݃ଶܾଵ ൅ 3݂ସܾ݃ߪଵ ൅ ݄݂ܾ݃ଵ ൅ ଷܽଵܾଶ݃ߪ12 ൅ ଷܽଶܾଵ݃ߪ12

൅ ଷܽଶܾଵ݂ߪ12 ൅ 3݂݃ସܾߪଵ ൅ 12݃ଷܽ଴ܾଵ ൅ 12݂ଷܽ଴ܾଵ ൌ 0, 
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߶
ଵ
ሺߦሻ ∶ ଷ݃ଶܾଶܿߪ6 ൅ 5݂݃ସߪଶܾଶ ൅ ଷܽଵܾଵ݂ߪ12 ൅ ଶ݂ଶܾଶܿߪ6 ൅ ଶܾ݂݄݃ߪ ൅ ଷܽଵܾଵ݃ߪ12 ൅ 5݂ସ݃ߪଶܾଶ

൅ ଷܽ଴ܾଶ݂ߪ12 ൅ ଷܽ଴ܾଶ݃ߪ12 ൌ 0, 

߶
଴
ሺߦሻ ∶ ݂ସ݃ߪଶܾଵ ൅ ଷܽ଴ܾଵ݃ߪ12 ൅ ݂݃ସߪଶܾଵ ൅ ଷ݃ଶܾଵܿߪ6 ൅ ଷܽ଴ܾଵ݂ߪ12 ൅ ଶ݂ଶܾଵܿߪ6 ൅ ଵܾ݂݄݃ߪ ൌ 0, 

߶
ସ
ሺߦሻඥߪ ൅ ߶ଶሺߦሻ 		 ∶ 6݃ଷܾଶ

ଶ ൅ 6݂ଷܽଶ
ଶ ൅ 6݂݃ସܽଶ ൅ 6݂ସ݃ܽଶ ൅ 6݃ଷܽଶ

ଶ ൅ 6݂ଷܾଶ
ଶ ൌ 0, 

߶
ଷ
ሺߦሻඥߪ ൅ ߶ଶሺߦሻ: 12݂ଷܽଵܽଶ ൅ 12݃ଷܽଵܽଶ ൅ 12	݃ଷܾଵܾଶ ൅ 12݂ଷܾଵܾଶ ൅ 2݂݃ସܽଵ ൅ 2݂ସ݃ܽଵ ൌ 0, 

߶
ଶ
ሺߦሻඥߪ ൅ ߶ଶሺߦሻ: 6݂ଷܽଵଶ ൅ 6ܿଶ݂ଶܽଶ ൅ 8݂݃ସܽߪଶ ൅ 12݃ଷܽ଴ܽଶ ൅ ݄݂݃ܽଶ ൅ ଷܾଶ݂ߪ6

ଶ ൅ 6݂ଷܾଵଶ

൅ 12݂ଷܽ଴ܽଶ ൅ 6݃ଷܾଵଶ ൅ 8݂ସ݃ܽߪଶ ൅ 6ܿଷ݃ଶܽଶ ൅ ଷܾଶ݃ߪ6
ଶ ൅ 6݃ଷܽଵଶ ൌ 0, 

߶
ଵ
ሺߦሻඥߪ ൅ ߶ଶሺߦሻ: 6ܿଶ݂ଶܽଵ ൅ 2݂ସ݃ܽߪଵ ൅ ଷܾଵܾଶ݃ߪ12 ൅ 12݃ଷܽ଴ܽଵ ൅ 12݂ଷܽ଴ܽଵ ൅ 2݂݃ସܽߪଵ

൅ 6ܿଷ݃ଶܽଵ ൅ ݄݂݃ܽଵ ൅ ଷܾଵܾଶ݂ߪ12 ൌ 0, 

߶
଴
ሺߦሻඥߪ ൅ ߶ଶሺߦሻ: 6݃ଷܽ଴

ଶ ൅ 6ܿଶ݂ଶܽ଴ ൅ 6ܿଷ݃ଶܽ଴ ൅ ݄݂݃ܽ଴ ൅ ଷܾଵଶ݃ߪ6 ൅ 6݂ଷܽ଴
ଶ ൅ 2݂݃ସߪଶܽଶ

൅ 2݂ସ݃ߪଶܽଶ ൅ ܿଵ݂݃ ൅ ଷܾଵଶ݂ߪ6 ൌ 0																																																																																				ሺ16ሻ 
 
are obtained. The following cases are used in solving the algebraic system (16) by use of Maple or 
Mathematica; 
 
