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Abstract

In this paper, we apply Homotopy Perturbation Transformation Method (HPM) using the Laplace
transformation to tackle time-fractional systems of Partial Differential equations. The proposed technique
is fully compatible with the complexity of these problems and obtained results are highly encouraging.
Numerical results coupled with graphical representations explicitly reveal the complete reliability and
efficiency of the suggested algorithm.
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Introduction

Nonlinear partial differential equations [1-21] are of extreme importance in applied and engineering
sciences. The thorough study of the literature reveals that most of the physical phenomena are nonlinear
in nature and hence there is a dire need to find their appropriate solutions, see [1-21] and the references
therein. It is to be highlighted that the expansion idea was also used to obtain exact solutions around an
integrable ODE [22], and exact solutions of traveling wave type can be generated through the transformed
rational function method, see [23]. Furthermore, multiple wave solutions can be computed by using the
multiple exp-function method [24] and a new kind of exact solution with generalized separation of
variables can be recognized through the invariant subspace method [25]. On the other hand, the linear
superposition [22,23] principle has been used to solve Hirota bilinear differential equations. Recently,
scientists have observed that the number of real time problems is modeled by fractional nonlinear
differential equations, which are very hard to tackle. We apply the Homotopy Perturbation
Transformation Method (HPTM) to solve a time-fractional system of partial differential equations.

Dfu+ Ry (u,v,w) + Ny (u,v,w) = gy,
D{'v 4+ Ry (u,v,w) + Ny (u,v,w) = g5, (1
Dfw + R3(u, v, w) + N3(u,v,w) = g3,

with initial conditions;

u(x,0) = f; (x),
v(x,0) = f,(x), 2)
w(x,0) = f3(x).

Df is the time-fractional derivative with 0 < a <1, R;,1 <j <3 and N;j,1 <j < 3 are the linear and
non-linear operators and g4, g, and gz are source terms. The fractional derivative is considered in the
Caputo sense. It is to be highlighted that such equations arise frequently in applied, physical and
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engineering sciences. The proposed algorithm is fully synchronized with the complexity of fractional
differential equations. Numerical results coupled with graphical representations explicitly reveal the
complete reliability and efficiency of the proposed algorithm.

Definitions: [13-17]

Definition 1 A real function f(x), x > 0, is said to be in the space Cy, u € R if there exists a real number
p(> W), such that f(x) = xPf;(x), where f; (x) € C[0,) , and it is said to be in the space C} if and only
iff"eC,p=1meN.

Definition 2 The Riemann-Liouville fractional integral operator of order = 0 , of a function f€ C,, u =
—1, is defined as;

J4f(x) = % [x-9eifHd,  a>0x>0,
1°f(x) = f(x).

Properties of the operator j* can be found in [13-17], we mention only the following.
Forfe C,pu=-1,0,=0andy > —1;

L JPEH) = J**PA(Y),

2. J9Pf(t) = JP1f(D),
3. Jox¥ = 0D yasy
T(a+y+1)

Definition 3 The fractional derivative of f(x) in the Caputo sense is defined as;

DE(x) = JmUDU(X) = s [y (x — O™ (D,

form—1<a<mmeZx>0feC.

also, we need here two of its basic properties.
Lemmalifm—1<a<mmeé€NandfeC,p= —1,then

DY) = f(x),
and

(k) k
081060 = 169~ T P

Analysis of Modified HPTM [13-17]

To illustrate the basic idea of this method, we consider a general fractional nonlinear non-
homogeneous partial differential equation with initial conditions of the form.

Dfu(x,t) + Ru(x,t) + Nu(x,t) = g(x, 1), 3)
u(x,0) =h), u(x0) =f(x). )]

where g(x,t) is the source term, N represents the general non-linear differential operator and R is the
linear differential operator, Dffu(x,t) is the Caputo fractional derivative of function u(x,t) which is
defined as;
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1 ft u™(x,1)dt

D& —
0 t u(X’ t) - r(n-a) J0 (t_t)cx+1—n‘

(n—1<Re(a) <n,neN) 5)

where T'(.) denotes the Gamma function. The properties of the fractional derivative can be found in
[1,2,4,6]. Laplace transform (denoted throughout this paper by L) of the Caputo operator is an important
property which will be used in this paper.

