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Abstract  

In this paper, the Homotopy Perturbation Method (HPM) is applied to find exact solutions of time-
fractional Schrödinger equations. Numerical results coupled with graphical representations explicitly 
reveal the complete reliability and efficiency of the proposed algorithm. 
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Introduction 

Nonlinear partial differential equations [1-
21] are of extreme importance in applied and 
engineering sciences. The through study of 
literature reveals that most physical phenomena are 
nonlinear in nature and hence there is a dire need 
to find their appropriate solutions; see [1-21] and 
the references therein. Recently, scientists have 
observed that a number of real time problems are 
modeled by fractional nonlinear differential 
equations [1,6-8,12,13,16,19,20] which are very 
hard to tackle. In the similar context, the 
Homotopy perturbation method (HPM) is applied 
to solve time-fractional Schrödinger partial 
differential equations [13,20].  

 
௧ܦ
ఈݑሺݔ, ሻݐ ൅ ,ݔ௫௫ሺݑ݅ ሻݐ ൌ 0 

,ݔሺݑ 0ሻ ൌ ݂ሺݔሻ,								݅ଶ ൌ െ1                 (1.1) 
 
or 
 

௧ܦ݅
ఉݑሺݔ, ሻݐ ൅ ,ݔሺݑ ሻݐ െ ,ݔሺݑ|ݕ ,ݔሺݑሻ|ଶݐ ሻݐ ൌ 0,	(1.2) 

,ݔሺݑ 0ሻ ൌ ݂ሺݔሻ									ߡଶ ൌ െ1           
 
where 0 ൑ ߙ ൑ 1. The fractional derivatives are 
considered in the Caputo sense. It is to be 
highlighted that such equations arise frequently in 

applied, physical and engineering sciences. The 
basic motivation of this paper is the extension of 
the Homotopy Perturbation Method (HPM) to find 
approximate solutions of time-fractional 
Schrödinger partial differential equations; see 
[13,20] and the references therein. It is observed 
that the proposed algorithm is fully synchronized 
with the complexity of fractional differential 
equations. Numerical results coupled with 
graphical representations explicitly reveal the 
complete reliability and efficiency of the proposed 
algorithm. 
 
Definitions [9,16-19] 

Definition 2.1 A real-valued function f(x), x > 0, 
is said to be in the space ܥఓ, μ ∈ 	Թ if there exists a 
real number	݌ሺ൐ ሻݔ݂ሺ	ሻ, such thatߤ ൌ ௣ݔ ଵ݂ሺݔሻ, 
where ଵ݂ሺݔሻ ∈  , and it is said to be in the		ሾ0,∞ሻܥ
space ܥఓஶ if		݂௠ ∈ ߤ	ఓܥ ൒ 1	݉ ∈ ܰ.  
Definition 2.2 The Riemann-Liouville fractional 
integral operator of order ൒ 0 , of a function	݂ ∈
,ఓܥ ߤ ൒ െ1, is defined as;  
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ሻݔఈ݂ሺܬ ൌ
ଵ

୻ሺఈሻ
׬ ሺݔ െ ݐሻ݀ݐሻఈିଵ݂ሺݐ
௫
଴ ߙ  . ൐ 0, ݔ ൐ 0,   

ሻݔ଴݂ሺܬ ൌ ݂ሺݔሻ.       (2.1) 
 

Properties of the operator ݆ఈ can be found in 
[12-14]; only the following is mentioned.  

For ݂ ∈ ,ఓܥ	 ߤ ൒ െ1, ,ߙ ߚ ൒ 0 and ߛ ൐ െ1: 
 

ሻݐఉ݂ሺܬఈܬ .1 ൌ  ,ሻݐఈାఉ݂ሺܬ
ሻݐఉ݂ሺܬఈܬ .2 ൌ  	,ሻݐఈ݂ሺܬఉܬ

ఊݔఈܬ .3 ൌ
Γሺఊାଵሻ

Γሺఈାఊାଵሻ
  .ఈାఊݔ

 
Definition 2.3 The fractional derivative of ݂ሺݔሻ in 
the Caputo sense is defined as; 
 
ሻݔఈ݂ሺ∗ܦ ൌ ሻݔఈ݂ሺܦ௠ିఈܬ ൌ 

ଵ

୻ሺ௠ିఈሻ
׬ ሺݔ െ ,ݐሻ݀ݐሻ௠ିఈିଵ݂ሺ௠ሻሺݐ
ఈ
଴       (2.2) 

 
for ݉ െ 1 ൏ ߙ ൑ ݉,݉ ∈ ܼ, ݔ ൐ 0, ݂ ∈ ଵିܥ

௠ .    
 