Case 1 
 

ܽ଴ ൌ
െ݂݃ߪ
3

			,					ܽଵ ൌ 0		, 										ܽଶ ൌ െ݂݃		,						ܾଵ ൌ 0	, 				ܾଶ ൌ 0	,					ܿଵ ൌ 0	, ݂ ൌ ݂	,				݃ ൌ ݃	,										

	݄ ൌ
ିଶ

௙௚
ሾ3ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ ൅ ሺ݂ଷߪ2݂݃ ൅ ݃ଷሻሿ.                                                                                          (17) 

 
In this case, the exact solutions of Eqs. (1) - (3) have the forms; 
 

ሻߦሺݑ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

െ݂݃ߪ
3

ሾ1 െ 3 tanh൫√െߪ		ߦሻ൧ ߪ			, ൏ 0																																																																																				

െ݂݃ߪ
3

ሾ1 െ 3		 cothଶ൫√െߪ		ߦሻ൧,			ߪ ൏ 0																																																																																									

െ	݂݃ߪ
3

ሾ1 ൅ 3 tanଶ൫√ߪ		ߦሻ൧,									ߪ ൐ 0																																																																																															ሺ18ሻ

െ݂݃ߪ
3

ሾ1 ൅ 3 cotଶ൫√ߪ		ߦሻ൧,									ߪ ൐ 0																																																																																								

െ݂݃
ߦ

ߪ																																											,		 ൌ 0	,																																																																																											

 

 

ሻߦሺݒ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

െ݂ߪଶ

3
ሾ1 െ 3 tanh൫√െߪ	ߦሻ൧ ൅

ܿଶ
݃
ߪ			, ൏ 0																																																																								

െ݂ߪଶ

3
ሾ1 െ 3 cothଶ൫√െߪ		ߦሻ൧ ൅

ܿଶ
݃
ߪ			, ൏ 0																																																																								

െ݂ߪଶ

3
ሾ1 ൅ 3 tanଶ൫√ߪ		ߦሻ൧ ൅

ܿଶ
݃
ߪ									, ൐ 0																																																																																						ሺ19ሻ

െ݂ߪଶ

3
ሾ1 ൅ 3 cotଶ൫√ߪ		ߦሻ൧ ൅

ܿଶ
݃
ߪ								, ൐ 0																																																																				

െ݂ଶ

ଶߦ
൅
ܿଶ
݃
ߪ																																													,		 ൌ 0		,																																																															
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ሻߦሺݓ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ
െ݃ߪଶ

3
ሾ1 െ 3 tanh൫√െߪ		ߦሻ൧ ൅

ܿଷ
݂
ߪ			, ൏ 0																																																																																											

െ݃ߪଶ

3
ሾ1 െ 3 cothଶ൫√െߪ		ߦሻ൧ ൅

ܿଷ
݂
ߪ			, ൏ 0																																																																			

െ݃ߪଶ

3
ሾ1 ൅ 3 tanଶ൫√ߪ			ߦሻ൧ ൅

ܿଷ
݂
ߪ												, ൐ 0																																																																																	ሺ20ሻ

െ݃ߪଶ

3
ሾ1 ൅ 3 cotଶ൫√ߪ			ߦሻ൧ ൅

ܿଷ
݂
ߪ											, ൐ 0																																																																		

െ݃ଶ

ଶߦ
൅
ܿଷ
݂
ߪ																																																,		 ൌ 0,																																																													

 

 
where 
 

ە
۔

ۓ ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ2
݂݃

ሾ3ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ ൅ ሺ݂ଷ݂݃ߪ2 ൅ ݃ଷሻሿ,										ߪ ് 0																																																													

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ6
݂݃

ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ,																																												ߪ ൌ 0	.																																																												ሺ21ሻ
 

 
Case 2 
 
ܽ଴ ൌ െ݂݃ߪ		, ܽଵ ൌ 0	, 			ܽଶ ൌ െ݂݃	, 			ܾଵ ൌ 0	, 				ܾଶ ൌ 0	, 				ܿଵ ൌ 0,				݂ ൌ ݂	, ݃ ൌ ݃,	 

