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Abstract 

The present discussion is an analytical study of the oscillatory flow of a viscous incompressible 
Newtonian fluid in an infinite vertical parallel plate channel filled with porous medium. It is assumed that 
the flow is fully developed and the fluid is dissipative, gray, absorbing-emitting radiation and non-
scattering. The radiative heat flux in the energy equation follows Rosseland approximation. It is 
considered that both the plates are stationary and  temperature of one of the plates oscillates about a non-
zero mean temperature. Approximate solutions to the coupled non-linear partial differential equations 
governing the flow have been found using the double perturbation technique. The effects of various 
parameters on the transient velocity, the transient temperature, the amplitude and phase of the skin 
friction and the rate of heat transfer have been analysed and shown in the form of graphs and tables. 
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Introduction 

Every aspect of modern human life is inadvertently influenced by electronic equipments. The safety 
and reliability of such equipments is thus an important area of concern. Thermal control plays a very 
significant role in the proper design and control of the equipments which get excessively heated during 
their mode of execution. Electronic systems, especially low power systems, are conveniently cooled by 
free convection and radiation. In natural or free convection, fluid motion is caused by the density 
differences in a fluid produced due to temperature differences. The free convection velocities and free 
convection heat transfer rates are much smaller; hence this mode of convection has many thermal 
manufacturing applications, such as establishing temperature distributions within buildings, determining 
heat losses and heat loads for air conditioning systems. Geothermal reservoirs currently developed for 
commercial electric power generation are also characterized by the existence of natural convection within 
the systems. Comprehensive literature on various aspects of free convection flows and associated 
applications can be found in Ghoshdastidar [1], Nield and Bejan [2] and Incropera et al. [3]. 

Natural convection in vertical channels has been extensively studied because of its wide variety of 
engineering applications such as heat exchangers in solar domestic hot water systems, electronic cooling, 
design of passive solar systems for energy conversion, etc. Ostrach [4] was the first to report laminar 
natural convection flow in vertical channels with constant wall temperatures. Aung [5] studied  the case 
when the plates were heated asymmetrically. Ample literature is found on heat and mass transfer effects 
in natural convection vertical channels with asymmetric boundary conditions (Miyatake et al. [6], 
Nakamura et al. [7], Aung et al. [8], Nelson et al. [9]). The influences of variable properties on flow and 
heat transfer behaviors have also been studied by many researchers (Hernandez et al. [10], Pantokratoras 
[11], Delmastro et al. [12]). 
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The modeling of convective flow through porous media is important from a practical viewpoint 
since it is required to predict the behavior of many systems. The process of natural convection in a porous 
medium is the driving mechanism in many geophysical situations where heat is convected to the earth’s 
surface from an energy source deep below the ground. Free convection flows in porous geometries have 
been studied by Rudriah et al. [13] and Raptis et al. [14]. In recent years, porous media have been utilized 
in many high temperature applications, like the enhancement of heat transfer in coolant passages and 
many astrophysical systems. Radiative free convective flows in a porous medium have been analysed by 
Hossain et al. [15] and Raptis [16]. Oscillatory flows of viscous fluids over and through a porous medium 
has a wide variety of applications in the field of agricultural sciences, chemical engineering and 
petroleum technology. Free convective oscillatory flow through a porous medium has been discussed by 
Nanda et al. [17], Raptis et al. [18] and Makinde et al. [19]. Oscillatory two fluid flow in a horizontal 
channel in the presence of a magnetic field has been investigated by Umavati et al. [20]. 

