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Abstract

This paper proposes a fractional model for nonlinear waves in hyperelastic rods, which describes
far-field, finite length, finite amplitude radial deformation waves in cylindrical compressible hyperelastic
rods. In this model, fractional derivatives are described in the Caputo sense. The error analysis shows that
our approximate solution converges very rapidly to the exact solution and the numerical solution is
compared with the known analytical solution which is nearly identical with the exact solution. The
method introduces a promising tool for solving time the fractional hyperelastic rod equation.

Keywords: Hyperelastic rod, fractional derivative, analytic approximate solution, homotopy perturbation
method

Introduction

The hyperelastic rod equation was first derived in 1998 by Dai and Hau [1,2] as a one-dimensional
model for finite-length and small-amplitude axial deformation waves in thin cylindrical rods composed of
a compressible Mooney-Rivlin material. The derivation relied upon a reductive perturbation technique,
and took into account the nonlinear dispersion of pulses propagating along a rod. It was assumed that
each cross section of the rod is subject to a stretching and rotation in space. This equation models
propagation of nonlinear waves in cylindrical axially symmetric which is defined as;
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with the initial condition 4(x,0) = f(x). The solution u(x,f) to the hyperelastic rod equation represents
the radial stretch relative to a pre-stressed state, while the material parameter y is a fixed constant

depending upon the pre-stress and the material used in the rod. In the physical derivation of (1), the
material parameter y is fixed and ranges from —29.47 to 3.41. For example, with y =1 we obtain the

Camassa- Holm equation [3,4], a model for the propagation of shallow water waves, with u(x,f) standing
for the water’s free surface over a flat bed. If y =0, Eq. (1) is the BBM equation which was proposed by

Benjamin, Bona and Mahony [5] as a model for the unidirectional evolution of long waves. The solitary
wave solution of this equation is global and orbitally stable [6,7]. But throughout this paper we allow for
the real value y=2. This hyperelastic rod wave equation has an exact solution;
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Recently, many experts have paid great attention to the construction of solutions of the hyperelastic
rod equation by different methods as H'-perturbations of smooth solution for a weakly dissipative
hyperelastic- rod wave equation by Bendahamane [8], exact travelling wave solutions in a nonlinear
elastic rod equation by Li and Zang [9], novel phenomenon in a compressible hyperelastic rod by
Zhengrong and Bengong [10], global conservative solutions of the generalized hyperelastic rod equation
by Holden and Raynaud [11], global weak solutions to a generalized hyperelastic rod wave equation by
Coclite et al. [12], blow up of solutions to a periodic nonlinear dispersive rod equation by Jin ef al. [13],
on the blow up of solutions to a nonlinear dispersive rod equation by Wahlen [14].

In recent years, considerable interest in fractional differential equations has been stimulated due to
their numerous applications in the areas of physics and engineering [15]. In past years, it has turned out
that differential equations involving derivatives of non-integer order can be adequate models for various
physical phenomena [16]. Many important phenomena are well described by fractional differential
equations in electromagnetics, acoustics, viscoelasticity, electrochemistry and material science. This is
because a realistic modeling of a physical phenomenon having dependence not only at the time instant,
but also the previous time history can be successfully achieved by using fractional calculus. The book by
Oldham and Spanier [17] has played a key role in the development of the subject. Some fundamental
results related to solving fractional differential equations may be found in Miller and Rose [18], Kilbas
and Srivastava [19], Diethelm and Ford [20], Diethelm [21], Samko [22].

The main aim of this article is to present a mathematical model of the hyperelastic rod wave
equation with fractional time derivative & (0 <a <1) in the form of a rapidly convergent series with
easily computable components. The Homotopy perturbation method (HPM) is used to solve the time
fractional hyperelastic rod wave equation. Using the initial condition, the approximate analytical
expressions of u (x,f) for different fractional Brownian motions and also for standard motion are

obtained. The approximate solution is obtained numerically, and is depicted graphically. The HPM was
proposed first by He in 1998 and was further developed and improved by him [23-26] and was
successfully applied to solve many linear and nonlinear fractional differential equation [27-33]. Some
authors [34-38] have solved many differential equations by different new techniques. The elegance of this
article can be attributed to the simplistic approach in seeking the approximate analytical solution of the
problem.

Basic definitions of fractional calculus

In this section, we first give the definitions of fractional order integration and fractional order
differentiation. For the concept the fractional derivative, we will adopt Caputo’s definition which is a
modification of the Riemann Liouville definition and has the advantage of the dealing properly with the
initial value problem.

