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Abstract

In this article we have explored the peristaltic flow of an incompressible six constant Jeffreys model
of fluid in an inclined planar channel. The flow is examined in a wave frame of reference moving with the
velocity of the wave. The governing equations of 6 constant Jeffreys model of fluid for 2 dimensional
flows are first modeled and then simplified under the assumptions of the lubrication approach. The
solutions of highly non linear equations are calculated using analytical and numerical techniques.
Numerical integration is carried out to calculate the expression of pressure rise and pressure gradient. The
graphical results are presented to see the effects of various emerging parameters of interest.

Keywords: Peristaltic flow, six constant Jeffreys model of fluid, inclined planar channel, analytical and
numerical solution

Introduction

The study of peristaltic motion has received substantial attention in the last few decades, mainly
because of its applications in physiological and engineering fields. In these fields this motion occurs in
transport of urine in the ureter, chyme movement in the gastrointestinal tract, movement of ovum in the
fallopian tube, in roller and finger pumps, blood pumps in heart lung machines and many others
situations. The peristaltic phenomenon was first discussed by Latham [1]. Based on his experimental
theory many researchers have examined the phenomenon of peristaltic transport under various
conjectures [2-13].

Nowadays, non-Newtonian fluids have become increasingly significant due to their applications in
biology, physiology, industry and technology. Some famous examples of non-Newtonian fluids are flows
of blood, plasma, nuclear fuel slurries, liquid metals and alloys, mercury amalgams and lubrication with
heavy oils and greases etc. There are many models for non-Newtonian fluids, which are classified as rate
type and differential type fluids. Due to the intricacy of non-Newtonian fluids, many researchers have
discussed the multiplicity of non-Newtonian fluid models for different geometries. Mention may be made
in the current works done in peristaltic applications [14-22]. Aristov and Skul’skii [23] discussed the
effects of six constant Jeffreys model of fluid for a unidirectional flow. According to them, Maxwell,
Dewitt and White-Metzner models as well as three and four constant Oldroyd models can be treated as a
special case of the generalized six constant Jeffreys model.

Motivated by the above analyses the aim of the present paper is to discuss the peristaltic flow of a
non-Newtonian fluid such as the six constant Jeffreys model of fluid in an inclined planar channel. In a
Cartesian coordinate system the governing equations for two dimensional flows are first modeled and
then simplified under the assumptions of long wavelength and low Reynolds number approximation. The
simplified equations are then solved using analytical techniques. The expression for the pressure rise is
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computed numerically. The physical features of various physical parameters are discussed and shown
graphically.
Mathematical formulation

Let us consider an incompressible 6 constant Jeffreys model of fluid in a 2 dimensional channel of

uniform thickness 2a. In the horizontal direction the channel walls are inclined at an angle, ® . Let the
sinusoidal wave promulgates along the channel walls with the constant speed c. For the current flow
dilemma we consider the wave shape as follows;

Y =H(X,t) =a+bsin[2f(X—ct)} (M

where b is the amplitude of the wave, A is the wavelength, a is the half width of the channel, ¢ is
the velocity of propagation, ¢ is the time and X is the direction of wave propagation. Let the velocity

components in a fixed frame of reference (X ,Y) be (U,V). Introducing a wave frame (x,y) moving

with velocity ¢ away from the fixed frame (X Y ) by the transformation;
x=X-ct, y=Y,u=U-¢, v=V,and p(x)=P(X,t)- )
The extra stress tensor S for six constant Jeffreys model of fluid is given by [23];

S+A[§—WS+SW+5(SD+DS)+ES : DI+5DtrS}
3)

= 2y{D+ﬂz(i—D—WD+DW+2éDD+5D : DIH-
t

In above equation A, is the relaxation time, D = (Vvt + Vv)/ 2 is the symmetric part of Vv,