	݄ ൌ
െ2
݂݃

ሾ3ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ െ ሺ݂ଷߪ2݂݃ ൅ ݃ଷሻሿ.																																																																																																			ሺ22ሻ 

 
In this case, the exact solutions of Eqs. (1) - (3) have the forms; 
 

ሻߦሺݑ ൌ

ە
ۖ
ۖ
۔

ۖ
ۖ
ۓ െ݂݃ߪ sechଶ൫√െߦߪ൯		,															ߪ ൏ 0			,

ߪ																	,					൯ߦߪଶ൫√െ݄ܿݏ݂ܿ݃ߪ ൏ 0		,					

െܿ݁ݏ݂݃ߪଶ൫√ߦߪ൯							,																	ߪ ൐ 0		,								

െ݂݃ߪ	ܿݏܿଶ൫√ߦߪ൯							,																					ߪ ൐ 0	,								
	

െ݂݃
ଶߦ

ߪ																																													,		 ൌ 0,

																																																																																	ሺ23ሻ 

 

ሻߦሺݒ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ െ݂ߪଶ sechଶ൫√െߦߪ൯ ൅

ܿଶ
݃
ߪ														,		 ൏ 0			,

൅	൯ߦߪଶ൫√െ݄ܿݏଶ݂ܿߪ
ܿଶ
݃
ߪ																	,				 ൏ 0			,				

						

െ݂ߪଶܿ݁ݏଶ൫√ߦߪ൯ 	൅
ܿଶ
݃
ߪ																				,							 ൐ 0,										

െ݂ߪଶܿܿݏଶ൫√ߦߪ൯	൅
ܿଶ
݃
ߪ																								,			 ൐ 0	,								

	

െ݂ଶ

ଶߦ
൅
ܿଶ
݃
ߪ																																											,				 ൌ 0		,

																																																																								ሺ24ሻ 
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ሻߦሺݓ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ െ݃ߪଶ sechଶ൫√െߦߪ൯ ൅

ܿଷ
݂
ߪ														,		 ൏ 0		,

൅	൯ߦߪଶ൫√െ݄ܿݏଶܿ݃ߪ
ܿଷ
݂
ߪ																				,	 ൏ 0		,					

െ݃ߪଶܿ݁ݏଶ൫√ߦߪ൯	൅
ܿଷ
݂
ߪ																										,	 ൐ 0			,							

െ݃ߪଶܿܿݏଶ൫√ߦߪ൯ 	൅
ܿଷ
݂
ߪ																						,					 ൐ 0			,						

	

െ݃ଶ

ଶߦ
൅
ܿଷ
݂
ߪ																																											,				 ൌ 0		,

																																																																							ሺ25ሻ 

where 
 

ە
۔

ۓ ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ2
݂݃

ሾ3ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ െ ሺ݂ଷ݂݃ߪ2 ൅ ݃ଷሻሿ,			ߪ ് 0																																																																			

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ6
݂݃

ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ,																																																													ߪ ൌ 0		.																																										ሺ26ሻ
 

 
Case 3 
 

ܽ଴ ൌ
െ݂݃ߪ
3

		 , 				ܽଵ ൌ 0	,				ܽଶ ൌ
െ݂݃
2

	, 				ܾଵ ൌ 0	, 				ܾଶ ൌ
േ݂݃
2

	, ܿଵ ൌ 0, ݂ ൌ ݂	, ݃ ൌ ݃,			 

݄ ൌ
െ1
݂݃

ሾ6ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ ൅ ሺ݂ଷߪ݂݃ ൅ ݃ଷሻሿ	.																																																																																																						ሺ27ሻ 

	 
In this case, the exact solutions of Eqs. (1) - (3) have the forms; 
 

ሻߦሺݑ ൌ

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ

	

		

ିఙ௙௚

଺
ሾ2 െ 3 tanhଶ൫√െߦߪ൯ േ ߪ				,൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	3݅ ൏ 0 ,

ିఙ௙௚

଺
ሾ2 െ 3 cothଶ൫√െߦߪ൯ േ ߪ					,൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ	3݅ ൏ 0,

																																											

ିఙ௙௚

଺
ሾ2 ൅ 3 tanଶ൫√ߦߪ൯ േ ߪ																						,൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	3 ൐ 0,