In several practical applications, at high temperatures, heat losses by radiation from a surface are 
considerably high compared to that by natural convection. Radiative effects in porous medium over a 
stretching sheet have been studied by Vyas et al. [21,22]. Simultaneous heat exchange due to radiation 
and convection has equivalent importance, as it frequently occurs in many phenomena, like the flow of 
hot combustion products through cooled ducts, combustion, design of a furnace, in determining heat 
losses from a hot steam pipe passing from a room etc. Grief [23] analyzed laminar convective flow in a 
vertical heated channel. Radiation effects on free convection flows for an impulsively started vertical 
plate in a rotating fluid have been analyzed by Vijaylaksmi [24]. Unsteady natural convection has equal 
application in many technological processes and hence has been widely studied in different physical 
configurations (Kettleborough [25], Joshi [26], Paul et al. [27], Singh et al. [28,29], Andreozzi et al. 
[30]). Transient natural convection flow of a particulate suspension through a vertical channel has been 
studied by Mansour et al. [31]. 

Viscous dissipation plays an important role in various areas such as food processing, polymer 
manufacturing, geological processes in fluids contained in various bodies, and many others. The 
dissipative effects in porous media are due to shear stresses produced by the fluid itself, as well as due to 
the walls of porous matrix. Many studies have been reported in the literature about the expressions 
envisaging dissipation in porous media (see Nield [32] and Al-Hadhrami et al. [33]). Transient free 
convection flow between long vertical parallel plates, taking into account dissipation and oscillatory plate 
temperature, has been studied by Narahari [34]. 

Researching past literature identifies a need to investigate the conjunction of radiation, dissipation, 
free convection and oscillatory transient flow in a porous medium. The aim of the present paper is to 
consider the interactions of radiation and dissipation on the unsteady oscillatory fully developed flow in a 
vertical stationary channel filled with porous medium. Though dissipation is a quite weak effect 
compared to other counterpart effects, it certainly has a qualitative edge. A double perturbation technique 
is used to solve the coupled non-linear partial differential equations and obtain the analytical expressions 
for the transient velocity, transient temperature, skin friction coefficient and rate of heat transfer. 
 
Materials and methods 

A long parallel plate vertical channel consisting of stationary plates filled with a porous medium and 
having width h is considered. Cartesian system of coordinates is used, where x axis is taken along one of 
the plates and y axis is taken normal to it, as shown in Figure 1. The plate at y = 0 is at temperature T = 
T1, while the temperature of the plate at y = h is given by T = T2 + ϵ(T2-T1)eiωt, i.e. it oscillates about non-
zero temperature T2. 
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Figure 1 Schematic diagram of the problem. 
 
 

Under Boussinesq’s approximation, the unsteady flow of the viscous incompressible fluid within 
this channel is governed by the following system of partial differential equations; 
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with the following boundary conditions; 
 

1

i t
2 2 1

y 0 : u 0, T T

y h : u 0, T T (T T )e ω

= = =

= = = + ε −
  (3) 

 
where u is the fluid velocity, g is the acceleration due to gravity, β is the coefficient of volume 

expansion, T is the fluid temperature, υ is the kinematic viscosity, μ is the coefficient of viscosity, κ is the 
thermal conductivity, k is the permeability, ρ is the density, Cp is the specific heat at constant pressure and 
ω is the frequency of the oscillations of the plate temperature. 

The radiative heat flux in the energy equation is given by; 
 

4

1

1

r

4 T

3k y
q

σ ∂
= −

∂
  (4) 

 
The temperature difference within the fluid is assumed to be sufficiently small so that T4 may be 

expressed as a linear function of the temperature T. This is done by expanding T4 in a Taylor series about 
T1 and omitting higher order terms to yield. 

 
T4 ≅ 4T1

3T − 3T1
4                 (5) 

 
The following non-dimensional quantities are introduced; 
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Thus the governing equations in the non-dimensional form after dropping the asterisks become; 
 

2

2

u u u

t ky

∂ ∂
= θ + −

∂ ∂
  (7) 

 
22 2
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4N u u
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t 3 y ky
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= + + +
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   (8) 

 
and the corresponding boundary conditions are; 

 

i t

y 0 :u 0, 0

y 1 :u 0, 1 e ω

= = θ=

= = θ = + ε
  (9) 

 
where the Grashof number Gr, Prandtl number Pr, Eckeret number E and Radiation parameter N are 
given by; 
 