Definition 1 A real function f(¢), ¢ > 0 is said to be in the space C,, 1 e R if there exists a real number
p > u, suchthat f(r)=1¢" f,(r) where f,(¢) e C(0,0) and it is said to be in the space C, if and only if
o eC,,neN.

Definition 2 The Riemann-Liouville fractional integral (J{“) operator of order & of a function

feC,,u>-1 is defined as;
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where ['(a) is the well-known Gamma function. Some of the properties of the operator (;), can be

found in [16-21], we mention only the following. For fe Cy, uz-1, a, f>0 and y>-1:
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The Riemann-Liouville derivative has certain disadvantages when trying to model real world
phenomena with fractional differential equations. Therefore, we shall introduce a modified fractional
differential operator (Dt"‘ ) proposed by Caputo in his work in the theory of viscoelasticity [39].

Definition 3 The fractional derivative p* of f'(¢) ina Caputo sense is defined as;

1 « ()
I'(m-a) J.O(t — 7)ot a, (7)

D f(1) =
where m —1<a<m,meN,t>0, feC".
The following are 2 basic properties of the Caputo’s fractional derivative;

LemmalIlf m-l<a<m, meN andfecz’ﬂz_l’ then;
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Solution of the given problem

In this section the application of the HPM for time fractional hyperelastic rod-equation with an
initial condition is discussed. We first consider the following time fractional hyperelastic rod-equation as;

Dfu—D_,u+3uDu—-4D uD _u—-2uD__u=0, O<a<l, )

X
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with initial conditions y(x,0) = 5(1 +e V2 J Eq. (9) has the exact solution y(x,t) = c(l te 2 [ ] for
4 4

a=1.
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To solve (9) by HPM, we consider the following convex homotopy;
(1-p)Du+ p(Dju—D_,u+3uD u—4D uD u—2uD u=0, O<a<l. (10)

We seek the solution of (9) in the following form;
N .
u(x,l‘)=}/1£130§p u,(x,t). (11)

where u,(x,t),i=0,1,2,3,..., is the function to be determined. We use the following iterative scheme to
evaluate y (x,¢). Substituting Eq. (11) into (12) and equating the coefficient of p with the same power,
one gets;

p’: Dfu, =0, (12)

P Dfu, =D _u,—3u,D u, +4D u,D_u,+2u,D_u,, (13)

p2 : DtauZ =D 1/{1 - 3(M()l))rul + uleuO)+4(Dxu0Dmul +Dxu1Dxxu())+ 2(u0Dxmul + ulD.muO )’ (14)

xxt

p : Dlus =D ,u, _3(”0Dx“2 +u,Du, +”2Dx”o)+4(Dx“0Dxx“2 +Du,D u, +Dx“2Du”0) (15)
+2(u,D

M2 + ulD.\'xxul + u2Dxxxu0 )’

XXX

p i DMu,=D_ u, - 3(u0DXu3 +u,D u, +u,D u, +u3DxuO)+4(DXuUDﬁu3 +D uD_ u,+Du,D_u + Dxu3Dm_u0)
+2(u,D (16)

xxxu3 +u1D.\‘x,\'u2 +u2Dxx.\'ul + u3Dxnu0)5

and so on.

The above system of nonlinear equations can be easily solved by applying the operator J* to
obtain the various componentsy (x,¢), thus enabling the series solution to be entirely determined. The
first few components of the homotopy perturbation solutions for the Eq. (3) are given as follows;

uy(x,t) =u(x,0) = :[1 + e_*/%} (17)

X

e 2 @

8v2 T(l+a)’

ul(xat) ==

(18)

X X

u,(x t)—_Cze_ﬁ > _cze_ﬁar(a) r
2\ 32 I(1+2a) 16¥2T'(1+a) I'Q2a)’

(19)
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In this manner the rest of components of the homotopy perturbation solution can be obtained. Thus
the solution u(x,?) of the Eq. (3) is as follows;

u(x,t) =Zglun(x,t). (21)
n=0

The series solution converges very rapidly. The rapid convergence means only a few terms are
required to get an analytic function.

1 (x,1)

e e T
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Figure 1 The exact solution u(x,?). Figure 2 The approximate solution #(x,¢) for o =1.

The observations are depicted in Figures 1 - 5. Figures 1 - 2 shows the comparison between the
exact solution and approximate solution (by HPM) for the standard hyperelastic rod-equation i.e. for a=1.
It can be seen from Figures 1 - 2 that the approximate solution i(x,t) obtained by the present method is

nearly identical to the exact solution u(x, ).

