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Abstract 

In this article, we study the power law model of steady state, viscous, incompressible MHD flow 
over a vertically stretching sheet. Furthermore, heat transfer is also addressed by using the convective 
boundary conditions. The coupled partial differential equations are transformed into ordinary differential 
equations (ODEs) using similarity transformations. The transformed highly non-linear ODEs are solved 
by using the Homotopy Analysis Method (HAM). The influence of different parameters on the velocity 
and temperature fields are analyzed and discussed. 
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Introduction 

In the recent decades, the investigation of the 
flow and heat transfer of a non-Newtonian fluid 
has gained considerable attention because of its 
extensive engineering applications. As a subclass 
of non-Newtonian fluid, the power-law model is 
found to be good in representing the pseudo-plastic 
and dilatant behavior of the fluid. It is frequently 
used in oil-engineering. In the existing literature a 
masterpiece of work has been done on heat and 
mass transfer of power-law fluid. Schowalter [1] 
was the first one, who studied the application of a 
boundary layer to power law pseudo-plastic fluids. 
Acrivos [2] investigated the steady laminar flow of 
non-Newtonian fluid over a plate. Their work was 
extended to find similarity solutions for non-
Newtonian power law fluids by Lee and Amen [3]. 
Cran [4] gave an exact similarity solution in closed 
analytical form for boundary layer flow of a 
viscous fluid over a stretching sheet. Anderson and 
Dandapat [5] discussed the non-Newtonian power 
law fluid over a linearly stretching sheet. Parasad 
et al. [6] investigated the hydromagnetic flow and 
heat transfer of a non-Newtonian power-law fluid 
over a vertical stretching sheet. Shahzad and Ali 
[7] put forward the analytic solution of the power-

law fluid over the same geometry. Numerous 
excellent work on the boundary layer flow of non-
Newtonian fluids are now available. 

Heat transfer of the fluid has tremendous 
industrial applications for the thermal and moisture 
treatment of materials, cooling of fibers, paper 
production and metallurgical processes. Makinde 
and Aziz [8] analyzed the mixed convection from a 
convectively heated vertical plate to a fluid with 
internal heat generation. Khan and Pop [9] studied 
flow and heat transfer over a continuously moving 
flat plate in a porous medium. Fox et al. [10] 
studied the continuous moving flat plate with heat 
transfer and Pal [11] examined the combined 
effects of non-uniform heat transfer and thermal 
radiation on unsteady stretching permeable 
surface. Several authors [12-17] investigated heat 
transfer of the power-law fluid of various physical 
problems. In recent decades, several industrial 
processes have dealt with power law fluid flow 
with magnetic fields. In this respect, some 
researchers have advanced this area. 

To the best of authors’ knowledge, the 
convective boundary condition of vertical 
stretching sheet phenomena has not been applied 
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in the literature. The objective of this article is to 
investigate the effects of MHD, mixed convections 
by introducing the convective heat transfer 
associated with the hot fluid on the other surface of 
the vertical stretching sheet. This flow 
phenomenon has several applications in 
technological processes. In particular, the 
extrusion of polymer in a melt-spinning process, 
extruded from the die is generally drawn and 
stretched into a sheet, then solidified via gradual 
cooling by direct contact with water. This article is 
the extension of the work of Parasad et al. [6] in 
which they discussed hydromagnetic flow and heat 
transfer of the power law model over a vertical 
stretching sheet. They solved the problem by using 
the Keller-Box method. In the present paper, we 
examine and extend the aforementioned paper to 
give the analytic solution of the MHD power law 
model of a stretching sheet with the convective 
boundary condition. We do so with the Homotopy 
analysis method [18-23]. 
 