L[0PFu(x, )] = s®u(x,s) — TRz uk(x, 0%)s* 17K, (n—1 < a < n) (6)
Taking the Laplace transform on both sides;

L[Dfu(x,t)] + L[Ru(x,t)] + L[Nu(x,t)] = L[g(x, t)], @)
Using the property of the Laplace transform, we have;

LluGx, 9] = =2+ 5 -2

s s2 sa

L[Ru(x,t)] — S%L[Nu(x, ] + S% Llg(x, )], 8)
Operating with the Laplace inverse on both sides;

u(x, ) = G(x O — L[ LIRu(x, O] + < LINu(x, )], )
where G(Xx, t) represents the term arising from the source term and the prescribed initial conditions. Then
we apply Fhe homotopy perturbation method, the basic assumption is that the solutions can be written as a
power series in p.

u(xt) = Yoo p"uy (X t) = Uy + puy + p?u, +plug + -, (10)
and the nonlinear term can be decomposed as;

Nu(x,t) = Xz p"Hp (W), (11)
where pe[0,1] is an embedding parameter. H,, (u) is He’s polynomials which can be generated by;

1 9"

s NG P U lpes, N =012, (12)

Hn(u(), ey uO) =
Substituting Eqs. (11) and (12) in Eq. (9) we get;
2 0P Un (%, 0) = G(x,8) = pL[ & LIR N0 P™ up (%, O] + 25 LIZE ™ Hy (WD), (13)

Equating the terms with identical powers in p, we obtain the following approximations;

pO : uO(Xl t) = G(X, t)! (14)
pt: uy (x,8) = L7 [ L[Ruo (x, )] + = LIHo(w)]]), (15)
p?: uz(x,t) = L7 [ L[Ru, (x, )] + = LIH (W), (16)
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The best approximations for the solution are;

u(x,t) =uy +u; +u, +uz + - )
This method does not resort to linearization or assumptions of weak nonlinearity. The solution

generated in the form of a general solution and it is more realistic compared to the method of simplifying

the physical problems.

Numerical examples

Example 1 We first consider the homogenous linear system;

{Dg‘u—vx+(u+v)=0, (18)
Dfv—uy+ (u+v) =0,

with initial conditions;

u(x,0) = sinh(x) , v(x,0) = cosh(x). (19)

Taking the Laplace transform on both sides;

L[Dfu] = L[vx = (u + V)],
{L[DE"V] = Lluy — (u+v)],

Using the property of Laplace transform, we have;

sinh(x) 1
Llu(x, )] = + 5 Llve— @+ v,
LIv(x, O] = COS};(X) + Si Lluy — (u + V)],

Operating with the Laplace inverse on both sides;

u(x, ) = sinh(x) + L7 [ L[(vx = (u + )],
v(x,t) = cosh(x) + L[5 L[(uy — (u +v))]],

Then, we apply the homotopy perturbation method.

0 PMUn (%, 1) = sinh(x) + L7 [z LIEE0 P Vi (%, 1) — (B0 P"Un(x,©)) = (Bito PV (5, D11,
50 Py (%, 1) = cosh(x) + L7 [z LI(Zio P uny (%, ©)) = (B P un (%, ) = (T PV (x, O],

Comparing the coefficient of like power of p, we have;

0_{ uy(x,t) = sinh(x),
" vo(x,t) = cosh(x),
u;(xt) = —cosh(x)ﬁ ,
tL'X
T'(a+1)

v;(x,t) = —sinh(x)

’
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. u,(x,t) = sinh(x) F(2a+1)

v,(%,t) = cosh(x)

’

’

F(2a+1)
uz(x,t) = —sinh(x)

’

F(3a+1)

v3(x,t) = —sinh(x) ——

)

F(3(x+1)

The solution in the series form is given by;

u(x,t) = X p"up(x,t) = ug + puy + p*u, + p3uz +
v(x,t) = Yo p va(x,t) = Vo +pvy +p®vy +pivs +

u(x,t) = sinh(x) [1 + F(2a+1) + r(::;) ] — cosh(x) [t + F(a+1) + r(3tji1) + ], o)
V(X t) - COSh(X) [1 + F(2a+1) r(::+1) ] - smh(x) [t + F(u+1) + r(3t:i1) t o ] ’
For the special case o = 1, we obtain the from;

u(x,t) = sinh(x — t).
{V(X, t) = cosh(x —t). (21)

which are the exact solutions. The results for the exact solution Eq. (21) and the approximate solution Eq.
(20) are obtained using HPTM, for = 0.50 and 1, are shown in Figure 1.