Numerical result and discussion

The simplicity and accuracy of the proposed method is illustrated by computing the absolute error
E, (x,t) =[u(x,t)-1(x,t)|, where u(x,t) is the exact solution and u(x,t) is approximate solutions of (9)

obtained by truncating the respective solution series (11) at level N =8. Figure 3 represents the absolute
error which shows our approximate solution (x,¢) converges to the exact solution very rapidly.
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Figure 4 The approximate solution #/(x,#) at ¢ =¢ =1 and for different values of «.
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Figure 5 The approximate solution #/(x,¢) at ¢ = x =1 and for different value of «.

Figures 4 - 5 show the evolution results for the approximate solution #(x,#) Eq. (9) obtained for
different values @ by using the HPM. It is seen from Figure 4 that the approximate solution #(x,?)
increases with increases in x for different values of a = 0.85, 0.90, 0.95 and for the standard

hyperelastic rod equation at ¢ =¢ =1. Similarly from Figure 5, it can be seen that the approximate
solution #(x,t) decreases with increases in ¢ for different values of o = 0.85, 0.90, 0.95 and for the

standard hyperelastic rod equation at ¢ = x = 1. Figures 4 and 5 show the behaviors of the approximate
solution when one variable is constant and other is varied. It is to be noted that only eight terms of the
homotopy perturbation series were used in evaluating the approximate solutions in all figures.

Conclusions

In this paper, the HPM is applied to obtain approximate solutions of the time fractional nonlinear
partial differential equation such as the hyperelastic rod model, which represents the radial stretch relative
to a pre-stressed state. We have demonstrated the accuracy and efficiency of this method by solving the
considered time fractional nonlinear partial differential equation. The computations associated with the
example in this paper are performed using Mathematica 7.

Acknowledgement

The author thanks the reviewers for their valuable suggestions for the improvement of the article.

References

[1] HH Dai. Exact travelling-wave solutions of an integrable equation arising in Hyperelastic rods.
Wave Motion 1998; 28, 367-81.

[2] HH Dai and Y Huo. Solitary shock waves and other travelling waves in a general compressible
hyperelastic rod. Proc. R. Soc. Lond. A 2000; 456, 331-63.

[3] R Camassa and DD Holm. An integrable shallow wave equation with peaked solitons. Phys. Rev.
Lett. 1993; 71, 1661-4.

Walailak J Sci & Tech 2014; 11(11) 971



Mathematical Modelling for Nonlinear Wave in Hyperelastic Rod Sunil KUMAR

http://wjst.wu.ac.th

(4]

[31]

RS Johnson and C Holm. Korteweg-de Vries and related models for water waves. J. Fluid Mech.
2002; 455, 63-82.

TB Benjamin, JL Bona and JJ Mahony. Model equations for long waves in nonlinear dispersive
systems. Philos. Trans. R. Soc. Lond. A 1972; 272, 47-78.

TB Benjamin. The stability of solitary waves. Proc. Roy. Soc. Lond. A 1972; 328, 153-83.

A Constantin and WA Strauss. Stability of a class of solitary waves in compressible elastic rods.
Phys. Lett. 4 2000; 270, 140-8.

M Bendahamane, GM Coclite and KH Karlsen. H'-perturbations of smooth solution for a weakly
Dissipative Hyperelastic-Rod wave equation. Mediterr. J. Math. 2006; 3, 419-32.

J Li and Y Zang. Exact travelling wave solutions in a nonlinear elastic rod equation. Appl. Math.
Comput. 2008; 2002, 504-10.

L Zhengrong and Z Bengong. New expressions of periodic waves and a novel phenomenon in a
compressible Hyperelastic rod. J. Partial. Diff. Egs. 2007; 20, 80-96.

H Holden and X Raynaud. Global conservative solutions of the generalized Hyperelastic rod
equation. J. Differ. Equat. 2007; 233, 448-84.

GM Coclite, H Holden and KH Karlsen. Global weak solutions to a generalized Hyperelastic rod
wave equation. SIAM J. Math Anal. 2005; 37, 1044-69.

L Jin, Y Liu and Y Zhou. Blow up of solutions to a periodic nonlinear dispersive rod equation.
Documenta Math. 2010; 15, 267-83.

E Wahlen. On the blow up of solutions to a nonlinear dispersive rod equation. J. Math. Anal. Appl.
2006; 323, 1318-24.