 
Problem formulation and governing equations 

Let us consider the steady state, 
incompressible, mixed convection boundary layer 
flow of an electrically conducting, power-law fluid 
in the presence of a transverse magnetic field in a 
vertically stretching sheet with convective 
boundary conditions. The induced magnetic field 
is neglected. Consider the origin is fixed, the 
positive x− axis is along the direction of the flow 
and the y− axis is measured normal to the sheet. 
The bottom surface of the sheet is heated by 
convection from a hot fluid at fT  which provides 

a heat transfer coefficient h. The flow phenomenon 
is generated as a result of linear stretching of the 
sheet. We assumed the continuous linear stretching 
velocity's of the form, ( ) ,axxU =  where a is the 
linear stretching constant, x is the distance from 
origin. As illustrated in Figure 1. 

 

 
Figure 1 Physical model of the flow. 
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Under the boundary layer approximation, the 

continuity, momentum and energy equations are 
given by 
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In the above equations, u  and v  are the 

velocity components along the x  and y  -axes, 

respectively, n  is the power-law index, k  is the 
consistency index, 0B  is induced magnetic field,  
ρ  the density of the fluid, σ  is the charge 
density, g  is the acceleration due to gravity, β  is 
the thermal expansion coefficient, T  is the 
temperature of the fluid, α  is the thermal 
conductivity of the fluid. Viscous dissipation is not 
accounted. In Eq. (2), the first term on the right 
hand side is the shear rate and is assumed to be 
negative throughout the boundary layer. Also, the 
velocity component decreases with the distance y  
for a continuous stretching surface. In the present 
context no pressure gradient is exerted. Instead, the 
flow is driven solely by a flat surface which moves 
with a velocity ( )xU . The last term on the right 
hand side represents the influence of thermal 
buoyancy force on the flow field, where +
indicates buoyancy assisting and −  for buoyancy 
opposing the flow, respectively. The buoyancy 
assisting is represented in the positive x - axis, 
which is vertically upward in the flow direction 
and buoyancy opposing is in the downward 
direction, in this case the stretching induced flow 
and the thermal buoyancy flow balance each other. 
The applicable boundary conditions of the flow 
are: 
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Eq. (5) implies that the velocity and 

temperature vanish outside the boundary layer. Eq. 
(4) assures the convective boundary condition, 
where h  is the heat transfer coefficient, which 
plays an essential role for convection along the 
boundary, from ambient hot fluid. 

We introduce the following dimensionless 
quantities [6,7]. 
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where η  is the similarity transformation 

variable, Re is the Reynolds number, ( )yx,ψ  is 
the stream function, f and θ  are the 
dimensionless similarity function related to the 
velocity and temperature profiles, respectively. 

∞T  is the temperature of the ambient fluid, A  is a 
constant whose value depends up on the properties 
of the fluid, x  is distance from origin and l  is the 
characteristic length. 

The velocity component in terms of stream 
functions are defined as 
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The local Reynolds number is defined as 
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The conservation of mass i.e. Eq. (1) is 

satisfied automatically, using the similarity 
transformation of the momentum and energy 
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equations with respective boundary conditions 
taking the following forms 
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where aBM ρσ /2 0=  is the magnetic 

parameter, xxGr /Re±=λ is the buoyancy or 

mixed convection parameter, ( )  1
22 RePr += n

x
ax
α  is 

the modified Prandtl number for power law fluid 
and ( ) kxaTTgGr n

fx /−
∞−= ρβ  is the local 

Grashof number. It is important to mention that 
0>λ  and 0<λ  represent the assisting and 

opposing flows, respectively, while ,0=λ
corresponds to the case when the buoyancy force is 
totally absent. If λ  is of order greater than one, 
the buoyancy forces will dominant the flow, which 
indicates free convection 
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For the energy equation to have a similarity 

solution, the quantity γ  must be independent of 
x . Consequently, the heat transfer coefficient, 

,fh  is proportional to 1/1 +− nx and we assume 

, 1/1 +−= n
f cxhh               (14) 

and get 
 

,
1/12 +−

∗ 







=

nnU
k
c

υ
γ           (15) 

 
as the Biot number with c  as an arbitrary constant. 
We note that when ∞→γ , the present problem 
reduces to the classical boundary layer flow on the 
stretching sheet with a constant surface 
temperature. 

