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Abstract

The study of SU-Algebra was initiated by Supawadee Keawrahun and Utsanee Leerawat. This paper
introduces the notion of Bifuzzy SU-subalgebra and deals with some of their basic but interesting
properties related to the Cartesian product and Homomorphism by applying the idea of a Bifuzzy subset.
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Introduction

The concept of a fuzzy set was introduced by
Zadeh [1], and it is now a rigorous area of research
with  manifold applications ranging from
engineering and computer science to medical
diagnosis and social behavior studies. In 1986,
Atanassov  [2] introduced the notion of
intuitionistic fuzzy sets as a generalization of fuzzy
sets. In 1995, Gerstenkorn and Manko [3] re-
named the intuitionistic fuzzy sets as bifuzzy sets.
The elements of the bifuzzy sets are featured by an
additional degree which is called the degree of
uncertainty. Bifuzzy sets have also been defined by
Takeuti and Titanti [4]. The bifuzzy sets have
drawn the attention of many researchers in the last
decades. This is mainly due to the fact that bifuzzy
sets are consistent with human behavior, by
reflecting and modeling the hesitancy present in
real-life situations. These kind of fuzzy sets have
gained a wide recognition as a useful tool in the
modeling of some uncertain phenomena.

In 1966, Imai and Iseki [5] introduced two
classes of abstract algebras; BCK-algebras and
BCl-algebra. It is known that the BCK-algebras
are a proper sub class of the class of BCI-algebras.
Neggers and Kim [6] introduced the notion of B-
algebras. With these ideas, Keawrahun and
Leerawat [7] introduced new structured algebra:
SU-Algebra 2011. Using the fuzzy concept, during
2009 fuzzy BF subalgebras were developed by

Saeid and Rezvani [8]. Motivated by this we have
introduced Intuitionistic L-fuzzy BF-algebras [9]
in 2010. Recently Intuitionistic (T,S)-fuzzy CI-
algebras were developed by Saeid and Rezaei [10].
In this paper we investigate the Bifuzzy SU-
subalgebra of a SU-algebra and establish some of
their basic properties.

Preliminaries

In this section the basic definitions of a SU-
algebra, Fuzzy subset and Bifuzzy subset are
recalled. We start with;

Definition 2.1 [7] A SU-algebra is a non-empty set
X with a consonant 0 and a single binary operation
*  satisfying the following axioms for

any x,y,z€ X

) (e yp(ex2))*(v*z)=0;
b) x*0=x;

c) Ifx*y=0 = x=y.

Example 2.2 Let X = {0,1,2,3} be a set with the
following table.

* 0 1 2 3

0 0 1 2 3

1 1 0 3 2

2 2 3 0 1

3 3 2 1 0
Then (X,*, O) is SU-algebra.
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Definition 2.3 A binary relation “<” on X can be defined as x < y ifand only if x* y =0.

Definition 2.4 A non-empty subset S of a SU-algebra X is said to be a subalgebra if
x*yeS§ Vx,yeSs.

Definition 2.5 A function f:X — Y of SU-algebras X and Y is called homomorphism if
F(x*y) = f(X)* f(») Vx,yeX. and f:X Y is called anti-homomorphism if
JEEN=fOM*fx)  VYxyeX.

Remark 2.6 If f': X — Y is a homomorphism on SU-algebras then f(0,)=0,.

Definition 2.7 A fuzzy subset 4 in a non-empty set X is a function zz: X — [O, 1].
Definition 2.8 An Intuitionistic Fuzzy Subset (IFS) A in a non-empty set X is defined as an object of the
form A= { <X, 4 (x),v, (x)>/xe X} where g, : X —[0,1] is the degree membership and

v, : X —[0,1] is the degree non-membership of the element x € X satisfying0 < 2, (x)+v,(x) <1.

Note 2.9 In 1995, Gerstenkorn and Manko [3] re-named the intuitionistic fuzzy sets as bifuzzy sets. Here
after we also referred to an Intuitionistic Fuzzy Subset (IFS) as a Bifuzzy set (BFS).

Definition 2.10 Let A and B be two Bifuzzy Subsets of a non-empty set X. Then;
a)  AnB ={ x,min[u,(x), x,(x)],max[v,(x),v, ()] );VxeX |;

b) uA={<x,,uA(x),;zA(x)> VxeX};

c) OA={<X,;A(X),VA(X)> ‘v’xeX}.

