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Abstract   

The study of SU-Algebra was initiated by Supawadee Keawrahun and Utsanee Leerawat. This paper 
introduces the notion of Bifuzzy SU-subalgebra and deals with some of their basic but interesting 
properties related to the Cartesian product and Homomorphism by applying the idea of a Bifuzzy subset. 
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Introduction 

The concept of a fuzzy set was introduced by 
Zadeh [1], and it is now a rigorous area of research 
with manifold applications ranging from 
engineering and computer science to medical 
diagnosis and social behavior studies. In 1986, 
Atanassov [2] introduced the notion of 
intuitionistic fuzzy sets as a generalization of fuzzy 
sets. In 1995, Gerstenkorn and Manko [3] re-
named the intuitionistic fuzzy sets as bifuzzy sets. 
The elements of the bifuzzy sets are featured by an 
additional degree which is called the degree of 
uncertainty. Bifuzzy sets have also been defined by 
Takeuti and Titanti [4]. The bifuzzy sets have 
drawn the attention of many researchers in the last 
decades. This is mainly due to the fact that bifuzzy 
sets are consistent with human behavior, by 
reflecting and modeling the hesitancy present in 
real-life situations. These kind of fuzzy sets have 
gained a wide recognition as a useful tool in the 
modeling of some uncertain phenomena. 

In 1966, Imai and Iseki [5] introduced two 
classes of abstract algebras; BCK-algebras and 
BCI-algebra. It is known that the BCK-algebras 
are a proper sub class of the class of BCI-algebras. 
Neggers and Kim [6] introduced the notion of B-
algebras. With these ideas, Keawrahun and 
Leerawat [7] introduced new structured algebra: 
SU-Algebra 2011. Using the fuzzy concept, during 
2009 fuzzy BF_subalgebras were developed by 

Saeid and Rezvani [8]. Motivated by this we have 
introduced Intuitionistic L-fuzzy BF-algebras [9] 
in 2010. Recently Intuitionistic (T,S)-fuzzy CI-
algebras were developed by Saeid and Rezaei [10]. 
In this paper we investigate the Bifuzzy SU-
subalgebra of a SU-algebra and establish some of 
their basic properties. 
 

Preliminaries 

In this section the basic definitions of a SU-
algebra, Fuzzy subset and Bifuzzy subset are 
recalled. We start with; 
Definition 2.1 [7] A SU-algebra is a non-empty set 
X with a consonant 0 and a single binary operation 
* satisfying the following axioms for 
any Xzyx ,,  

a)        ;0***** zyzxyx  

b) ;0* xx   

c) .0*If yxyx   

Example 2.2 Let X = {0,1,2,3} be a set with the 
following table. 

* 0 1 2 3 
0 0 1 2 3 
1 1 0 3 2 
2 2 3 0 1 
3 3 2 1 0 

Then  0*,,X  is SU-algebra. 
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Definition 2.3 A binary relation “ ” on X can be defined as yx   if and only if 0* yx . 

Definition 2.4 A non-empty subset S of a SU-algebra X is said to be a subalgebra if      
SyxSyx  ,* . 

Definition 2.5 A function YXf :  of SU-algebras X  and Y  is called homomorphism if 

Xyxyfxfyxf  ,)(*)()*( . and YXf :  is called anti-homomorphism if 

Xyxxfyfyxf  ,)(*)()*( . 

Remark 2.6 If YXf :  is a homomorphism on SU-algebras then YXf 0)0(  . 

Definition 2.7 A fuzzy subset   in a non-empty set X is a function  1,0: X . 

Definition 2.8 An Intuitionistic Fuzzy Subset (IFS) A in a non-empty set X is defined as an object of the 
form  XxxxxA AA  )(),(,   where  1,0: XA  is the degree membership and 

 1,0: XA  is the degree non-membership of the element Xx  satisfying 1)()(0  xx AA  . 

 
Note 2.9 In 1995, Gerstenkorn and Manko [3] re-named the intuitionistic fuzzy sets as bifuzzy sets. Here 
after we also referred to an Intuitionistic Fuzzy Subset (IFS) as a Bifuzzy set (BFS). 
 