ିఙ௙௚

଺
ሾ2 ൅ 3 cotଶ൫√ߦߪ൯ േ ߪ																									,൯ሿߦߪ√൫ܿݏ൯ܿߦߪ√൫ݐ݋ܿ	3 ൐ 0,

																																						ሺ28ሻ

ି௙௚

కమ
ߪ																																																																																																										,	 ൌ 0,

ߪ																																																																																																													,0			 ൌ 0,
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ሻߦሺݒ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ

	

െ݂ߪଶ

6
ሾ2 െ 3 tanhଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	3݅ ൅

ܿଶ
݃
ߪ						, ൏ 0,																

െ݂ߪଶ

6
ሾ2 െ 3 cothଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ	3݅ ൅

ܿଶ
݃
ߪ								, ൏ 0,														

െ݂ߪଶ

6
ሾ2 ൅ 3 tanଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	3 ൅

ܿଶ
݃
ߪ																	, ൐ 0,

െ݂ߪଶ

6
ሾ2 ൅ 3 cotଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿݏ൯ܿߦߪ√൫ݐ݋ܿ	3 ൅

ܿଶ
݃
ߪ																	, ൐ 0,

																														ሺ29ሻ	

െ݂ଶ

ଶߦ
൅
ܿଶ
݃
ߪ																																																																																									,	 ൌ 0	,																																								

ܿଶ
݃
ߪ																																																																																																										, ൌ 0	,																																					

	

 

 

ሻߦሺݓ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۖ
ۓ

	

െ݃ߪଶ

6
ሾ2 െ 3 tanhଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	3݅ ൅

ܿଷ
݂
ߪ												, ൏ 0,

െ݃ߪଶ

6
ሾ2 െ 3 cothଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ	3݅ ൅

ܿଷ
݂
ߪ								, ൏ 0,

																			

െ݃ߪଶ

6
ሾ2 ൅ 3 tanଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	3 ൅

ܿଷ
݂
ߪ												, ൐ 0,

െ݃ߪଶ

6
ሾ2 ൅ 3 cotଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿݏ൯ܿߦߪ√൫ݐ݋ܿ	3 ൅

ܿଷ
݂
ߪ									, ൐ 0,

																																				ሺ30ሻ

െ݃ଶ

ଶߦ
൅
ܿଷ
݂
ߪ																																																																																								,	 ൌ 0,

ܿଷ
݂
ߪ																																																																																																		, ൌ 0,

																																											

																																		

 

where 
 

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ
݂݃

ሾ6ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ ൅ ሺ݂ଷ݂݃ߪ ൅ ݃ଷሻሿ,			ߪ ് 0		,																																																																						

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ6
݂݃

ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ,																																												ߪ ൌ 0.																																																																ሺ31ሻ
 

 
Case 4 
 

ܽ଴ ൌ
െ݂݃ߪ
2

		 , ܽଵ ൌ 0	, ܽଶ ൌ
െ݂݃
2

	, ܾଵ ൌ 0	, ܾଶ ൌ
േ݂݃
2

	, ܿଵ ൌ 0,	

݂ ൌ ݂	, ݃ ൌ ݃,			݄ ൌ
െ1
݂݃

ሾ6ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ െ ሺ݂ଷߪ݂݃ ൅ ݃ଷሻሿ,																																																																									ሺ32ሻ 

	 
In this case, the exact solutions of Eqs. (1) - (3) have the forms; 
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ሻߦሺݑ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ
െ݂݃ߪ
2

ሾsechଶ൫√െߦߪ൯ േ ,൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	݅ ߪ ൏ 0,

െ݂݃ߪ
2

ሾcschଶ൫√െߦߪ൯ േ ,൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ ߪ ൏ 0,

െ݂݃ߪ
2

ሾsecଶ൫√ߦߪ൯ േ ߪ																	,൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	 ൏ 0,

െ݂݃ߪ
2

ሾsecଶ൫√ߦߪ൯ േ ߪ																	,൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫ݐ݋ܿ ൏ 0 ,

െ݂݃
ଶߦ

ߪ																																																																																												, ൌ 0,

ߪ																																																																																																			,0 ൌ 0,
	

																																												ሺ33ሻ 

 