W= (Vv - )/ 2 is the antisymmetric part of Vv, @,b,C are arbitrary material constants and A,

is the delay time. With the help of Eq. (2), the equations governing the flow in the wave frame of
reference are given by;

ou oOv
—+—=0,
ox Oy
ou ou dp O 0 .
—+v— |=—=—+—(S_)+—I\S,, )+ pgsin[O], 4
p[uax 8yj o+ o (52 ay(xy) pgsin[O] 4)

ov ov dp O 0
olu—+v— |=—Z+—(S )J+—(S |- 0],
(u ox V@y} oy 8x( yX) 8y( yy) P8 cos(®]

where o is constant density, g is the gravity and P is the pressure.
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The components forms of the extra stress tensor are obtained as follows;
S, +4 ui+vi S, +S, @_8_u Za—qux +S, @+6—u
ox 0Oy \ox oy ox \ox oy
wb s vs [P s Plia(s, vs, )
ox \ox oy oy ox
(%)
ou 8 0 |Ou (8\/) 8u
=2u —+ A ||l u—+v— —+—
ox ax oy ) Ox ox 8y
A(ouY 1(ou Y| lfeuY (ov) 1(ov ou)
+2aq| — | +—| —+—=—| (+03| — | | =— | +=| =—+=— ,
Ox 4\ 0y Ox Ox oy 2{ox oy
S+ u£+vi S, + 8_u_@ (SM—S )+£(Sxx+S )6_u+@
Y ox oy) ¥ 2\oy ox S P\ oy ox
+a lSXX a—u+@ +S @+a—u +lS a_u+@
2 oy Ox \oy ox) 2 Ploy ox
(6)
1(ou ov 1( © 0 \ou ov) 1(ou ov)ou ov
U —| —+— [+ 4| | u—+v—|| —+— + — || ===
20y ox 2 ox oy)loy ox) 2\oy ox)\ox Oy
_|fou ovifou ov
+ad|l —+— || —+— ¢l
oy ox){ox Oy
0 0 ou oOv . ou ov ov
Syy+ﬂ1|:(ua+v5]Syy+(5—§ijy+a{Sxy[a ] +28 —}

Y Ox oy

+5{Sxxa—”+sx(6“ avjm a} (S, +5,) }
ox oy ox oy oy

!av [( 9 aJav 1((&,} (avn @
=2u —+ A —+Vv—|—+=| | =—

oy ox oy)oy 2(\oy Ox

{[t%j (8u 8\/}2} ~{(8uj2 [6\/]2 (8\/ 8u]2}”
+2a +— + +D3| — | +H|— | +=| —+

y 4\ oy ox ox oy ox Oy

Defining the following non dimensional quantities as;
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With the help of above non-dimensional quantities and the assumption of long wavelength and low
Reynolds number the consequential equations in terms of stream function ¥ (dropping the bars,

u=55,v=—2) can be written as;

oS 0

—= -2 ©)
oy  Ox

P_ 0, (10)

oy

1_”12’120((?,)})))2) (n
Sxy = /,le B
[l_za(wyy)z]
where

a=-21-(a+¢c)a+b))

Eliminating pressure from Eq. (9) and (10) we get;

0’S
2=0- (12)
oy
Making use of Eq. (11), Egs. (9) and (12) this becomes;
A
52 ‘Pyy(l - ‘1220[(\{,”)2)
ayz 212 =0, (13)
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dp _ 0 \Pyy(l_%zlz“(lyyx)z)' (14)
de oy (1-%alv, )

Applying the binomial expansion with & small, Egs. (13) and (14) reduce to;

o o’ o’

8)/4 +aAd 8)/2 (‘Pyy)3 +a’ ayz (\Pyy)SB =0, 15)
d, 0
d_izg(% vad(¥, f +a(¥, f B) (16)
where

2 2 4

The boundary conditions in terms of stream functions are defined as;

2
Y =0, 6‘1’_0 at y=0,
Ay

=
an

Y=F, 6—lP:—l at y=nh(x)-
oy

The dimensionless mean flow in laboratory Q and wave F frames are related by the following
expressions;