3 4 2 2 32 2
p2 1 2 1 1 1

2 2 2
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Cg (T T )h h g (T T ) 4 TGr
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κ κυ υ −
 (10) 

 
As the temperature of one of the plates is oscillating, hence the transient fluid velocity and transient 

fluid temperature are assumed as shown below, where ε ≪ 1 is a small quantity; 
 

i t
0 1u u (y) e u (y)ω= + ε   (11) 

i t
0 1(y) e (y)ωθ = θ + ε θ   (12) 

 
Here u0 is the mean velocity and u1 is the fluctuating part of the velocity and θ0 is the mean temperature 
and θ1 is the fluctuating part of the temperature. We now substitute Eq. (11) and (12) in Eqs. (7) - (9), and 
neglect the coefficients of ε2 and its higher powers, the harmonic and non-harmonic terms are equated to 
get; 
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with the boundary conditions; 
 

0 1 0 1

0 1 0 1

y 0 : u 0, u 0, 0, 0

y 1 : u 0, u 0, 1, 1

= = = θ = θ =

= = = θ = θ =
  (17) 

 
Eqs. (13) - (16) are coupled non-linear equations whose exact solutions are not possible. However, 
recalling that for incompressible fluids the Eckeret number E ≪ 1, u0, u1, θ0and θ1 are expanded in 
powers of E as;  
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where O(E2) contains terms of E2 and higher powers of E. 
Substituting Eq. (18) into Eqs. (13) - (17) and equating coefficients of various powers of E, neglecting the 
terms of higher powers of E, the following system of equations is obtained. 
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Along with the corresponding boundary conditions;  
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01 02 11 12 01 02 11 12

01 02 11 12 01 02 11 12

y 0 : u 0, u 0, u 0, u 0, 0, 0, 0, 0

y 1 : u 0, u 0, u 0, u 0, 1, 0, 1, 0

= = = = = θ = θ = θ = θ =

= = = = = θ = θ = θ = θ =
 (27) 

 
Solving Eqs. (19) - (26) and using boundary conditions (27);  
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is obtained, where all the constants are listed in the Appendix. Now; 
 

1 r i

1 r i

u (y) M iM

(y) T iT

= +

θ = +
  (36) 

 
are prescribed. The expressions for velocity and the temperature fields can be written in terms of real 
parts of the fluctuations of the unsteady velocity and temperature as; 
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Thus for ωt = π/2, the expressions for the transient velocity and the transient temperature profiles 

are given by; 
 

i

i

0

0

M

T

u(y, 2 ) u (y)

(y, 2 ) (y)

π ω = − ε

θ π ω = θ − ε
  (38) 

 
The skin friction coefficient in a non-dimensional form at y = 1 is given by;  

 
i t0 1

y 1 y 1

A B
du dudu

e cos( t )
dy dy dy

ω

= =

τ = = + ε = + ε ω + α
   
   
   

 (39) 

 
where ∣B∣ is the amplitude of skin friction and α is the phase angle. Here; 
 

r i i rB B iB B Band tan+= α =   (40) 
 

The rate of heat transfer in non-dimensional form at the plate y = 1 is obtained as;  
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κ

   
   
   

 (41) 

 
where ∣D∣ is the amplitude of rate of heat transfer q and β is the phase angle. Here;  
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r i i rD D iD and tan D D= + β =   (42) 
 

The constants appearing in τ and q appear in Appendix. 
 
Results and discussion 

Radiative dissipative transient free convection in a long vertical channel filled with incompressible 
fluid saturated porous material has been examined. A perturbation scheme has been developed to solve 
the coupled non-linear governing equations. The effects of various parameters on the transient velocity 
and transient temperature have been analyzed for two cases (air (Pr = 0.71) and water (Pr = 7)) and shown 
in the form of graphs (Figures 2 - 12). 