The local Nusselt number 
( )∞

∗ −= TTkxqNu fwx /  with wq  as the surface 
heat flux may be found in terms of the 
dimensionless temperature at the stretched surface 
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The HAM solutions 

According to Eqs. (9) - (10) and boundaries 
conditions (11) - (12) the solutions for the velocity 
and temperature fields can be expressed in the 
form of the following homotopy series 
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where jia , and jib ,  are the coefficients. Here 
we choose the initial guesses and auxiliary linear 
operators in the following forms: 
 

,1)(0
ηη −−= ef                             (19) 

 

( ) ,
10 γ
γηθ

η

+
=

−e
                                (20)   

 

( ) ( ) ( ) ,,ˆ,ˆ
],ˆ[£ 3

3

f η
η

η
ηη

∂
∂

−
∂

∂
=

pfpfpf       (21)                                    

 

( ) ( ) ( ).,ˆ,ˆ
],ˆ[£ 2

2

ppp ηθ
η
ηθηθθ −

∂
∂

=            (22) 



Flow of a Non-Newtonian Power Law Fluid Azeem SHAHZAD and Ramzan ALI 
http://wjst.wu.ac.th 

Walailak J Sci & Tech 2013; 10(1) 
 

47 

Zeroth order deformation 

With the help of the above definitions, we 
construct the zero-order deformation problems as 
follows: 
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here [ ]1,0∈p  is an embedding parameter and   
the non-zero convergence control parameter. 
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mth order deformation 

Using Taylor's theorem, we can write 
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The convergence of the series (32) and (33) 

is strongly dependent up on .  Assuming that   
is chosen so that the above series are convergent at 

1=p then from Eqs. (32) and (33) we have 
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Differentiating the zero-order deformation 

problems m -times with respect to p  and 

dividing by !m  and setting ,0=p  we get the 
mth-order deformation problems of the forms 
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respective boundary conditions 
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The linear non-homogeneous problems (38) - 
(41) can be solved by using any symbolic 
computational software like MATHEMATICA in 
the order m .,3,2,1 ⋅⋅⋅=  
 
Convergence of the series solutions 

The convergence of the series solution is 
solely dependent upon the value of the auxiliary 
parameter .  It is straight forward to choose an 
appropriate range for  , which is a horizontal line 
segment, used to ensure the converge of the HAM 
solution. In Figure 2, the  − curve of the 
velocity and temperature has been shown. These 
figures depict the convergence of the HAM 
solutions for the range 5.07.1 −≤≤− f  and 

2.01 −≤≤− f  of the velocity field for 1=n  

and ,2=n  respectively. The solution for the 

temperature converges for 5.09.1 −≤≤− θ  

and ,4.02 −≤≤− θ  for 1=n  and ,2=n  
respectively. Also the norm 2 error of two 
consecutive approximations with HAM is 
calculated by 
 

( )[ ]220

20

0

20/
21
1 if

i
∑
=

 

 
to find the best value of   for which the error is 
minimum, plotted in Figures 3 and 4. These 
figures depict errors for the various values of the 
power-index n. 

The  -curves of ( )0f ′′  for the 20th order 
approximation when ,1=γ  ,1=λ  1=M  are 
fixed. 
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Figure 2 The  -curves of  ( )0θ ′  for the 20th order approximation when ,1=γ  ,1=λ  1=M  and 
1Pr =  are fixed. 

 

 
Figure 3 The error of norm 2 for the 20th order approximation by Homotopy analysis method for ( )ηf . 
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Figure 4 The error of norm 2 for the 20th order approximation by Homotopy analysis method for ( )ηθ . 