Also, two of its basic properties are needed here. 
 
Lemma 2.1 if ݉ െ 1 ൏ ߙ ൑ ݉,݉ ∈ ܰ and 
݂ ∈ ,ఓ௠ܥ ߤ ൒ 	െ1	, then; 
 
ሻݔఈ݂ሺܬఈ∗ܦ ൌ ݂ሺݔሻ,      (2.3) 
 
and 
 

ሻݔఈ݂ሺ∗ܦఈܬ ൌ ݂ሺݔሻ∑
௙ሺೖሻ൫଴శ൯	.௫ೖ

௞!
ݔ	, ൐ 0.௠ିଵ

௞ୀ଴      (2.4) 

 

Homotopy perturbation method (HPM) [4-6,10-
12,21] 

The essential idea of this method is to 
introduce a Homotopy parameter, say p, which 
takes a value from 0 to 1. When p = 0, the system 
of equations is in a sufficiently simplified form, 
which normally admits a rather simple solution. As 
p gradually increases to 1, the system goes through 
a sequence of “deformation”. Eventually at p = 1, 
the system takes the original form of the equation 
and the final stage of “deformation” gives the 
desired solution. To illustrate the basic concept of 
HPM, consider the following nonlinear system of 
differential equations. 

The nonlinear differential Eq. (1.1) can be 
expressed in the operator form as; 

 
௧ܦ
ఈݑ ൅ ܴሺݑሻ ൅ ܰሺݑሻ ൌ 0                                (3.1) 

 
subject to the initial conditions	ݑሺݔ, 0ሻ ൌ ݂ሺݔሻ, 
where ܦ௧

ఈ is the time-fractional differential 
operator, ܰሺݑሻis the nonlinear operator and ܴሺݑሻ 
is some linear operator. Rearranging Eq. (3.1) and 
applying the operators	ܬఈ, inverse of the operator 
  ;ఈ, to both sides of  Eq. (3.1) yieldsܦ
 
,ݔሺݑ ሻݐ ൌ ݂ሺݔሻ െ ሻݑఈሾܴሺܬ ൅ ܰሺݑሻሿ.   (3.2) 
 

Assume the solution of Eq. (3.2) to be in the 
form. 

 
ݑ ൌ ଴ݑ ൅ ଵݑ݌ ൅ ଶݑଶ݌ ൅ ଷݑଷ݌ ൅ ⋯.							          (3.3) 
 
Substituting (3.3) into (3.2);  

 
 
 
଴ݑ ൅ ଵݑ݌ ൅ ଶݑଶ݌ ൅ ଷݑଷ݌ ൅ ⋯ ൌ ݂ሺݔሻ െ ଴ݑఈሾܴሺܬ݌ ൅ ଵݑ݌ ൅ ଶݑଶ݌ ൅ ଷݑଷ݌ ൅⋯ሻ																																				(3.4) 
																																																													൅ܰሺݑ଴ ൅ ଵݑ݌ ൅ ଶݑଶ݌ ൅ ଷݑଷ݌ ൅⋯ሻ.                                                                                         

 
Now equating the coefficients of like powers of p, the following forms are obtained. 
 

,ݔ଴ሺݑ						:଴݌ ሻݐ ൌ ݂ሺݔሻ  
,ݔଵሺݑ						:ଵ݌ ሻݐ ൌ െܬఈሾܴሺݑ଴ሻ ൅ ܰሺݑ଴ሻሿ,  
,ݔଶሺݑ						:ଶ݌ ሻݐ ൌ െܬఈሾܴሺݑଵሻ ൅ ܰሺݑଵሻሿ,                                    (3.5) 
,ݔଷሺݑ						:ଷ݌ ሻݐ ൌ െܬఈሾܴሺݑଶሻ ൅ ܰሺݑଶሻሿ  
. 
. 
. 
 
Finally, the solution ݑሺݔ,  .ሻis approximatedݐ
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,ݔሺݑ ሻݐ ൌ ଴ݑ ൅ ଵݑ݌ ൅ ଶݑଶ݌ ൅ ଷݑଷ݌ ൅ ⋯			  
ݑ ൌ lim௣→ଵ ݑ ൌݑ଴ ൅ ଵݑ ൅ ଶݑ ൅ ଷݑ ൅⋯. 
 