0=F+l, (18)
in which

F= :(”aa—\jdy = w(h(x))-¥(0), (19)
where

h(x) =1+ gsin 2zx - (20)

Solution of the problem

We employ the well known regular perturbation method to determine the solution of the highly non-
linear equation Eq. (15). For the perturbation solution, we expand ¥, F and p as;
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W= W, + oW, + W, +O(a?), @)
F = F, +aF, +a’F, + Ola?), 22)
p=p,+ap +a’p, +0(a?) 23)

Substituting Egs. (21) - (23) into Egs. (15), (16) and the boundary conditions (17), we get the following
system.

System of order a’

o'y,
=0, 24
oy’ (24)
3
P OH | Re e, (25)
ox oy Fr
2
¥, =0, 8\1210:0 at y=0, (26)
oy
oY,
Y, =F, —%=-1 at y="h(x)- (27)
y

System of order a'

4 2 3
8‘{’]=_A62 oY, ’ (28)
oy’ o’ oy’
o, o) (29)
ox oy’ v\l o? )’
: (30)
¥, =0, 0 \1211 =0 at y=0,,
oy
¥ =F, M0 at y = h(x). @D
oy
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System of order & ?

4 2 2 3 2 2
6‘1’2:_38 oY, —3A6 8‘1’ (32)
6y4 8y2 8y2 6y2
3 2 (33)
%:6‘112+3A£6‘12’16‘P Ba ‘I’
ox oy oy| oy oy’ oyl oy
(34)
F 0¥
‘I’2:72, a—yzzo on y=h(x),
Y, = —5, %=O on y=h(x). 33)
2 oy

Solution for system of order &

The solution of Eq. (24) satisfying the boundary conditions (26) and (27) can be written as;

h*(3F, +h)y —(F, +h)y

Y, = (36)

0 2h3
The axial pressure gradient is defined as;
) 3(F,+h) Re .

Do _ _ ( o )+—sm[®]. (37)
dx h Fr
For one wavelength the integration of Eq. (37), yields;

d
j By L (38)

Solution for system of order &
Substituting the zeroth-order solution (36) into Eq. (28), the solution of the resulting problem
satisfying the boundary conditions takes the following form,;

g - yQTA(F, + h)(h> = y* | +10Fh° Gh? - y7))

39
204 7
The axial pressure gradient is defined as;
dp, __3GER +274(F,+h} (1 =5y") _ (81(F, +hY )’ w0
dx 5’ n '
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Integrating Eq. (40) over one wavelength we obtain;

1

_[dp,
Apl = OEB:O dx, (41)

Solution for system of order & 2

Substituting Egs. (36) and (39) into Eq. (32), the solution of the resulting problem satisfying the
boundary conditions takes the following form;

_ -1 6 2(72  _2¢ 2 S(72 2V 2 2
W, = oo (V28354 (F, + hY(n> —y*f —2434%(F, + h} (h* =y F 37h* +503%) )

+S0(TF,h" (307 — 37 )+ 81B(F, + k) (2h° =3h*y* + ),

The axial pressure gradient for this order is defined as;

% = #(3(—2835141?]}16(% +h)E(h* —5y7) +2434%(F, + hY (12" +315h°)> —875y*)
X

+25(=TF,h'"* +81B(F, + h) (=3h* +35y*)))) (43)
_3/{81(1?0 +hY 3> (SFh° +3A(F, + hY (On* —25y2))] _B[lzls(FO + h)sy“j
5h" h '

Integrating Eq. (43) over one wavelength we obtain;

1

_('dp,
Ap = 0y |0 A, (44)

Summarizing the perturbation results up to second order for ¥, dp/dx,and Ap ;

Y=Y, +a¥ +a’¥,, (45)
d_p:%+a@+a2@, (46)
dx dx dx dx
Ap=Ap +abp + azApz, (47)
Defining;