Figure 1 The surface shows solutions u(x,t) and v(x,t) for the Eq. (4.3) (a) u(x,t) when a = 0.5, (b)
v(x,t) when a = 0.5, (c) u(x,t) when a = 1, (d) v(x,t) when a = 1, (e) exact solution u(x,t), (f) exact
solution v(x, t).
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Example 2 Consider the following inhomogeneous linear system;

{D‘E‘u—vx—(u—v) =-2,
D{v—u, — (u—v) =-2,

with initial conditions;
u(x,0) =1+¢€*, v(x,0) = —1 + e~
Taking the Laplace transform on both sides;

L[D{u] = L[-2 + v4x + (u — V)],
{L[ng] =L[-24+u,— (u—v)],

Using the property of Laplace transform, we have;

1+e* 1
Llu(x, 9] = . + s L-2+vy— (u—v)],
Llv(x, 0] = ATHX +§ L[-2 +uy — (u—v)],

Operating with the Laplace inverse on both sides;

u(x,t) = 1+ e + L5 L(=2 + v — (= )]]
v(x,t) = =1+ e + L[5 L[-2 + u, — (u—v))]],

Then, we apply the homotopy perturbation method;

Tio P Un (6 t) =1+ €+ L[5 L[=2 + (B P Vi (%, D) = (B PMun (%, D) + (T PV (%, D11,

(22)

TR0 P Ua (6 ) = =14 ¥+ pL7 [ L[=2 + (Zio PVie (% ) = (Zizo P un (%, D) + (B30 P"Va (%, D],

Comparing the coefficient of like power of p, we have;

0_{ up(x,t) =1+ ¢€*,
Lveix,t) = —1+¢€%,

u;(x,t) = e*

)

T'(a+1)

vi(x,t) = e¥

)

T(o+1)
20
T'(2a+1)

pz: { 20
— X t
va(xt) =e r(2a+1) ’

u,(x,t) = e*

’

3¢
r'(3a+1)

uz(x,t) = e*

)

t3a

vi(x,t) = —e*

’

T'(3a+1)
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The solution in the series form is given by;

_ X tZu t3a t4a
u(X' t) =-1+e [1 + T'(a+1) + T'(2a+1) + T'(3a+1) + T'(4a+1)
( t) _ 1 + X [1 _ tCL + tZCL _ t3CL + t‘l—CL
vix, U= € [(a+1)  T(2e+1) T(Ba+l)  T(4a+1)

{u(x, t) = —1 + e**t,
vix,t) = 1+t

+ ..],
(23)
+ ".],

24

which is the exact solution of the system. The results for the exact solution Eq. (24) and the approximate
solution Eq. (23) obtained using HPTM, for o = 0.5 and 1, are shown in Figure 2.

100
oo

d. e.

Figure 2 The surface shows solutions u(x,t) and v(x,t) for the Eq. (4.6) (2) u(x,t) when a = 0.5, (b)
v(x,t) when a = 0.5, (c) u(x,t) when o = 1, (d) v(x,t) when a = 1, (e) exact solution u(x,t), (f) exact

solution v(x, t).

Example 3 Consider the following homogenous nonlinear system;

{D‘@‘u — Uy — 2uuy + (uv), =0,
DYV — vy — 2V, + (uv), = 0,

with initial conditions;

u(x,0) = sin(x), v(x,0) = sin(x).