Solution procedure 

Example 4.1 Consider the following linear time-fractional Schrödinger equation; 
 
௧ܦ
ఈݑ ൅ ௫௫ݑ݅ ൌ 0              (4.1) 

where 0 ൏ ߙ ൑ 1	,  
 
with initial conditions; 
 
,ݔሺݑ 0ሻ ൌ 1 ൅ coshሺ2ݔሻ. 
,ݔሺݑ ሻݐ ൌ 1 ൅ cosh	ሺ2ݔሻ െ  ௫௫ሻݑఈሺܬ݅

଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ ൌ ݂ሺݔሻ െ ఈܬ݌݅ ቆ
߲ଶݑ଴
ଶݔ߲

൅ ଵ݌
߲ଶݑଵ
ଶݔ߲

൅ ଶ݌
߲ଶݑଶ
ଶݔ߲

൅ ଷ݌
߲ଶݑଷ
ଶݔ߲

൅. . ቇ. 

 
Consequently, the following approximants are obtained.  
 
,ݔ଴ሺݑ						:଴݌ ሻݐ ൌ 1 ൅ coshሺ2ݔሻ,  

,ݔଵሺݑ						:ଵ݌ ሻݐ ൌ െ4i	coshሺ2ݔሻ
	௧ഀ

୻ሺఈାଵሻ
		,  

,ݔଶሺݑ							:ଶ݌ ሻݐ ൌ ሺ4iሻଶcoshሺ2ݔሻ
	௧మഀ

୻ሺଶఈାଵሻ
		,  

,ݔଷሺݑ								:ଷ݌ ሻݐ ൌ െሺ4iሻଷcoshሺ2ݔሻ
	௧యഀ

୻ሺଷఈାଵሻ
		,  

⋮ . 
 
The solution in the series form is given by; 
 
ݑ ൌ ଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ 
ݑ ൌ lim

௣→ଵ
ݑ ൌݑ଴ ൅ ଵݑ ൅ ଶݑ ൅ ଷݑ ൅⋯ 

,ݔሺݑ ሻݐ ൌ 1 ൅ coshሺ2ݔሻ ሺ1െ4i
	௧ഀ

୻ሺఈାଵሻ
		+ሺ4iሻଶ

	௧మഀ

୻ሺଶఈାଵሻ
		 െሺ4iሻଷ

	௧యഀ

୻ሺଷఈାଵሻ
൅	…	ሻ.       (4.2) 

 
For the special case	ߙ ൌ 1, the form (4.2) is obtained. 
 
,ݔሺݑ ሻݐ ൌ 1 ൅ coshሺ2ݔሻ ݁ିସఐ௧	             (4.3) 
 
which is the exact solution of the Schrödinger equation. 
Graphs for ߙ ൌ 0.25, 0.50, 0.75	and	1, are shown in Figure 1. 
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             (a)             (b)    (c) 

 
           (d)               (e) 

 
Figure 1 The surface shows solution ݑሺݔ, ߙ	ሻfor the Eq. (4.2) when (a)ݐ ൌ 0.25, (b) ߙ ൌ 0.50, (c) 
ߙ ൌ 0.75, (d) ߙ ൌ 1, (e) exact solution Eq. (4.3). 
 
 
Example 5.2 Consider the following linear time-fractional Schrödinger equation; 
 
௧ܦ
ఈݑ ൅ ௫௫ݑ݅ ൌ 0    where 0 ൏ ߙ ൑ 1	,        (4.4) 

  
with initial conditions; 
 
,ݔሺݑ 0ሻ ൌ ݁ଷఐ௫. 
,ݔሺݑ ሻݐ ൌ ݁ଷ௜௫ െ  ௫௫ሻݑఈሺܬ݅

଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ ൌ ݁ଷ௜௫ െ ఈሺܬ݌݅
డమ௨బ
డ௫మ

൅ ଵ݌
డమ௨భ
డ௫మ

൅ ଶ݌
డమ௨మ
డ௫మ

൅ ଷ݌
డమ௨య
డ௫మ

൅. . ሻ. 
 
Consequently, the following approximants are obtained. 
 