F=F,+aF +a’F,. (48)

Inserting f, = F —al| — a2F2 and then neglecting the terms greater than O(Ol ? ), the results given by

d dp
Eq. (45) to Eq. (47) are expressed up to & %in which all Y, to ‘Pz , % to d_xz and ApU to Ap2 are

as defined previously.
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Graphical results and discussion

In this segment we present the graphical results of the proposed problem. Mathematica is used to
calculate the expression of the pressure rise and pressure gradient numerically. Figures 1 - 4 are plotted

in order to see the behavior of pressure rise Ap with volume flow rate () for different values of ®, «,
A, and A, . Itis observed from Figure 1 that the pressure rise increases in retrograde pumping (Ap > 0
and O <0), free pumping and peristaltic pumping (Ap >0 and O > 0) regions with an increase in
®. Tt is depicted in Figure 2 that there is no variation of pressure rise in peristaltic pumping (Ap >0
and Q >0), retrograde pumping (Ap >0 and Q >0) and free pumping regions, while in the
augmented pumping (Ap <0 and Q > 0) region pressure rise increases with an increase in o.. Figure
3 shows the variation of pressure rise with volume flow rate O for different values of A,. It is observed
from Figure 3 that with an increase in ll the pressure rise decreases in retrograde pumping (Ap > 0
and O > 0) and increases in the augmented pumping region, while there is no variation in peristaltic
(Ap >0 and Q > 0) and free pumping region. It is observed from Figure 4 that pressure rises in the
peristaltic pumping (Ap >0 and Q >0), retrograde pumping (Ap >0 and O <0) and free
pumping regions, while in the augmented pumping (Ap <0 and Q <0) region the pressure rise
increases with an increase in A,. The pressure gradient for different values of @, ®, A, and A, are

shown in Figures 5 - 8. It is seen from the figures that for X € [0, 0.2] and x € [0.8,1], the pressure rise
is small i.e. the flow can easily pass without the imposition of a large pressure gradient, while in the
narrow part of the channel X € [0.2, 0.8], to retain the same flux a large pressure gradient is required.
Moreover in the narrow part of the channel, the pressure gradient increases with an increase in &, ® ,
A, and A,. In order to see the behavior of velocity for different values of @, relaxation time A, delay
time /12, and volume flow rate (J Figures 9 - 12 are plotted. It is observed from Figures 9 - 11 that as
¥ €[0,0.6] and [0.6,1] the magnitude value of the velocity profile increases with an increase in
a, ﬂ,l and ﬂz. It is also observed that near the channel walls the velocity profile increases whereas the

maximum velocity occurs at the center of the channel. From Figure 12 it is observed that with an increase
in volume flow rate () the velocity profile increases.

Trapping phenomena

The trapping phenomena for different values of «, ﬂ,l and /12 are shown in Figures 13 - 15. It is
observed from Figures 13 and 14 that the size of the trapped bolus increases with an increase in ¢ and

/11 . It is depicted in Figure 15 that with an increase in A, , the size of the trapped bolus decreases.
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0.5 0 0.5 1 1.5

Figure 1 Variation of Ap with Q for different values of ® at Fr=0.8, Re=0.5, ¢=0.1,
a=0.04, 2, =05 1,=009.

Figure 2 Variation of Ap with Q for different values of @ at Fr=0.8, Re=0.5, ¢=0.1,

2,=05, 1,=09, ©==.
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20 T T T T T T T

Figure 3 Variation of Ap with Q for different values of A, at Fr =0.8, Re=0.5, $=0.6,
a =004, 1,=09, O==.