Definition 2.11 A Bifuzzy Subset A in a SU-algebra X with the degree membership 2, : X — [0,1] and
the degree non-membership v, : X —>[O,1] is said to have Sup-Inf property [11], if for any subset
T < X there exists x, € T such that 1, (xy) = Sup (1) and v, (x,)=1Infv,(t)-

tel tel

Definition 2.12 Let f: X — Y be a function and A and B be the Bifuzzy subsets of X and Y where
A={<x,u,(x),v,(x)>/ xeX}and B={<x,u,(x),vy(x)>/ xeY}.

Then the image of 4 under f is defined as f(A):{<y’ﬂ/‘(,4)(y)’vf(,4)(y)>/yEY} such that

sup w,(2) i flO)=lif)=y)2
/U/(A)(y)z =
0 otherwise

and

inf vi2) if £10)=bri [ =y %
Vi)=Y :
0 otherwise
Definition 2.13 Let f: X — Y be a function and A and B be the Bifuzzy subsets of X and Y where

A={<x,,uA(x),vA(x)>/xeX} and B:{<x,,uB(x),VB(x)>/xeY}.

Then the inverse image of B under fis defined as f'(B) = { <X Mg (%), (x)> / xeX }

V.f '(B)

such that H oy (x) = /'I(B)(f(x)) and V»,.,.(B)(x) = V(B)(f(x)) VxeX.
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Bifuzzy SU-subalgebra

Here we introduce the notions of Bifuzzy SU-subalgebra in a SU-algebra X. Here after unless
otherwise specified X denotes a SU-algebra.

Definition 3.1 A Fuzzy Subset g in a SU-algebra X is said to be a Fuzzy SU-subalgebra of X if
H(x*y)> min{u(x),,u(y)} Vx,yeX.
Example 3.2 Consider the SU-algebra x ={0,1,2, 3} in Example 2.2. and # is the fuzzy Subset of X

defined by u(x) :{g; ; x:g’ 23 Then w is fuzzy SU-subalgebra of X.
3 5 x=0,

Definition 3.3 A Bifuzzy Subset A in a SU-algebra X is said to be a Bifuzzy SU-subalgebra of X if for
any x,yeX.

a)  u,(x*y)2minfu, (x), 1,0} ;

b) v, (x*y) < max{y, (x),v, ()]
Example 3.4  Consider the SU-algebra  x={0,1,2,3} in Example 22 and
A= { <x, i, (x),v,(x)>/xeX } is the Bifuzzy Subset of X defined by

@) 02 ; x=1,2 J @) 05 ; x=1,2
= n vV, (X =
HAY =04 0 =03 4 03 : x=0.3

Then 4={<x,u,(x),v,(x)>/ xe X} is Bifuzzy SU-subalgebra of X.
Lemma 3.5 In a Bifuzzy SU-subalgebra A of X we have forany x € X ;
Q) 0= p,()
) v, (O<v,®
Proof. For p,(0)=pu, (x*x) 2 min{yA(x),yA ()} = p,(x)
and v, (0)=v, (x*x) < max{vA(x),vA(x)} =v,(x).
Theorem 3.6 Intersection of any two Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-subalgebra of X.
Proof. Let A and B be any two Bifuzzy SU-subalgebras of X.
Let A={<x,u,(x),v,(x)>/xeX}and B={<x,1,(x),v,(x)> ] xe X}.
Take C= AN B={<x,u.(x),v.(x)> ]/ xe X}.
where ¢ (x) 2 min{u 4 (x), #5(x)} and v (x) < max{y 4 (x),v5(x)}-
Let x,ye X .
We have to prove;
pe(x* y) 2 minfuc (x), pe (v)} and v (x* y) < max{ye (x),ve ()} V x, ye X
For pic(x*y) = min{uy (x*y), up(x* y)}

> min{min(z 4 (x), 2,4 (). min( 22 (x), 115 ()}
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= min {min(yA (x), up (x)), min(ﬂA (), up (J’))}
=min{uc(x), uc(»))  Vx,yeX.
Similarly we can prove v (x* y) < max{vc (x),ve (y)} Vx,yelX.

This proves that the intersection of any two Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-
subalgebra of X.
The above theorem can be generalized as follows.