,ݔ଴ሺݑ								:଴݌ ሻݐ ൌ ݁ଷఐ௫,  

,ݔଵሺݑ								:ଵ݌ ሻݐ ൌ 9i	݁ଷఐ௫
	௧ഀ

୻ሺఈାଵሻ
		,  

,ݔଶሺݑ								:ଶ݌ ሻݐ ൌ ሺ9iሻଶ	݁ଷఐ௫
	௧మഀ

୻ሺଶఈାଵሻ
		,  

,ݔଷሺݑ									:ଷ݌ ሻݐ ൌ ሺ9iሻଷ	݁ଷఐ௫
	௧యഀ

୻ሺଷఈାଵሻ
		,  

 ⋮. 
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The solution in the series form is given by; 
 
ݑ ൌ ଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ 
ݑ ൌ lim

௣→ଵ
ݑ ൌݑ଴ ൅ ଵݑ ൅ ଶݑ ൅ ଷݑ ൅⋯ 

,ݔሺݑ ሻݐ ൌ ݁ଷఐ௫ሺ1൅9i
	௧ഀ

୻ሺఈାଵሻ
൅ ሺ9iሻଶ

	௧మഀ

୻ሺଶఈାଵሻ
		 ൅ሺ9iሻଷ

	௧యഀ

୻ሺଷఈାଵሻ
൅	…	ሻ.         (4.5) 

 
For the special case	ߙ ൌ 1, the form (4.5) is obtained. 
 
,ݔሺݑ ሻݐ ൌ ݁ଷఐሺ௫ାଷ௧ሻ	              (4.6) 
 
which is the exact solution of the Schrödinger equation. Graphs for		ߙ ൌ 0.25, 0.50, 0.75	and	1, are 
shown in Figure 2. 
 
 

 
             (a)             (b)             (c) 

 
           (d)               (e) 

 
Figure 2 The surface shows solution ݑሺݔ, ߙ ሻfor the Eq. (4.5) when (a)ݐ ൌ 0.25, (b) ߙ ൌ 0.50,               
(c) ߙ ൌ 0.75, (d) ߙ ൌ 1, (e) exact solution Eq. (4.6). 
 
 
Example 5.3 Consider the following nonlinear time-fractional Schrödinger equation; 
 
௧ܦ݅

ఈݑ ൅ ௫௫ݑ ൅ ݑଶ|ݑ|2 ൌ 0    where 0 ൏ ߙ ൑ 1	,       (4.7)
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with initial conditions; 
 
,ݔሺݑ 0ሻ ൌ ݁௜௫ 
,ݔሺݑ ሻݐ ൌ ݁௜௫ ൅ ௫௫ݑఈሺܬ݅ ൅  ሻݑଶ|ݑ|2

଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ ൌ ݁௜௫ ൅ ሺ
߲ଶݑ଴
ଶݔ߲

൅ ଵ݌
߲ଶݑଵ
ଶݔ߲

൅ ଶ݌
߲ଶݑଶ
ଶݔ߲

൅ ଷ݌
߲ଶݑଷ
ଶݔ߲

൅ ⋯ 

൅2ሼሺݑ଴ ൅ ଵݑଵ݌ ൅ ܲଶݑଶ ൅⋯ሻଶሺݑത଴ ൅ തଵݑଵ݌ ൅  .({(…+തଶݑଶ݌
 
Consequently, the following approximants are obtained.  
 
,ݔ଴ሺݑ							:଴݌ ሻݐ ൌ ݁௜௫,  

,ݔଵሺݑ							:ଵ݌ ሻݐ ൌ ݅	݁௜௫
	௧ഀ

୻ሺఈାଵሻ
		,  

,ݔଶሺݑ							:ଶ݌ ሻݐ ൌ iଶ݁௜௫
	௧మഀ

୻ሺଶఈାଵሻ
		,  

,ݔଷሺݑ							:ଷ݌ ሻݐ ൌ iଷ	݁௜௫ሾ5 െ
ଶ୻ሺଵାଶఈሻ

൫୻ሺఈାଵሻ൯
మሿ

	௧యഀ

୻ሺଷఈାଵሻ
		,  

 ⋮. 
 
The solution in the series form is given by; 
 
ݑ ൌ ଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ 
ݑ ൌ lim

௣→ଵ
ݑ ൌݑ଴ ൅ ଵݑ ൅ ଶݑ ൅ ଷݑ ൅⋯ 

 

,ݔሺݑ ሻݐ ൌ ݁௜௫ሺ1൅i
	௧ഀ

୻ሺఈାଵሻ
൅ iଶ

	௧మഀ

୻ሺଶఈାଵሻ
		 ൅iଷ ሾ5 െ

ଶ୻ሺଵାଶఈሻ

൫୻ሺఈାଵሻ൯
మሿ

	௧యഀ

୻ሺଷఈାଵሻ
൅	…	ሻ.        (4.8) 

 
For the special case ߙ ൌ 1, the form Eq. (4.8) is obtained.  
 