Definition 2.10 Let A and B be two Bifuzzy Subsets of a non-empty set X. Then; 
a)     ;;)(,)(max,)(,)(min, XxxxxxxBA BABA    

b) � A   ;)(),(, Xxxxx AA    

c)  A  .)(),(, Xxxxx AA    

Definition 2.11 A Bifuzzy Subset A in a SU-algebra X with the degree membership  1,0: XA  and 

the degree non-membership  1,0: XA  is said to have Sup-Inf property [11], if for any subset 

XT  there exists Tx 0 such that )()( 0 tSupx A
Tt

A 



 
and )()( 0 tInfx A

Tt
A 


 . 

Definition 2.12 Let YXf :  be a function and A and B be the Bifuzzy subsets of X and Y where 

 XxxxxA AA  )(),(,   and  YxxxxB BB  )(),(,  . 

Then the image of A under f  is defined as  YyyyyAf AfAf  )(),(,)( )()(   such that 

 





 




 

otherwise

yxfxyfifz
y

A
yfz

Af

0

)(:)()(sup
)(

1

)(
)(

1


  

and 

 
.

0

)(:)()(inf
)(

1

)(
)(

1





 




 

otherwise

yxfxyfifz
y

A
yfz

Af




 

Definition 2.13 Let YXf :  be a function and A and B be the Bifuzzy subsets of X and Y where 

 XxxxxA AA  )(),(,   and  YxxxxB BB  )(),(,  . 

Then the inverse image of B under f is defined as  XxxxxBf
BfBf

 
 )(),(,)(

)()(

1
11   

such that   andxfx BBf
)()( )()(1     Xxxfx BBf

 )()( )()(1  . 

 



On Bifuzzy SU‐Subalgebras  P  MURALIKRISHNA and M  CHANDRAMOULEESWARAN
http://wjst.wu.ac.th 

Walailak J Sci & Tech 2013; 10(4)
 

417

Bifuzzy SU-subalgebra 

Here we introduce the notions of Bifuzzy SU-subalgebra in a SU-algebra X. Here after unless 
otherwise specified X denotes a SU-algebra. 

Definition 3.1 A Fuzzy Subset   in a SU-algebra X is said to be a Fuzzy SU-subalgebra of X if 

 )(,)(min)*( yxyx    Xyx  , . 

Example 3.2 Consider the SU-algebra  3,2,1,0X  in Example 2.2. and   is the fuzzy Subset of X 

defined by .
3,0;3.0

2,1;1.0
)(









x

x
x  Then   is fuzzy SU-subalgebra of X. 

Definition 3.3 A Bifuzzy Subset A in a SU-algebra X is said to be a Bifuzzy SU-subalgebra of X if for 
any Xyx , . 

a)   ;)(,)(min)*( yxyx AAA    

b)  )(,)(max)*( yxyx AAA   . 

Example 3.4 Consider the SU-algebra  3,2,1,0X  in Example 2.2 and 

 XxxxxA AA  )(),(,   is the Bifuzzy Subset of X defined by 

and
x

x
xA









3,0;4.0

2,1;2.0
)( .

3,0;3.0

2,1;5.0
)(









x

x
xA  

Then  XxxxxA AA  )(),(,   is Bifuzzy SU-subalgebra of X. 

Lemma 3.5 In a Bifuzzy SU-subalgebra A of X we have for any Xx ; 

a) ;)()0( xAA    

b) .)()0( xAA    

 
Proof.  For )*()0( xxAA    )(,)(min xx AA   )(xA   

            and )*()0( xxAA     )(,)(max xx AA  .)(xA  

Theorem 3.6 Intersection of any two Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-subalgebra of X. 

Proof. Let A and B be any two Bifuzzy SU-subalgebras of X. 

Let  XxxxxA AA  )(),(,   and  .)(),(, XxxxxB BB    

Take  .)(),(, XxxxxBAC CC     

where  )(),(min)( xxx BAC     and    )(),(max)( xxx BAC   . 

Let Xyx , . 

We have to prove; 

 )(,)(min)*( yxyx CCC    and  )(),(max)*( yxyx CCC   ., Xyx   

For   )*(,)*(min)*( yxyxyx BAC                  

                           )(),(min,)(),(minmin yxyx BBAA                
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             )(),(min,)(),(minmin yyxx BABA   

           )(),(min yx CC   ., Xyx   

Similarly we can prove  )(),(max)*( yxyx CCC     
., Xyx 
 

This proves that the intersection of any two Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-
subalgebra of X. 

The above theorem can be generalized as follows. 

Theorem 3.7 The intersection of a family of Bifuzzy SU-subalgebras of X is also a Bifuzzy SU-
subalgebra of X. 

