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Abstract  

This paper applies the Homotopy Analysis Method (HAM) to obtain analytical solutions of 

fractional reaction-diffusion equations with ecological parameters, which arise very frequently in 

mechanical engineering, control theory, solid mechanics and applied sciences. Numerical results reveal 

the complete compatibility of proposed algorithm for such problems. Some examples are presented to 

show the efficiency and simplicity of the method. 
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Introduction  

Differential equations arise in almost all areas of the applied and engineering sciences [1-18]. 

Several numerical and analytical techniques, including Homotopy Analysis (HAM), Perturbation, 

Modified Adomian’s Decomposition (MADM), Finite Difference, Spline, and Variational Iteration  

(VIM) methods have been developed to solve such problems; see [1-18] and the references therein. 

Recently, many researchers have started working on a very special type of differential equations, which 

are called fractional differential equations [12-18] and are extremely important in physical problems 

related to applied and engineering sciences. It is to be highlighted that fractional systems of second-order 

obstacle problems arise very frequently in mechanical engineering, control theory, solid mechanics, 

mathematical modeling of contact, obstacle, unilateral, moving and free boundary value problems and 

applied sciences. Inspired and motivated by the ongoing research in this area, a very efficient and reliable 

technique, called the Homotopy Analysis Method (HAM) [1-10,15,16], is applied to obtain analytical 

solutions of fractional reaction-diffusion equations of initial and boundary value problems. The numerical 

results are very encouraging. The following nonlinear initial and boundary value parabolic problems are 

considered; 
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     is the diffusion coefficient,     is the linear reproduction rate, 

    is the carrying capacity of the environment, and   is the region in 3D space [19]. 
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Homotopy Analysis Method (HAM) [1-10,15,16] 

The following equation is considered. 

 

                                                                                                                                        (2) 

 

where    is a nonlinear operator,   denotes dependent variables and      is an unknown function. For 

simplicity, all boundary and initial conditions are ignored. By means of HAM, Liao [6-10] constructed a 

zero-order deformation equation; 

 

                                                                                                      (3) 

 

where   is a linear operator,       is an initial guess.     is an auxiliary parameter and         is the 

embedding parameter. It is obvious that when p = 0 and 1, it holds that; 

 

                                                                                                    (4) 

 

                                                                                                            (5) 

 

respectively. The solution        varies from the initial guess       to the solution     . Liao [18] 

expanded         in a Taylor series about the embedding parameter; 
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where 

 

       
 

  
 
        

   
                                                                                                               (7) 

 

The convergence of (3) depends on the auxiliary parameter  . If this series is convergent at p = 1, 

then; 

 

                   
 
                                                                                                                  (8) 

 

Define vector 

 

                                        .             (9) 

 

If the zeroth-order deformation equation Eq. (3)  -times is differentiated with respect to   and then 

divided by    and finally set    , the following  th-order deformation equation is obtained; 

 

                                                                                                               (10) 

 

where 
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and  
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If each side of Eq. (12) is multiplied with     each side of Eq. (12), the following  -th order 

deformation equation is obtained; 

 

                                           (13) 

 

Numerical application 

In this section, three examples of nonlinear initial-boundary value parabolic problems for different 

cases of (1) in fractional order are solved to illustrate the implementation of the HAM. 
 

Example 3.1 Consider the nonlinear parabolic problem from (1) as; 

 
   

   
          

 

 
                            where                              (14) 

 

with an initial condition of; 

 

                                                                  (15) 

 

The HAM is used to solve the system second-order boundary value problem. The zeroth-order 

deformation equation is; 

 

                                                                                                 (16) 

 

where   is the linear operator of the fractional order. Considering the initial conditions as; 

 

                    ,              (17) 

 

the m-th order deformation equation is; 
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where               
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The solution of m-th order deformation equation is; 

 

                               
 

where    . 

 

Consequently, the first few terms of the HAM series solution are as follows; 

 

                     , 

                             
 

 
           

  

      
    

                 
   

 
                         

                
 

 
           

 
   

 
              

 

 
            

   

       
  



HAM for Fractional Reaction-Diffusion Equation with Ecological Parameters Zaffar MEHMOOD et al. 

http://wjst.wu.ac.th 

Walailak J Sci & Tech 2014; 11(3) 
 

182 

and so on. The HAM series solution is; 
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Now for            ; 

 

                                   
 

 
             

   
   

 
                         

                
 

 
           

 
   

 
              

 

 
            

  

  
    

         (21) 

 

Table 1 Error table of Eq. (14) for different values of   and        
 

T x               
    

                         

0.2 0.25 

0.50 

0.75 

1.0 

3.67153 

3.19074 

1.65765 

1.22776 

2.11381 

2.08930 

1.63300 

0.64385 

1.60500 

1.82000 

1.85500 

1.68000 

1.09500 

1.38000 

1.64500 

1.92000 

0.4 0.25 

0.50 

0.75 

1.0 

6.06476 

4.97276 

1.92381 

3.68200 

3.51596 

2.99884 

1.44686 

1.42545 

2.22000 

2.08000 

1.42000 

0.12000 

0.18000 

0.32000 

0.58000 

1.08000 

0.6 0.25 

0.50 

0.75 

1.0 

8.49447 

6.85192 

2.37235 

5.84423 

5.40127 

4.36223 

1.55385 

3.54830 

3.34500 

2.78000 

1.19500 

1.68000 

1.24500 

1.18000 

0.69500 

0.48000 
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Figure 1 Graphical representation of solution of Eq. (14) for                  
 