ሻߦሺݒ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ
െ݂ߪଶ

2
ሾsechଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	݅ ൅

ܿଶ
݃
, ߪ ൏ 0,

െ݂ߪଶ

2
ሾcschଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ ൅

ܿଶ
݃
, ߪ ൏ 0 ,

െ݂ߪଶ

2
ሾsecଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	 ൅

ܿଶ
݃
ߪ																	, ൏ 0,

െ݂ߪଶ

2
ሾsecଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫ݐ݋ܿ ൅

ܿଶ
݃
ߪ																	, ൏ 0,

െ݂ଶ

ଶߦ
൅
ܿଶ
݃
ߪ																																																																																												, ൌ 0,

ܿଶ
݃
ߪ																																																																																																			, ൌ 0,

	

																																									ሺ34ሻ 

 

ሻߦሺݓ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ
െ݃ߪଶ

2
ሾsechଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿ݁ݏ൯ߦߪ൫√െ݄݊ܽݐ	݅ ൅

ܿଷ
݂
, ߪ ൏ 0

െ݃ߪଶ

2
ሾcschଶ൫√െߦߪ൯ േ ൯ሿߦߪ൫√െ݄ܿݏ൯ܿߦߪ൫√െ݄ݐ݋ܿ ൅

ܿଷ
݂
, ߪ ൏ 0,

െ݃ߪଶ

2
ሾsecଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫݊ܽݐ	 ൅

ܿଷ
݂
ߪ																	, ൏ 0,

െ݃ߪଶ

2
ሾsecଶ൫√ߦߪ൯ േ ൯ሿߦߪ√൫ܿ݁ݏ൯ߦߪ√൫ݐ݋ܿ ൅

ܿଷ
݂
ߪ																	, ൏ 0,

െ݃ଶ

ଶߦ
൅
ܿଷ
݂
ߪ																																																																																												, ൌ 0,

ܿଷ
݂
ߪ																																																																																																											, ൌ 0,

	

																																							ሺ35ሻ 

 
where  

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ
݂݃

ሾ6ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ െ ሺ݂ଷ݂݃ߪ ൅ ݃ଷሻሿ,					ߪ ് 0,																																																																									

ߦ ൌ ݔ݂ ൅ ݕ݃ ൅
ݐ6
݂݃

ሺܿଶ݂ଶ ൅ ܿଷ݃ଶሻ,																																												ߪ ൌ 0	.																																																															ሺ36ሻ
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Example 2 The exact solutions of the nonlinear (1+1)-dimensional heat conduction equation 
In order to find the exact solutions of Eq. (4), suitable wave transformations are chosen; 

ݑ ൌ ߦ																,				ሻߦሺݑ ൌ ݔ݇ െ  ሺ37ሻ																																																																																																																									,ݐ݄
  
where k and  h are constants  to be determined  later. The transformation (37) is also a special case of the 
general form (6). Substituting (37) into (4), the following ODE is obtained; 
 

ሻߦሺ′ݑ	݄ ൅ 2݇ଶ ൤ቀݑ′ሺߦሻቁ
ଶ
൅ ሺకሻ൨′′ݑሻߦሺݑ ൅ ሻߦሺݑ	ܲ െ ሻߦଶሺݑ	ݍ ൌ 0,																																																																		ሺ38ሻ 

	 
Balancing ݑሺߦሻ	ݑ′′	ሺߦሻ with ݑ′ሺߦሻ	 in Eq. (38), M = −1 is obtained. Using the transformation; 
 
ሻߦሺݑ		 ൌ  ሺ39ሻ																																																																																																																																																									ሻ,ߦଵሺିݒ

 
to reduce  Eq. (38) to the following ODE: 
 

ሻߦሺ′ݒሻߦଶሺݒ	݄ ൅ 2݇ଶ ቂ3൫ݒ ′ሺకሻ൯
ଶ
െ ݒሻߦሺݒ ′′ሺకሻቃ ൅ ሻߦଷሺݒ݌ െ ሻߦଶሺݒ	ݍ ൌ 0,																																																						ሺ40ሻ 

 
by balancing ݒሺߦሻݒ′′ሺ	ߦሻ with ݒଶሺߦሻ	ݒ′ሺߦሻ	in Eq. (40),  M = 1 is obtained. Consequently,  (8) is used to 
get the following formal solution; 
 