Theorem 3.8 A BFS  XxxxxA AA  )(),(,   is a Bifuzzy SU-subalgebra of X if and only if 

the fuzzy subsets A  and A  are fuzzy SU-subalgebras of X. 

Proof. Let  XxxxxA AA  )(),(,   be a Bifuzzy SU-subalgebra of X. 

Then clearly A  is a fuzzy SU-subalgebra of X. 

Now Xyx  , ,     yxyx AA *1*       yx AA  ,max1                         

                                                           yx AA   1,1min  .)(,)(min yx AA   

A  is a fuzzy SU-subalgebra of X. 

Conversely, assume A and A  are fuzzy SU-subalgebras of X. 

So we have  )(,)(min)*( yxyx AAA    and    )(),(min* yxyx AAA     Xyx  , . 

Hence to prove  XxxxxA AA  )(),(,   is a Bifuzzy SU-subalgebra of X it is enough to 

prove  )(,)(max)*( yxyx AAA   Xyx  , . 

For    yxyx AA **1    )(,)(min yx AA        yx AA   1,1min                     

                                     .,max1 yx AA   

i.e,  )(,)(max)*( yxyx AAA    ., Xyx   

This completes the proof. 

Using this theorem and by definition 2.10 we have the following. 
Theorem 3.9 A BFS  XxxxxA AA  )(),(,   is a Bifuzzy SU-subalgebra of X if and only if 

�A and A are also Bifuzzy SU-subalgebras of X. 

Theorem 3.10 Let f  be a homomorphism from SU-algebras X onto Y and A be an Bifuzzy SU-

subalgebra of X with Sup-Inf property. Then the image of A, 
 YyyyyAf AfAf  )(),(,)( )()(   is a Bifuzzy SU-subalgebra of Y. 

Proof.  Let Yba , with )(1
0 afx  and )(1

0 bfy   
such that; 

;)(sup)(
)(

0
1

tx A
aft

A 


 and)(sup)(
)(

0
1

ty A
bft

A 



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;)(inf)(
)(

0 1
tx A

aft
A 


 . .)(inf)(

)(
0 1

ty A
bft

A 


  

Now by definitions 2.11 and 2.12,  )(sup)*(
)*(

)(
1

tba A
baft

Af 


  )*( 00 yxA  

                                                  
  )(),(min 00 yx AA                     

                                   













 

)(sup,)(supmin
)()( 11

tt A
bft

A
aft


 

                                                               
 .)(,)(min )()( ba AfAf   

Also,  )(inf)*(
)*(

)( 1
tba A

baft
Af 


 )*( 00 yxA  

                                                       )(),(max 00 yx AA    

                                         









 

)(inf,)(infmax
)()( 11

tt A
bft

A
aft

   

                         .)(,)(max )()( ba AfAf   

Hence the image  YyyyyAf AfAf  )(),(,)( )()(   is a Bifuzzy SU-subalgebra of Y. 

Theorem 3.11 Let f be a homomorphism from SU-algebras X onto Y and B be a Bifuzzy                   

SU-subalgebra of Y. Then the inverse image of B,  XxxxxBf
BfBf

 
 )(),(,)(

)()(

1
11   is 

a Bifuzzy SU-subalgebra of X. 

Proof. Let Xyx , . 

Then  )*()*(
)(1 yxfyx BBf

    )(*)( yfxfB      )(,)(min yfxf BB                                    

          .)(,)(min
)()( 11 yx

BfBf    

Also  )*()*(
)(1 yxfyx BBf

   )(*)( yfxfB      )(,)(max yfxf BB                                 

                                                                )(),(max )()( 11 yx BfBf   . 

Then the inverse image of  XxxxxBf
BfBf

 
 )(),(,)(

)()(

1
11   is a Bifuzzy SU-subalgebra 

of X. 

Remark 3.12 One can verify the theorem 3.10 and 3.11 for an anti-homomorphism on SU-algebras. 
 
Product on Bifuzzy SU-subalgebras 

In this section we introduce the notions of Cartesian product of Bifuzzy SU-subalgebras in a SU-
algebra and discuss some properties. 

Definition 4.1 Let A and B be any two BFS of X. The Cartesian product of A and B is defined as 
 BABAYXBA   ,,  with    )(,)(min),( yxyx BABA    and 

   )(,)(max),( yxyx BABA    where  1,0:  YXBA   and  1,0:  YXBA    

YyandXx  , . 
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Theorem 4.2 Let A and B be any two Bifuzzy SU-subalgebras of X and Y respectively. Then BA  is a 

Bifuzzy SU-subalgebra of YX  . 