BJ West, M Bolognab and P Grigolini. Physics of Fractal Operators. Springer, New York, 2003.

I Podlubny. Fractional Differential Equations Calculus. Academic Press, New York, 1999.

KB Oldham and J Spanier. The Fractional Calculus. Academic Press, New York, 1974,

KS Miller and B Ross. An Introduction to the Fractional Calculus and Fractional Differential
Equations. John Willey and Sons, New York, 2003.

AA Kilbas, HM Srivastava and JJ Trujillo. Theory and Applications of Fractional Differential
Equations. Elsevier, Amsterdam, 2006.

K Diethelm and NJ Ford. Analysis of fractional differential equations. J. Math. Anal. Appl. 2002;
265, 229-48.

K Diethelm. An algorithms for the numerical solutions of differential equations of fractional order.
Elec. Trans. Numer. 1997; 5, 1-6.

SG Samko, AA Kilbas and OI Marichev. Fractional Integrals and Derivatives: Theory and
Applications. Yverdon. Gordon and Breach. 1993.

JH He. Homotopy perturbation technique. Comput. Meth. Appl. Mech. Eng. 1999; 178, 257-62.

JH He. A coupling method of a homotopy technique and a perturbation technique for non-linear
problems. Int. J. Nonlinear Mech. 2000; 35, 37-43.

JH He. Some asymptotic methods for strongly nonlinear equations. Int. J. Mod. Phys. B 2006; 20,
1141-99.

JH He. A new perturbation technique which is also valid for large parameters. J. Sound Vibration
2000; 229, 1257-63.

A Yildirim and H Kocak. Homotopy perturbation method for solving the space time fractional
Advection dispersion equation. Adv. Water. Resour. 2009; 32, 1711-6.

A Yildirim and Y Gulkanat. Analytical approach to fractional Zakharov-kuznetsov equations by
He’s homotopy perturbation method. Comm. Theor. Phys. 2010; 53, 1005-10.

S Kumar, Y Khan and A Yildirim. A mathematical modelling arising in the chemical systems and
its approximate numerical solution. 4sia Pacific J. Chem. Eng. 2012; 7, 835-40.

S Kumar, H Kocak and A Yildirim. A fractional model of gas dynamics equation by using Laplace
transform. Z. Naturforsch. 2012; 67, 389-96.

S Kumar and OP Singh. Inversion of Abel integral equation by homotopy perturbation method. Z.
Naturforsch. 2010; 65, 677-82.

972

Walailak J Sci & Tech 2014; 11(11)



Mathematical Modelling for Nonlinear Wave in Hyperelastic Rod Sunil KUMAR

http://wjst.wu.ac.th

[32]
[33]
[34]
[35]

[36]

[37]

S Kumar, M Tripathi and OP Singh. A fractional model of Harry Dym equation and its approximate
solution. Ain Shams Eng. J. 2013; 4, 111-5.

S Momani and Z Odibat. Homotopy perturbation method for nonlinear partial differential
equations of fractional order. Phys. Lett. A 2007; 365, 345-50.

A Yildirim, H Askari, MK Yazdi and Y Khan. A relationship between three analytical approaches
to nonlinear problems. Appl. Math. Lett. 2012; 25, 1729-33.

D Younesian, H Askari, Z Saadatnia and MK Yazdi. Analytical approximate solutions for the
generalized nonlinear oscillator. Applicable Anal. 2012; 91, 965-77.

A Yildirim, H Askari, Z Saadatnia, MK Yazdi and Y Khan. Analysis of nonlinear oscillations of a
punctual charge in the electric field of a charged ring via a Hamiltonian approach and the energy
balance method. Comput. Math. Appl. 2011; 62, 486-90.

D Younesian, H Askari, Z Saadatnia and A Yildirim. Analytical solution for nonlinear wave
propagation in shallow media using the variational iteration method. Waves Random Complex
Media 2012; 22, 133-42.

D Younesian, H Askari, Z Saadatnia and A Yildirim. Periodic solutions for the generalized
nonlinear oscillators containing fraction order elastic force. Int. J. Nonlinear Sci. Numer. Simulat.
2011; 11, 1027-32.

Y Luchko and R Gorneflo. The Initial Value Problem for Some Fractional Differential Equations
with the Caputo Derivatives. Preprint series A08-98, Fachbreich Mathematick und Informatik, Freic
Universitat Berlin, 1998.

Walailak J Sci & Tech 2014; 11(11) 973