ሻߦሺݒ ൌ ܽ଴ ൅ ܽଵ߶ሺߦሻ ൅ ܾଵඥߪ ൅ ߶ଶሺߦሻ		,																																																																																																														ሺ41ሻ 
 
where ܽ଴, ܽଵ and ܾଵ are constants to be determined later. Substituting (41) along with (9) into (40) and 

collecting all the coefficients of 	߶௡ሺߦሻ൫ඥߪ ൅ ߶ଶሺߦሻ൯
௠
, then setting each coefficient to zero, the 

following system of algebraic equations is obtained; 
 

߶
ହ
ሺξሻ ∶ 	െ݄	ܾଵ

ଷ ൅ 4݇ଶܽଵܾଵ െ 3݄ܽଵଶܾଵ ൌ 0, 

߶
ସ
ሺξሻ ∶ ଵܾ݌

ଷ െ 4݇ଶܽ଴ܾଵ ൅ ଵଶܾଵܽ݌3 െ 4݄ܽ଴ܾଵܽଵ ൌ 0,	

߶
ଷ
ሺξሻ ∶ 	െ݄ܽ଴

ଶܾଵ െ ଵଶܾଵ݄ܽߪ5 െ ଵܾ݄ߪ2
ଷ െ ଵܾଵܽݍ2 ൅ ଴ܽଵܾଵܽ݌6 ൅ 10݇ଶܽߪଵܾଵ ൌ 0,	

߶
ଶ
ሺξሻ ∶ ଴ܽ݌3

ଶܾଵ ൅ ଵଶܾଵܽ݌ߪ3 െ ଴ܽଵܾଵ݄ܽߪ6 െ ଴ܾଵܽݍ2 ൅ ଵܾ݌ߪ2
ଷ െ 6݇ଶܽߪ଴ܾଵ ൌ 0,	

߶
ଵ
ሺξሻ ∶ െߪଶ݄ܾଵ

ଷ െ ଵܾଵܽݍߪ2 ൅ ଴ܽଵܾଵܽ݌ߪ6 ൅ 6݇ଶߪଶܽଵܾଵ െ ଴݄ܽߪ
ଶܾଵ െ ଶ݄ܽଵଶܾଵߪ2 ൌ 0,	

߶
଴
ሺξሻ ∶ െ2ߪଶ݄ܽ଴ܾଵܽଵ ൅ ଴ܽ݌ߪ3

ଶܾଵ െ 2݇ଶܽ଴ܾଵߪଶ ൅ ଵܾ݌ଶߪ
ଷ െ ଴ܾଵܽݍߪ2 ൌ 0,             																				

߶
ସ
ሺξሻඥߪ ൅ ߶ଶሺߦሻ ∶ 2݇ଶܽଵଶ െ ݄ܽଵ

ଷ െ 3݄ܾଵଶܽଵ ൅ 2݇ଶܾଵଶ ൌ 0,	

߶
ଷ
ሺξሻඥߪ ൅ ߶ଶሺߦሻ ∶ 	െ4݇ଶܽ଴ܽଵ െ 2݄ܽ଴ܽଵଶ െ 2݄ܽ଴ܾଵଶ ൅ ଵܽ݌

ଷ ൅ ଵܾଵଶܽ݌3 ൌ 0,	

߶
ଶ
ሺξሻඥߪ ൅ ߶ଶሺߦሻ:	െ ଵଶܽݍ ൅ ଴ܾଵଶܽ݌3 െ ݄ܽଵ

ଷߪ ൅ 8݇ଶܽߪଵଶ െ ଵଶܾݍ െ ଵܾଵଶܽߪ4݄ െ ݄ܽ଴
ଶܽଵ ൅ ଴ܽଵଶܽ݌3 ൌ 0,	

߶
ଵ
ሺξሻඥߪ ൅ ߶ଶሺߦሻ ∶ 	െ2݄ܽ଴ܽଵଶߪ ൅ ଴ܽ݌3

ଶܽଵ ൅ ଵܾଵଶܽ݌ߪ3 െ 4݇ଶܽߪ଴ܽଵ െ 2݄ܽ଴ܾଵଶߪ െ ଴ܽଵܽݍ2 ൌ 0, 

߶
଴
ሺξሻඥߪ ൅ ߶ଶሺߦሻ: ଴ܽ݌

ଷ െ ଵଶܾݍߪ െ ଴ܽݍ
ଶ ൅ 6݇ଶߪଶܽଵଶ െ ݄ܽ଴

ଶܽߪଵ െ 2݇ଶܾଵଶߪଶ ൅   ଴ܾଵଶܽ݌ߪ3

																																	െߪଶ݄ܾଵଶܽଵ ൌ 0	. 																																																																																																																							ሺ42ሻ 
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The following cases are used in solving the algebraic system (42) by using Maple or Mathematica; 
 