Proof. Take     YXyxandyx 2211 ,, . 

 Then       2211 ,*, yxyxBA    

      2121 *,* yyxxBA    

      2121 *,*min yyxx BA   

      )(,)(min,)(,)(minmin 2121 yyxx BBAA     

         )(,)(min,,minmin 2211 yxyx BABA   

      ),(,),(min 2211 yxyx BABA   . 

And       2211 ,*, yxyxBA    

      2121 *,* yyxxBA    

      2121 *,*max yyxx BA   

      )(,)(max,)(,)(maxmax 2121 yyxx BBAA     

         )(,)(max,,maxmax 2211 yxyx BABA   

      ),(,),(max 2211 yxyx BABA   . 

This completes the proof. 

Theorem 4.3 If BA  is a Bifuzzy SU-subalgebra of YX  , then either A is a Bifuzzy subalgebra of X 

or B is a Bifuzzy subalgebra of Y. 

Proof. 

Suppose we assume that BA  is a Bifuzzy SU-subalgebra of YX  . Then 

           ),(,),(min,*, 22112211 yxyxyxyx BABABA                     (1) 

Putting .021  xx  in (1) we get, 

           ),0(,),0(min,0*,0 2121 yyyy BABABA    and 

         ),0(,),0(min*,0 2121 yyyy BABABA                                 (2) 

Thus we have,  )(,)(min)*( 2121 yyyy BBB   . 

In a similar way we can prove  )(,)(max)*( 2121 yyyy BBB   . 

This proves B is a Bifuzzy SU-subalgebra of Y. 

This completes the proof. 

Theorem 4.4 For any Bifuzzy SU-subalgebra A and B of X and Y respectively, BA  is a Bifuzzy       

SU-subalgebra of YX   if and only if   ),( yxBA   and   ),( yxBA    are fuzzy SU-subalgebras of 

YX  . 

Proof.  Let BA  be a Bifuzzy SU-subalgebra of YX  . 

Clearly    )(,)(min),( yxyx BABA   is a fuzzy SU-subalgebra of YX  . 

We have    )(,)(max),( yxyx BABA    

         )(1,)(1max),(1 yxyx BABA    
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          ),()(1,)(1max1 yxyx BABA    

      )(,)(min),( yxyx BABA   . 

Thus    )(,)(min),( yxyx BABA    is a fuzzy BF- subalgebra of YX  . 

Conversely,   ),( yxBA   and   ),( yxBA    are fuzzy SU- subalgebras of YX  .  

Now  BABAXXBA   ,, . 

Since        )(,)(max),()(,)(min),( yxyxyxyx BABABABA   ,  

we can easily observe that BA  is a Bifuzzy SU-subalgebra of YX  . 

Theorem 4.5 For any BFS A and B of X and Y respectively, A and B are Bifuzzy SU-subalgebras of X 
and Y respectively if and only if 

(a)        BABAXXBA   ,,   and  

(b)        BABAXXBA   ,,  are Bifuzzy SU-subalgebras of YX  . 

Proof.  

Since        )(,)(max),()(,)(min),( yxyxyxyx BABABABA    

and        )(,)(min),()(,)(max),( yxyxyxyx BABABABA   , the proof is clear. 

 
 
Conclusions 

In this article, we have directly extended the 
notions of Bifuzzy SU-subalgebras of SU-algebras 
and verified some of their basic properties and the 
characteristics of their homomorpic(anti-
homomorphic) image(pre image). We have also 
introduced the idea of product on Bifuzzy SU-
subalgebras. This paper itself gives the notions of 
fuzzy SU-subalgebras, which can be obtained by 
taking the membership alone from the Bifuzzy 
extensions. The surprising point is that Supawadee 
Keawrahun and Utsanee Leerawat [7] says that the 
structure SU-algebra becomes a TM-algebra, QS-
algebra and a BF-algebra. Also Andrzej 
Walendziak [12] proves that a BF-algebra is BG-
algebra. Hence we conclude that whatever result 
we have proved for SU-algebras can directly be 
carried over to TM-algebras, QS-algebras, BF-
algebras and BG-algebras. These concepts can 
further be generalized and we feel that there is 
further scope of study on SU-algebras that may 
find some applications in the real field. 
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