,ݔሺݑ ሻݐ ൌ ݁ఐሺ௫ା௧ሻ	,              (4.9) 
 
which is the exact solution of the Schrödinger equation. Graphs for	ߙ ൌ 0.25, 0.50, 0.75	and	1, are 
shown in Figure 3. 
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             (a)             (b)           (c) 

 
 

 
           (d)               (e) 

 
Figure 3 The surface shows solution ݑሺݔ, ߙ	ሻ when (a)ݐ ൌ 0.25, (b)	ߙ	0.50, (c)	ߙ ൌ 0.75, (d)	ߙ ൌ 1,     
(e) exact solution Eq. (4.9). 
 
 
Example 5.4 Consider the following nonlinear time-fractional Schrödinger equation; 
 
௧ܦ݅ 

ఈݑ ൅ ௫௫ݑ െ ݑଶ|ݑ|2 ൌ 0   where 0 ൏ ߙ ൑ 1	,     (4.10) 
 
with initial conditions; 
 
,ݔሺݑ 0ሻ ൌ ݁௜௫. 
,ݔሺݑ ሻݐ ൌ ݁௜௫ ൅ ௫௫ݑఈሺܬ݅ െ  ሻݑଶ|ݑ|2

଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ ൌ ݁௜௫ ൅ ఈሺܬ݌݅
߲ଶݑ଴
ଶݔ߲

൅ ଵ݌
߲ଶݑଵ
ଶݔ߲

൅ ଶ݌
߲ଶݑଶ
ଶݔ߲

൅ ଷ݌
߲ଶݑଷ
ଶݔ߲

൅ ⋯ 

െ2ሼሺݑ଴ ൅ ଵݑଵ݌ ൅ ܲଶݑଶ ൅⋯ሻଶሺݑത଴ ൅ തଵݑଵ݌ ൅  ({(…+തଶݑଶ݌
 
Consequently, the following approximants are obtained.  
 

,ݔଵሺݑ							:ଵ݌ ሻݐ ൌ െ3i	݁௜௫
	௧ഀ

୻ሺఈାଵሻ
		,  

,ݔଶሺݑ							:ଶ݌ ሻݐ ൌ ሺ3iሻଶ݁௜௫
	௧మഀ

୻ሺଶఈାଵሻ
		,  
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,ݔଷሺݑ								:ଷ݌ ሻݐ ൌ െሺiሻଷ	݁௜௫ሾ63 െ
ଵ଼୻ሺଵାଶఈሻ

൫୻ሺఈାଵሻ൯
మ ሿ

	௧యഀ

୻ሺଷఈାଵሻ
		,  

 ⋮. 
 
The solution in the series form is given by; 
 
ݑ ൌ ଴ݑ ൅ ଵ݌ଵݑ ൅ ଶ݌ଶݑ ൅ ଷ݌ଷݑ ൅⋯ 
ݑ ൌ lim

௣→ଵ
ݑ ൌݑ଴ ൅ ଵݑ ൅ ଶݑ ൅ ଷݑ ൅⋯ 

,ݔሺݑ ሻݐ ൌ ݁௜௫ሺ1െ3i
	௧ഀ

୻ሺఈାଵሻ
൅ ሺ3 iሻଶ

	௧మഀ

୻ሺଶఈାଵሻ
		 െሺiሻଷ ൤63 െ

ଵ଼୻ሺଵାଶఈሻ

൫୻ሺఈାଵሻ൯
మ ൨

	௧యഀ

୻ሺଷఈାଵሻ
൅	…	ሻ.   (4.11)      

                    
For the special case	ߙ ൌ 1,  the form Eq. (4.11) is obtained.  
 
,ݔሺݑ ሻݐ ൌ ݁ఐሺ௫ିଷ௧ሻ	            (4.12) 
 
which is the exact solution of the Schrödinger equation. Graphs for		ߙ ൌ 0.25, 0.50, 0.75	and	1, are 
shown in Figure 4. 

 

 
             (a)             (b)          (c) 

 

 
       (d)              (e) 

 
Figure 4 The surface shows solution ݑሺݔ, ߙ	ሻ when (a)ݐ ൌ 0.25, (b)	ߙ ൌ 0.50, (c)	ߙ ൌ 0.75, (d)	ߙ ൌ 1, 
(e) exact solution Eq. (4.12). 
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Conclusions 

HPM has been implemented to find 
appropriate solutions of fractional Schrödinger 
partial differential equations. Numerical results 
coupled with graphical representations explicitly 
reveal the complete reliability and efficiency of the 
proposed algorithm. Moreover, it has been 
observed that the method is easier to implement as 
compared to other techniques and can be used to 
solve nonlinear problems of a complex physical 
nature. 
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