Figure 4 Variation of Ap with Q for different values of A, at Fr=0.8, Re=0.5, ¢=0.1,
a=004, 1, =05 O==,
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Figure 5 Variation of Z_i with x for different values of @ at Fr =0.8, Re=0.9, ¢=0.5,
2,=05, 1,=09, 0=2, O@==.

dp/dx

Figure 6 Variation of % with x for different values of ® at Fr=0.8, Re=0.9, ¢ =0.15,
4 =05, 4,=09, 0=2, a=0.09.
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Figure 7 Variation of % with X for different values of ﬂ,l at Fr=0.8, Re=0.9, ¢=0.6,

0=%, 1,=09, 0=2, a=0.04.
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Figure 8 Variation of %p with X for different values of A, at Fr=0.8, Re=0.9, ¢=0.6,
O=%2, 1,=05, 0=2, a=0.04.
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Figure 9 Velocity profile for different values of & at ¢ =0.2, ﬂ,l =0.6, 12 =09, 0=0.9,

x=0.25.

Figure 10 Velocity profile for different values

x=0.25.
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Figure 11 Velocity profile for different values of A, at #=0.2, «=0.9, 4,=0.5, 0=0.5,
x=0.25.

0.4 T T T T T

Figure 12 Velocity profile for different values of Q at ¢ =0.2, =09, 4,=0.5, 4,=0.9,
x=0.25.
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(b)

Figure 13 Stream lines for different values of & . (a) for & =0.4, (b) for & =0.99. The other
parameters are ¢ =0.1, 4, =0.2, 4,=0.7, O=1.5.
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(b)

Figure 14 Stream lines for different values of A4,. (a) for 4, =0.1, (b) for A4, =0.2. The other
parameters are $ =0.1, « =0.9, 4,=09, 0=1.5.
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(b)

Figure 15 Stream lines for different values of A,. (a) for A, =0.5, (b) for A, =0.8. The other
parameters are $ =0.1,  =0.95, 1, =0.5, 0=1.5.
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Concluding remarks

In the present analysis we have discussed the peristaltic motion of a 6 constant Jeffreys model of
fluid in an inclined planar channel. Using the lubrication approach the governing 2 dimensional equations
are simplified. An analytical method is used to calculate the solution of the present problem. Graphical
results are displayed to see the behavior of various emerging parameters. We conclude with the following
interpretations;

1) Itis observed that in the peristaltic pumping region the pressure rise increases with an increase in

® and 12 , while the behavior is quite opposite in the augmented pumping region.

2) It is observed that there is no variation of pressure rise in the peristaltic pumping, retrograde
pumping and free pumping regions, while in the augmented pumping region pressure rise increases with
an increase in (.

3) The pressure gradient increases with an increase in & , ® | ﬂ] and ﬂz .

4) The magnitude of the velocity profile increases with an increase in «, ﬂ,l 22 and Q.

5) With an increase in & and ﬁl , the size of the trapped bolus increases.

6) The size of the trapped bolus decreases with an increase in ﬂz .

References

[1] TW Latham. 1966, Fluid motion in a peristaltic pump. M. Sc. Thesis. Massachusetts Institute of
technology, Cambridge.

[2] AH Shapiro, MY Jaffrin, SL Weinberg. Peristaltic pumping with long wavelengths at low Reynolds
number. J. Fluid Mech. 1969; 37, 799-825.

[3] CH Li. Peristaltic transport in circular cylindrical tubes. J. Biomech. 1973; 193, 513-23.

[4] LM Srivastava and VP Srivastava. Peristaltic transport of blood; Casson model-11, J. Biomech.
1984; 17, 821-9.

[5] JC Misra and SK Pandey. A Mathematical model for Oesophegeal swallowing of a food-bolus.
Math. Comput. Modell. 2001, 33, 997-1009.

[6] S Nadeem and S Akram. Heat transfer in a peristaltic flow of MHD fluid with partial slip. Comm.
Nonlinear Sci. Numer. Simulat. 2010; 15, 312-21.

[71 T Hayat, R Ellahi and FM Mahomed. Exact solution of a thin film flow of an Oldroyd6-constant
fluid over a moving belt. Comm. Nonlinear Sci. Numer. Simulat. 209; 14, 133-9.