(25)

(26)
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Applying the method defined above, we get;

0_{ Uy (x,t) = sin(x),

vo(x,1t) = sin(x),

. t*
i u; (x,t) = —sin(x) T
' . t
vi(x,t) = —sin(x) oD
. 2o
. U, (x,t) = sin(x) T
p . . tZu
V(60 = sinG) o
i t3u
[use0) = =sinG0 s
' . 3¢
va(x0) = —sin(9 s

The solution in the series form is given by;

ux,t) = X2, p"uy(x,t) = ug + pu; + pu, + p3uz + -,
v(x,t) = X2 p'va (X, t) = vy + pvy + p?v, + p3vg + oo,

) 1 tﬂ tZﬂ t3ﬂ t4ﬂ
u(x,t) = sin(x [ - + -
9 ) [(o+1) T(Qa+1) T(3a+1)  T'(40+1)
t® tZa t3a t4a

v(x t) = sin(x) [1 -

T T T@er) TG T T@erD
For the special case o = 1, we obtain the form;

t

{u(x, t) = sin(x)et.
v(x,t) = sin(x)e".

27)

(28)

which is the exact solution of the system. The results for the exact solution Eq. (28) and the approximate
solution Eq. (27) obtained using HPTM, for « = 0.50 and 1, are shown in Figure 3.
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Figure 3 The surface shows solutions u(x,t) and v(x,t) for the Eq. (4.11) (a) u(x,t) when a = 0.5, (b)
v(x,t) when a = 0.5, (¢) u(x,t) when a = 1, (d) v(x,t) when a = 1, (e) exact solution u(x, t), (f) exact
solution v(x, t).

Example 4 Consider the following homogenous nonlinear time-fractional system;

Dfu +uyvy +uy,vy+u=0,
DEvHV, Wy —vywy, —v =10 , (29)
Dfw + wyuy + wyuy, —w =0,

with initial conditions;
u%,,y,0) =e**Y, v(x,y,0) = e, w(x,y,0) = e *V, 30)
applying the method defined above (3) - (17), we get;

uy(x,y,t) = ¥y,
p’:ive(x,y,t) = eX7Y,
uy(x,t) = e 1Y,

ttx
u,(x,t) = Xty
1%, [(a+1) ’

1, — exy
pl:{ vi(x,t) =e Tt D

_ amxty
lwl (X, t) € [(a+1)

’
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2a
— oxty ¢t
u(nt) =e r(2a+1) ’
2, — XY
P2 v(x,t) =e F(2a+1) ,
— —X+Y
wy(x,t) = e F(2a+1)
3“
= _Xty
us(x,t) = rGa+1) ’
3 ey £3a
piquslnt) =e* s
3a
— —x+y__t
ws(x,t) = e rGa+1) ’

The solution in the series form is given by;

x+y ta tza t3ll t‘l—ll
uln,y,t)=e [1 YCTEY) + ra+1) r@Ga+l) + F(4a+1) ]
x_y ta tza t3(l t4(l
v(x,y, t) =€ [1 + r(a+1) TrQa+1) TrGBa+l) F(4-a+1) ] GD
_x+y ta tz(l t3(l t4(l
W(x,y, t) =€ [1 + r(a+1) TI'(2a+1) TIQ@a+1) I'(4a+1) ]’
For the special case @ = 1, we obtain the form (32).
u(x,t) = eXtvt,
v(x, t) = e* 7V, (32)

w(x, t) = e *HV+e,

which is the exact solution of the system. The results for the exact solution Eq. (32) and the approximate
solution Eq. (31) obtained using HPTM, for ¢ = 0.50 and 1, are shown in Figure 4.
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Figure 4 The surface shows solutions u(x,y,t), v(x,y,t) and w(x,y,t) for the Eq. (4.14) (a)
u(x,y,t) when a = 0.5, (b) v(x,y,t) when a = 0.5, (¢) w(x,y,t) when a = 1, (d) u(x,y,t) whena = 1,
(e)v(x,y,t) whena =1, (f)w(x,y,t) whena =1 (g) exact solution u(x,y,t), (h) exact solution
v(X,y,t), (i) exact solution w(x, y, t).

Conclusions

HPTM has been implemented to find appropriate solutions of time-fractional linear and non-linear
system of partial differential equations. Numerical results coupled with graphical representations
explicitly reveal the complete reliability and efficiency of the proposed algorithm.
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