 

   
Figure 2 Graphical representation of solution of Eq. (14) for                    
 

 
Figure 3 Graphical representation of solution of Eq. (14) for                
 

 

Example 3.2 Consider the nonlinear parabolic problem from (1) as; 

 
   

   
          

 

 
                            where                    (22) 

 

with an initial condition of; 

 

                                                               (23) 
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The HAM is used to solve the system second-order boundary value problem. The zeroth-order 

deformation equation is; 

 

                                                                                                 (24) 

 

where   is the linear operator of the fractional order. Considering the initial conditions as; 

 

                 ,              (25) 

 

The m-th order deformation equation is; 

 

                           ,            (26) 

 

where 

 

            
      

   
                

    

 
               (27) 

 

The solution of the m-th order deformation equation is; 

 

                                          (28) 

 

where    . 

 

Consequently, the first few terms of the HAM series solution are as follows; 

 

                 ,              (29) 
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and so on. The HAM series solution is; 
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Now for              we get; 
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                (34) 

 

Table 2 Error table of Eq. (22) for different values of   and        
 

t X               
    

                         

0.2 0.25 

0.50 

0.75 

1.0 

0.06893 

0.32153 

0.71105 

1.20000 

 

0.67878 

0.34035 

0.02468 

0.40370 

 

0.86437 

0.53000 

0.20062 

0.12000 

1.16062 

0.77000 

0.42438 

0.12000 

0.4 0.25 

0.50 

0.75 

1.0 

 

1.27583 

1.36476 

1.76448 

2.40000 

 

0.05883 

0.23139 

0.64351 

1.14184 

 

0.68250 

0.32000 

0.07250 

0.48000 

1.86750 

1.28000 

0.82250 

0.48000 

0.6 0.25 

0.50 

0.75 

1.0 

 

8.49447 

6.85192 

2.37235 

5.84423 

 

0.86577 

1.04137 

1.47386 

2.09769 

0.20437 

0.13000 

0.56938 

1.08000 

 

2.87063 

2.03000 

1.44438 

1.08000 

 

 

 
 
Figure 4 Graphical representation of solution of Eq. (22) for                   
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Figure 5 Graphical representation of Eq. (22)                    

 
Figure 6 Graphical representation of solution of Eq. (22) for                 
 

 
Example 3.3 Consider the nonlinear parabolic problem from (1) as; 

 
   

   
          

 

 
                            where                    (35) 

 

with an initial condition of; 

  

                                                              (36) 

 

The HAM is used for solving the system second-order boundary value problem. The zeroth-order 

deformation equation is; 

 

                                                                                                 (37) 

 

where   is the linear operator of the fractional order. Considering the initial conditions as; 

 

               ,               (38) 

 

the m-th order deformation equation is; 

 

                                        (39) 

 

where 
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               (40) 

 

The solution of m-th order deformation equation is; 
 

                            ,             (41) 

 

where    . 
 

Consequently, the first few terms of the HAM series solution are as follows; 
 

                ,              (42) 
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                (44) 

and so on. The HAM series solution is; 
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Now for             ; 
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Table 1 Error table of Eq. (35) for different values of   and        
 

t X               
    

                         

0.2 0.25 

0.50 

0.75 

1.0 

0.77587 

1.22616 

1.71337 

2.20000 

0.45610 

0.78320 

1.10328 

1.40370 

0.33063 

0.61000 

0.87438 

1.12000 

0.24438 

0.49000 

0.70063 

0.88000 

0.4 0.25 

0.50 

0.75 

1.0 

1.24631 

1.87841 

2.62131 

3.40000 

0.76296 

1.20774 

1.67926 

2.14184 

0.49750 

0.84000 

1.17250 

1.48000 

0.15250 

0.36000 

0.47750 

0.52000 

0.6 0.25 

0.50 

0.75 

1.0 

1.70763 

2.51851 

3.52013 

4.60000 

1.14294 

1.73429 

2.40772 

3.09769 

0.75063 

1.19000 

1.64438 

2.08000 

-0.02563 

-0.11000 

0.08063 

-0.08000 
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Figure 7 Graphical representation of solution of Eq. (35) for                   

 

 

 
Figure 8 Graphical representation of solution of Eq. (35) for                    

 

 

 
Figure 9 Graphical representation of solution of Eq. (35) for                   
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Conclusions 

The HAM was applied to find appropriate solutions of fractional reaction-diffusion parabolic 

problems. It was observed that the proposed algorithm was fully compatible with the complexity of such 

problems. The numerical results explicitly revealed the complete reliability and efficiency of the proposed 

algorithm. Moreover, the obtained results are also fully compatible with the results obtained by the 

Variational Iteration Method (VIM) for    , but the HAM is easier to implement, since it is 

independent of the complexities arising in the calculation of Lagrange multipliers. 
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