[8] KS Mekheimer and Y Abdelmaboud. Influence of heat transfer and magnetic field on peristaltic
transport of a Newtonian fluid in a vertical annulus. Application of an endoscope. Phys. Lett. A
2008; 372, 1657-65.

[9] EF Shehawey and SZA Husseny. Effects of porous boundaries on peristaltic transport through a
porous medium. Acta Mech. 2000; 143, 165-77.

[10] AEM Misery, EFE Shehawey and AA Hakeem. Peristaltic motion of an incompressible generalized
Newtonian fluid in a planar channel. J. Phys. Soc. Japan 1996; 65, 3524-9.

[11] LM Srivastava and PV Srivastava. Peristaltic transport of a particle-fluid suspension. J. Biomech.
Eng. 1989; 111, 157-65.

[12] S Takabatake, K Ayukawa and A Mori. Peristaltic pumping in circular cylindrical tubes: a
numerical study of fluid transport and its efficiency. J. Fluid Mech. 1988; 193, 267-83.

[13] SL Weinberg. 1970, A theoretical and experimental treatment of peristaltic pumping and its relation
to ureteral function. Ph. D. Thesis. Massachusetts Institute of Technology, Massachusetts, USA.

[14] M Mishra and AR Rao. Peristaltic transport of a Newtonian fluid in an asymmetric channel.
Zeitschrift fur angewandte Mathematik and Physik 2004; 54, 532-50.

[15] S Nadeem and S Akram. Peristaltic flow of a Williamson fluid in an asymmetric channel. Comm.
Nonlinear Sci. Numer. Simulat. 2010; 15, 1705-16.

[16] S Nadeem and S Akram. Influence of heat transfer and magnetic field on a peristaltic transport of a

Walailak J Sci & Tech 2014; 11(2) 147



Analytical Analysis of Peristaltic Flow Safia AKRAM and Sohail NADEEM

http://wjst.wu.ac.th

[19]

[20]
[21]
[22]

[23]

Jeffrey fluid in an asymmetric channel with partial slip. Zeitschrift fiir Naturforschung A 2010; 65,
483-94.

AE Hakeem, AE Naby, AEE Misery and MFAE Kareem. Separation in the flow through peristaltic
motion of a Carreau fluid in uniform tube. Physica A 2004; 343, 1-14.

S Nadeem and NS Akbar. Influence of heat transfer on a peristaltic transport of a Herschel-Bulkley
fluid in a non-uniform tube. Comm. Nonlinear Sci. Numer. Simulat. 2009; 14, 4100-13.

AA Khan, R Ellahi and K Vafai. Peristaltic transport of Jeffrey fluid with variable viscosity through
a porous medium in an asymmetric channel. Recent Adv. Anal. Meth. Math. Phys. 2012; 2012,
Article ID: 169642.

S Nadeem and S Akram. Peristaltic flow of a Maxwell model through porous boundaries in a porous
medium. Transport Porous Media 2011; 86, 895-909.

S Nadeem and S Akram. Peristaltic transport of a hyperbolic tangent fluid model in an asymmetric
channel. Zeitschrift fiir Naturforschung A 2009; 64, 559-67.

MH Haroun. Non-linear peristaltic flow of a fourth grade fluid in an inclined asymmetric channel.
Comput. Mater. Sci. 2007; 39, 324-33.

SN Aristov and OI Skul'skii. Exact solution of the problem on a six-constant Jeffrey Model of fluid
in a plane channel. J. Appl. Mech. Tech. Phys. 2002; 44, 817-22.

148

Walailak J Sci & Tech 2014; 11(2)


http://www.hindawi.com/73581690/

	Introduction
	Mathematical formulation
	Solution of the problem
	System of order
	System of order

	Solution for system of order
	Solution for system of order
	Solution for system of order
	Trapping phenomena
	Concluding remarks
	References