Figures 2 and 3 show the variation in the transient velocity u with respect to the change in 
frequency ω for the case of air and water respectively. It is clear from these figures that for lower values 
of ω velocity increases with the increase in ω, while for higher values of ω the velocity decreases on 
increasing ω. Figures 4 and 5 depict the velocity variation with respect to radiation parameter N for air 
and water, respectively. It is clear that as the radiation parameter N increases the velocity of air decreases, 
while that of water increases. 
 

 

 
 
Figure 2 Velocity profiles for variation in ω when N = 2, E = 0.01, k = 0.5, ε = 0.2, Pr = 0.71. 

 
 
 

 
Figure 3 Velocity profiles for variation in ω when N = 2, E = 0.01, k = 0.5, ε = 0.2, Pr = 7. 
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Figure 4 Velocity profiles for variation in N when ω = 10, E = 0.01, k = 0.1, ε = 0.2, Pr = 0.71. 
 
 

 
 

Figure 5 Velocity profiles for variation in N when ω = 10, E = 0.01, k = 0.1, ε = 0.2, Pr = 7. 
 

 
The variation of velocity with respect to the permeability parameter k is shown in Figure 6. It 

clearly indicates that for both air and water, velocity of the fluid increases with the increase in 
permeability parameter k. The larger values of permeability indicate low resistance to fluid traversal 
inside the porous matrix. Hence, for larger values of permeability, a rise in velocity goes well with 
physics of the problem. 

Figure 7 shows the variation of velocity with respect to the Prandtl number Pr and indicates that as 
the Prandtl number Pr increases, the fluid velocity decreases. 
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Figure 6 Velocity profiles for variation in k when ω = 10, E = 0.01, N = 2, ε = 0.2, Pr = 0.71/7. 

 
 
 

 
Figure 7 Velocity profiles for variation in Pr when ω = 10, E = 0.01, k = 0.1, ε = 0.2, N = 2. 
 
 

Figures 8 and 9 show the variation of temperature θ with respect to frequency ω for the 2 cases of 
air and water, respectively. Figure 8 shows that as ω increases the temperature of air increases; the 
temperature of water first increases and then decreases. Moreover, in the case of water temperature, 
fluctuations are important towards the oscillating plate. 
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Figure 8 Temperature profiles for variation in ω when N = 2, E = 0.01, k = 0.5, ε = 0.2, Pr = 0.71. 
 
 

 
Figure 9 Temperature profiles for variation in ω when N = 2, E = 0.01, k = 0.5, ε = 0.2, Pr = 7. 

 
 
Figures 10 and 11 depict the variation of transient temperature with respect to variation in radiation 

parameter N. It is clear that as N increases θ decreases in the case of air, and θ increases in the case of 
water. The radiation parameter N, being reciprocal of the Stark number (also known as the Stephan 
number), is the measure of relative importance of thermal radiation transfer to the conduction heat 
transfer. Thus, larger values of N indicate larger amounts of radiative energy being poured into the 
system. Hence, for fluids with low Prandtl number values, such as air, in which conductive heat transfer is 
stronger, an increase in N results in a decrease in velocity and temperature. In the case of water, where 
convective heat transfer is stronger, an increase in N results in velocity and temperature augmentation. 
Figure 11 also shows that in the case of water, near a plate whose temperature is oscillating, the 
temperature θ in the channel decreases with a decrease in N. 

The Prandtl number physically signifies the relative importance of momentum diffusion to thermal 
diffusion in the flow field. Figure 12 shows the variation of temperature θ with respect to the Prandtl 
number Pr. It clearly shows that as the Prandtl number increases, temperature first increases and then 
decreases as we move towards the plate with oscillating plate temperature. 
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Figure 10 Temperature profiles for variation in N when ω = 10, E = 0.01, k = 0.5, ε = 0.2, Pr = 0.71. 

 
 
 

 
 
Figure 11 Temperature profiles for variation in N when ω = 10, E = 0.01, k = 0.5, ε = 0.2, Pr = 7. 