 
Graphical discussion 

In order to observe the influence of the 
power index, ,n  and other parameters on the 
velocity profiles they have been plotted in Figures 
5 - 7. In Figure 5, we draw the effects of the 
magnetic parameter on the velocity profile for 
different values of power-index, .n  From this 
figure it is clear that with an increase in the 
magnetic parameter, ,M  the velocities for both 

1=n  and ,2=n  decrease. Also the boundary 
layer thickness decreases with an increase in the 
magnetic parameter, .M  Figure 6 shows the 
effects of the Prandtl number, Pr , on the velocity 
profile. A similar behavior to that of the magnetic 
parameter is observed. Figure 7 is plotted to 
examine the influence of the convection parameter, 

,λ  on the velocity profile. From these figures it is 
observed that the velocity profile and, hence, the 
boundary layer thickness increase with an increase 
in the convection parameter .λ  

Figures 8 - 11 are plotted in order to see the 
significant effects of the different pertinent 

parameters on the temperature profiles. Figure 8 
shows the effects of the magnetic parameter M  
on the temperature profile. This figure shows that 
with an increase in ,M  temperatures and the 
thermal boundary layer thickness increase. From 
Figure 9 it is clear that with the increase in the 
Prandtl number, the temperature profile decreases 
for different values of the power-law index, .n  
Figure 10 shows the influence of the convection 
parameter λ  on the temperature field with an 
increase in the value of ,λ  the temperatures 
decrease. In Figure 11 the effects of the Biot 
number are plotted, from this figure it is observed 
that with an increase in ,γ  the temperatures 
increase. 

The values of the Nusselt number are 
recorded in Table 1 for different values of the 
governing parameters. It is observed that the heat 
transfer rate increases with an increase in the 
values of ,n ,λ Pr  and ,γ  except for the 
magnetic parameter M for which it decreases. 
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Figure 5 The influence of the magnetic parameter, M , on the velocity profiles when 1Pr = , 1=λ  
and 1=γ are fixed. 
 

 
Figure 6 The influence of the Prandtl number, Pr , on the velocity profiles when 1=M , 1=λ and 

1=γ  are fixed. 
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Figure 7 The influence of the convection parameter, λ , on the velocity profiles when 1Pr = , 1=γ  
and  1=M  are fixed. 
 

 
Figure 8 The influence of the magnetic parameter, M , on the temperature profiles when 1Pr = ,  

1=γ  and 1=λ  are fixed. 
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Figure 9 The influence of the Prandtl number, Pr , on the temperature profiles when 1=λ , 1=γ  and  
1=M  are fixed. 

 

 
Figure 10 The influence of the convective parameter, λ , on temperature profiles when 1Pr = , 1=γ  
and 1=M  are fixed. 
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Figure 11 The influence of the convective parameter, γ , on the temperature profiles when 1Pr = , 

1=λ  and 1=M  are fixed. 
 
 
 
Table 1 The Nusselt number for several sets of values of the different physical parameters. 
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0.4989500.4813351.5111
0.5052460.4900441.0111
0.5126020.5000000.5111
0.5214380.5115460.0111
0.6104100.58881711.511
0.5055450.49004411.011
0.3345250.32712410.511
0010.011
0.5668040.539293111.51
0.5052460.490044111.01
0.4083100.398300110.51
0.2304050.230404110.01
0.5093190.4953401111.5
0.5052460.4900441111.0
0.5007630.4839441110.5
0.4958040.4768221110.0
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Conclusions 

We have studied the MHD flow and heat 
transfer of a power-law fluid on a vertical 
stretching sheet using convective thermal 
boundary conditions. The governing coupled 
partial differential equation is reduced to non-
linear ordinary differential equations by using 
appropriate similarity transformations. The HAM 
is used to find the given analytic solutions of the 
reduced equations for different values of the 
power-index n . Briefly it is observed that the 
physical parameters have significant influences on 
the velocity and the temperature profiles. We 
conclude the following from the results and 
discussion: 

1. With an increase in the power-law index 
,n  the boundary layer thickness decreases. 

2. The effects of the material parameters M , 
and the Prandtl number Pr , are the same on the 
velocity but different in the temperature field. 

3. With an increase in the convective 
parameter λ  the boundary layer thickness 
increases for velocity field while it decreases the 
thermal boundary layer. 
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