Theorem 3.7 The intersection of a family of Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-
subalgebra of X.

Theorem 3.8 A BFS 4= { <X, p, (x), v, (x)>/ xe X} is a Bifuzzy SU-subalgebra of X if and only if

the fuzzy subsets £, and V 4 are fuzzy SU-subalgebras of X.

Proof. Let A = { < x, u,(x),v ,(x) > / x € X} be a Bifuzzy SU-subalgebra of X.
Then clearly £, is a fuzzy SU-subalgebra of X.
NowV x,ye X, valx*y)=1-v, (x*y)>1-max]v4(x),v,(»)]

— minf(1 =y () (1= (3)} = mindp 4 0) v ()

" vaisa fuzzy SU-subalgebra of X.
Conversely, assume £ , and V 4 are fuzzy SU-subalgebras of X.

Sowehave,uA(x*y)Zmin{,uA(x),yA(y)} and ;A(x*y)z min{;A(x), ;A(y)} Vx,yeX.

Hence to prove 4= { <x, 4, (x),v,(x)>/xeX } is a Bifuzzy SU-subalgebra of X it is enough to
prove v 4(x*y) < max{vA(x),vA(y)} Vx,yeX.

For 1-v,,(x* y) = v.a(x* y) = minfy 4 (x) v 4 () = min{(1=v.4(x)), (1= v, )}
=1-maxy, (x)v,(»)].
ie, vy (x*y) Smax{vA(x),vA(y)} Vx,yeX.

This completes the proof.

Using this theorem and by definition 2.10 we have the following.
Theorem 3.9 A BFS 4= { <X, p, (x),v,(x)> ] xe X} is a Bifuzzy SU-subalgebra of X if and only if

14 and 0A are also Bifuzzy SU-subalgebras of X.

Theorem 3.10 Let f be a homomorphism from SU-algebras X onto Y and A be an Bifuzzy SU-
subalgebra of X with Sup-Inf property. Then the image of A,

f(A)= {< Vsld sy D)V o (V) > / ye Y} is a Bifuzzy SU-subalgebra of Y.
Proof. Let a,b € Y with x, € f'(a)and y, € f'(b) such that;

tg(xg)= sup puy () ;py(yg)= sup py(t) and
tef™(a) tef(b)
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v 4(xg) = te]ifr!'f(a)VA 0 5 vi(yo)= teifr}'f;b) v, ().

Now by definitions 2.11 and 2.12, 41, (a*b)= sup g, (1) = p1,(x, * y,)

tef ™ (a*b)
> min{,uA (x0)s 14(¥o )}
= min{ sup uy(t) , sup gy (t)}
tef(a) tef " (b)

Also, v, (a*b)= inf v, <v, (%o * ¥o)

<max{v 4 (x0),v 4 (y0)}
=maxs inf vy(@F) , inf v4()
tef " (a) tef(b)

= max{vf(A)(a) SV (b)}.
Hence the image f(A) = {< Vsl r oy V)5V 5y (V) > / ye Y} is a Bifuzzy SU-subalgebra of Y.
Theorem 3.11 Let f be a homomorphism from SU-algebras X onto Y and B be a Bifuzzy
SU-subalgebra of Y. Then the inverse image of B, ' (B) = {< Xyl gy (XD sy () > / xe X} is
a Bifuzzy SU-subalgebra of X.
Proof. Let x,y € X .

Then 41, (x* )= 1, (f (¥ ) = 15 (f 0 * £() 2 minfup(£(x)), 1p(f ()}
= min {’uf’l(B) (), M p) (y)}
Also v (6% 3) = vy (f (6% ) = v, () * /() <maxlyp(7)Lv(/(0)

= maX{fol (B) (x),fol (B) (y)}

Then the inverse image of f™'(B) = {< X f ) (x),vﬁl(B) (x)> / xe X} is a Bifuzzy SU-subalgebra
of X.

Remark 3.12 One can verify the theorem 3.10 and 3.11 for an anti-homomorphism on SU-algebras.