 
 

 
 
Figure 12 Temperature profiles for variation in Pr when N = 2, ω = 10, E = 0.01, k = 0.5, ε = 0.2. 
 
 

The Eckeret number physically signifies the relative importance of viscous heating to thermal 
diffusion. Hence, larger values of Eckeret number indicate a greater impact of dissipation in the system. 
Here, we emphasize that dissipative effects are generally found to be weak when compared to other 
counterpart effects. Though dissipative effects may be quantitatively negligible in free convection, but 
they certainly show qualitative effects. In the present analysis, the effect of Eckert number on velocity 
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the present scale the effect is not quantitatively pronounced on velocity and temperature distributions. 
Hence, the effect of Eckeret number has been shown in tabular form in Tables 1 - 4. 

The variation of amplitude B and tangent of phase angle tan(α) of skin friction coefficient with 
respect to various parameters is shown in Figures 13 - 18 and their variation with respect to Eckeret 
number is shown in Tables 1 and 2. 

Figure 13 shows that the amplitude of skin friction B decays considerably with the increasing 
values of ω for some range of values of ω, and beyond this range the variations are very moderate. The 
figure also reveals that B registers considerable decay with an increase in Pr values. Figure 14 exhibits 
the effect of radiation N on B and reveals that for both air and water, B increases with an increase in N. 
The effect of permeability parameter k on B is depicted in Figure 15, which shows that B decays for both 
air and water for decreasing values of k. 

 
 

 
 
Figure 13 Variation in B with respect to ω for varying values of the Prandtl number when N = 2, E = 
0.01, k = 0.5 and ϵ = 0.2. 

 
 
 

 
Figure 14 Variation in B with respect to ω for varying values of radiation parameter N both for air (Pr = 
0.71) and water (Pr = 7) when E = 0.01, k = 0.5 and ϵ = 0.2. 
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Figure 15 Variation in B with respect to ω for varying values of permeability parameter k both for air (Pr 
= 0.71) and water (Pr = 7) when E = 0.01, N = 2 and ϵ = 0.2. 
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larger values of frequencies, before becoming non responsive to frequency variation after a critical value 
of frequency. Contrarily, variation in tan(α) for water does not show much uniformity with respect to 
permeability. 

 

 
Figure 16 Variation in tan(α) with respect to ω for varying values of the Prandtl number when N = 2, E = 
0.01, k= 0.5 and ϵ = 0.2. 
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Figure 17 Variation in tan(α) with respect to ω for varying values of radiation parameter N both for air 
(Pr = 0.71) and water (Pr = 7) when E = 0.01, k = 0.5 and ϵ = 0.2. 

 
 

 
Figure 18 Variation in tan(α) with respect to ω for varying values of permeability parameter k both for air 
(Pr = 0.71) and water (Pr = 7) when E = 0.01,N = 2 and ϵ = 0.2. 
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Table 2 Variation in B and tan(α) with respect to Eckeret number E when N = 2, Pr = 7, k = 0.5, ε = 0.2. 
 

E 
ω 

B tan(α) 
5 19 40 5 19 40 

.001 0.2076562343 0.0954096388 0.0664063308 -0.7505799376 -0.9624925094 -0.9786136024 

.01 0.2076563729 0.0954093699 0.0664062890 -0.7506326702 -0.9624931358 -0.9786138259 
.1 0.2076577716 0.0954066815 0.0664058709 -0.7511601398 -0.9624993997 -0.9786160606 

 
 
Figures 19 - 22 show the variation in amplitude and tangent of phase angle tan(β) of the Nusselt 

number for the plate undergoing temperature oscillations with respect to various parameters. Tables 3 and 
4 show their variation with respect to the Eckeret number. 

Figure 19 displays the variation in the amplitude D of the Nusselt number for variable values of the 
Prandtl number Pr and frequency ω and exhibits that D increases with an increase in ω and Pr values. The 
increase is more pronounced for high Prandtl number values. Figure 20 displays the effect of radiation 
parameter N on D and indicates that for both air and water D decreases with an increase in N. 