Case 1 
 

ܽ଴ ൌ
ݍ
	݌2

		 , ܽଵ ൌ
േݍ√െߪ
ߪ݌2

			 , ܾଵ ൌ 0		, ݇ ൌ
േඥെߪݍ

ߪ4
	, ݄ ൌ

േ	݌	√െߪ
ߪ4

																												ሺ43ሻ 

In this case, the exact solutions of Eq. (4) have the forms; 
 

ሻߦሺݑ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

݌2

ሾ1ݍ േ tanh൫√െߪ	ߦ൯ሿ
ߪ																			, ൏ 0,

݌2

ሾ1ݍ േ coth൫√െߪ	ߦ൯ሿ
ߪ																				, ൏ 0,

݌2

ሾ1ݍ േ i	tan൫√ߪ	ߦ൯ሿ
ߪ																								, ൐ 0,

݌2

1ൣݍ േ i	cot൫√ߪ	ߦ൯൧
ߪ																							, ൐ 0,

ߪ																																																											,0 ൌ 0,

																																																																																											ሺ44ሻ 

 
where 
 

ߦ ൌ
േ√െߪ
ߪ4

൫ݔඥݍ െ ݅			,൯ݐ݌ ൌ √െ1		,			ߪ ് 0.																																																																																																						ሺ45ሻ 

 
Case 2	 
 

ܽ଴ ൌ
ݍ
݌2
		 , 		ܽଵ ൌ

േݍ√െߪ
ߪ݌2

,			ܾଵ ൌ
േݍ√െߪ
݌2

,			݇ ൌ
േඥെߪݍ

ߪ2
		 , ݄ ൌ

േ݌√െߪ
ߪ2

	.																																							ሺ46ሻ 

 
In this case, the exact solutions of Eq. (4) have the forms; 
 

ሻߦሺݑ ൌ

ە
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۓ

݌2

ሾ1ݍ േ tanh൫√െߪ	ߦ൯ േ ݅ ൯ሿߦ	ߪ൫√െ݄ܿ݁ݏ	ߪ
ߪ																			,		 ൏ 0,

݌2

ሾ1ݍ േ coth൫√െߪ	ߦ൯ േ ൯ሿߦ	ߪ൫√െ݄݄ܿݏܿ	ߪ݅
ߪ																				,		 ൏ 0,

݌2

1ൣݍ േ i	tan൫√ߪ	ߦ൯ േ ൯൧ߦ	ߪ√൫ܿ݁ݏ	ߪ݅
ߪ																													,			 ൐ 0,

݌2

1ൣݍ േ i	cot൫√ߪ	ߦ൯ േ ൯൧ߦ	ߪ√൫ܿݏܿ	ߪ݅
ߪ																														,		 ൐ 0,

	

ߪ																																																																																									,0 ൌ 0,

																																																				ሺ47ሻ 

where 
 

ߦ ൌ
േ√െߪ
ߪ4

൫ݔඥݍ െ ,൯ݐ݌ ߪ ് 0.																																																																																																																						ሺ48ሻ 

 
Remark All solutions of this article have been checked with the aid of Maple by putting them back into 
the original Eqs. (1) - (4). 
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Conclusions 

The Riccati equation mapping method has been successfully used in this paper to seek many new 
exact solutions of the nonlinear (2+1)-dimensional Boussinesq-Kadomtsev-Petviashvili Eqs. (1) - (3) and 
the nonlinear (1+1)-dimensional heat conduction Eq. (4). On comparing the new results obtained in this 
paper using the Riccati equation mapping method with the well-known results obtained in [32] using the 
(G’/G)-expansion method, more new exact solutions are given using the first method than the second one. 
Furthermore, it is shown that the proposed method in this article provides a very effective and powerful 
mathematical tool for solving nonlinear evolution equations in mathematical physics. 
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