Product on Bifuzzy SU-subalgebras

In this section we introduce the notions of Cartesian product of Bifuzzy SU-subalgebras in a SU-
algebra and discuss some properties.
Definition 4.1 Let A and B be any two BFS of X. The Cartesian product of A and B is defined as
AxB=(XXY, uyxpup ,vyxvg)  with  (ugxup)x,y)=min{uy(x), pg(y)}  and
(v xvp )x,y) =max{v 4(x),vg(y)} where uyxup:XxY —>[0]1] and v xvg: XxY —[0,]]
Vx,eXand yeY.
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Theorem 4.2 Let A and B be any two Bifuzzy SU-subalgebras of X and Y respectively. Then Ax B is a
Bifuzzy SU-subalgebra of X x Y .
Proof. Take (xl , yl)and (x2 , yz)e XxY.
Then (/uA XNB)[(X1>Y1)*(X2>J’2)]
= (,UA X:uB)[(xl *x, )»(y1 ¥ )]
= min{u,(x *x3), 1151 * 1)}
> min[min (224 (x1) , 24(x2)), min(u(31) , 115(y2))]
> min{min(z 4 (x), s (v))), minee 4 (x2) , 415(v2))}
= min{ (s14 x g )1, 1) 5 (e x g Yoz 5 ¥2)}-
And (v xvg 0, 01)* (2, 2]
=(vaxvp e *x2) (v * 2]
= max{v 4 (x *x3)vp (v * )}
<max{max (v4(x) ,v4(x2)), max(vg(y1) , vg (32))]
< max{max(v 4(x),v(31)), max(v 4(x,) , v5(»2))}
=max{ (v xvg)x,01), (V4 xvp)xg .32}
This completes the proof.
Theorem 4.3 If Ax B is a Bifuzzy SU-subalgebra of X x Y, then either A is a Bifuzzy subalgebra of X
or B is a Bifuzzy subalgebra of Y.
Proof.
Suppose we assume that Ax B is a Bifuzzy SU-subalgebra of X x Y . Then
(e, Nox 1 )* (e 2 )] = min {(ae g x g Joey, y1) 5 (14 % g2 )or2 5, 32)) M
Putting x, = x, = 0. in (1) we get,
(te4 %115 J(0,31)* (0, y2 )] = min{ (s, x 1150, 31, (104 x 15 X0, y2)} and
(4> (0,31 * v )] 2 min{(eg x g )0, 11, (4 % 5 X0, 2)} @

Thus we have, 25 (y; * 7)) > min{ug (1)), up(¥2)}-

In a similar way we can prove vg () * y5) < max{VB (1),vg (yz)}.

This proves B is a Bifuzzy SU-subalgebra of Y.

This completes the proof.

Theorem 4.4 For any Bifuzzy SU-subalgebra A and B of X and Y respectively, 4x B is a Bifuzzy

SU-subalgebra of X x Y if and only if (,u y7e )(x, y)and (V A XV, kx, y) are fuzzy SU-subalgebras of
X xY.

Proof. Let Ax B be a Bifuzzy SU-subalgebra of X x Y .
Clearly (ﬂA X Up )(x, y) = min{,uA (%), up (y)} is a fuzzy SU-subalgebra of X x Y .
We have (VA XVp )(x, y) = max{vA (x),vp (y)}

= 1-(xv, ) = max{i-v, @ ), (-v, )
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= l—max{(l—m ), (l—m)}z (Ex@kx,y)

= (VA xgkx,y) = min{VA(x) , VB(y)}.

Thus (axgkx, y) = min{ v4(x),vp (y)} is a fuzzy BF- subalgebra of X xY .
Conversely, (,u (XM )(x, y)and (V XV, kx, y) are fuzzy SU- subalgebras of X xY

NowaBz(XxX,,quyB ,vAva).

Since (v xvp Jx, ) = min {1 (), v ()= (4 v X ) = maxy 4 (6), v ()},
we can easily observe that 4Ax B is a Bifuzzy SU-subalgebra of X x Y .

Theorem 4.5 For any BFS A and B of X and Y respectively, A and B are Bifuzzy SU-subalgebras of X
and Y respectively if and only if

@O (AxB)z(XxX,,qu,uB ,;AX;B) and
®O (AXB): (XxX ,axg,vA va) are Bifuzzy SU-subalgebras of X x Y .
Proof.

Since (14 x g1 Jx, y) = min{u 4 (x) , pp ()} = (ﬂA XHp )(x, y)= max{ﬂA (x), up (J’)}

and (v 4 v Jx, ) = max{y 4 (), v (1)} = (g xvg v, 3) = minfy 4 () . v ()} the proofis clear.
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