 
 

 
Figure 19 Variation in D with respect to ω for varying values of Prandtl number when N = 2, E = 0.01, k 
= 0.5 and ϵ = 0.2. 

 
 

 
Figure 20 Variation in D with respect to ω for varying values of radiation parameter N both for air (Pr = 
0.71) and water (Pr = 7) when E = 0.01, k = 0.5 and ϵ = 0.2. 
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The effect of frequency on tan(β) for different fluids warrants attention as can be seen in Figure 21; 
for air there is a smooth variation in tan(β) for large ranges of frequency values whereas for fluids having 
Prandtl number 7 and 10 there are sharp changes in tan(β) in a small range of frequency values. As Prandl 
number increases to 100 no variation in tan(β) occurs. Figure 22 shows that tan(β) decreases with an 
increase in radiation parameter but fluctuations occur in the case of water. 
 
 

 
Figure 21 Variation in tan(β) with respect to ω for varying values of Prandtl number when N = 2, E = 
0.01, k = 0.5 and ϵ = 0.2. 

 
 

 
Figure 22 Variation in tan(α) with respect to ω  for varying values of radiation parameter N both for air 
(Pr = 0.71) and water (Pr = 7) when E = 0.01, k = 0.5 and ϵ = 0.2. 
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Table 4 Variation in D and tan(β) with respect to Eckeret number E when N = 2, Pr = 7, k = 0.5, ε = 0.2. 
 

E 
ω 

D tan(𝛃) 
5 19 40 5 19 40 

.001 3.0633833656 6.0212047432 8.7387040732 1.0488757988 0.9993712011 1.0000039566 
.01 3.0634790149 6.0212352334 8.7387190948 1.0490041822 0.9993822570 1.0000076313 
.1 3.0644361386 6.0215401458 8.7388693126 1.0502884812 0.9994928168 1.0000443780 

 
 
Conclusions 

Unsteady oscillatory free convection flow of radiative dissipative viscous incompressible fluid in a 
long vertical parallel plate channel filled with porous medium has been analyzed. Both the plates of the 
channel were stationary and the temperature of one of the plates oscillated about a constant non zero 
mean temperature. The study results give the following conclusions: 

1. At high frequency values, an increase in frequency leads to a decrease in transient velocity for 
both air and water. 

2. Velocity of air decreases while that of water increases with an increase in radiation parameter. 
3. The fluid velocity increases with an increase in permeability parameter and a decrease in the 

Prandtl number respectively. 
4. The effects of fluctuations in temperature are more prominent in the region proximate to the 

channel wall having oscillatory plate temperature. 
5. An increase in frequency leads to an increase in transient temperature in the case of air while 

leading to a decrease in transient temperature in the case of water. 
6. The fluid temperature for air decreases and that of water increases with an increase in radiation 

parameter. 
7. With an increase in the Prandtl number, the temperature of the fluid decreases. 
8. The magnitude and the tangent of the phase angle of the skin friction coefficient increases with a 

decrease in frequency and Prandtl number. They also increase with an increase in radiation parameter. 
However, these quantities witness a decrease with an increase in the Eckeret number for high frequency 
values. The magnitude of skin friction coefficient decays and the tangent of the phase angle of the skin 
friction coefficient increases with a decrease in the Eckeret number for low frequency values and a 
decrease in the permeability parameter. 

9. The magnitude and the tangent of the phase angle of the Nusselt number increases with an 
increase in frequency and Prandtl number. These quantities of interest also decrease with an increase in 
radiation parameter. The magnitude and the tangent of the phase angle of the Nusselt number increase 
with an increase in the Eckeret number for water and at only high frequency values in the case of air. The 
magnitude of the skin friction coefficient decreases and the tangent of the phase angle of the skin friction 
coefficient increases with an increase in the Eckeret number for low frequency values in the case of air. 
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