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Abstract 

This paper looks at the stagnation point flow of Casson fluid towards a stretching surface. In 
addition, heat transfer analysis is discussed. The thermal conductivity varies linearly with temperature. 
Series solutions are first presented and then studied for different parameters of interest in this problem. 
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Introduction 

The boundary layer flow induced by a 
stretching surface is encountered in several 
engineering processes. Such flow with heat 
transfer are important in paper production, 
enhanced recovery of petroleum resources, packed 
bed reactors, food processing etc. The stagnation 
point flows arise in many applications including 
flows over the tips of rockets, aircrafts, submarines 
and oil ships. Although numerous studies have 
been reported for stagnation point flows under 
various aspects [1-5] but such flow towards a 
stretching surface was firstly examined by Chiam 
[6]. He has taken the equal values of stretching and 
free stream velocities. However, no boundary layer 
was found in such analysis. Afterward, Mahapatra 
et al. [7] reconsidered this flow problem by 
choosing different stretching and free-stream 
velocities. In their study, they ensured the 
existence of boundary layers. Some more recent 
representative studies in this direction were 
presented through the works [8-12]. 

Non-Newtonian fluids have widespread 
applications in engineering and industry. Several 
fluids including polymer solutions, drilling mud, 
paints, ketchup, shampoo etc do not obey 
Newton’s law of viscosity. The relationship 
between stress and rate of strain in such fluids is 
not linear. There is more complexity in the 
equations of non-Newtonian fluids from different 

quarters. Various constitutive expressions in view 
of their diverse properties have been presented. 
Researchers in the field are looking for the analysis 
of such fluids in various flow geometries [13-18]. 
Amongst the various fluid models, there is one 
which is called Casson fluid [19]. Examples of 
such fluids include jelly, tomato sauce, honey, 
soup, concentrated fruit juices etc. With this 
awareness, the objective of the present 
investigation is to model the stagnation point flow 
of Casson fluid over a stretching surface. This 
paper is organized in the following fashion. Flow 
description and associated mathematical model are 
given in section two. Section three consists of 
series solutions of velocity and temperature by the 
homotopy analysis method [20-25]. Section four 
discusses convergence and influence of emerging 
parameters. The main points are summed up in 
section five. 
 
Mathematical model 

Consider the two-dimensional stagnation 
point flow of an incompressible Casson fluid over 
a stretching surface (at y = 0). The fluid fills y > 0. 
The heat transfer process is further taken into 
account when thermal conductivity varies with 
temperature in a linear manner. The rheological 
equation of state for the isotropic and 
incompressible flow of a Casson fluid is 
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In above equation π = eijeij and eij is the (i, j)th 

component of the deformation rate, π is the 
product of the component of deformation rate with 
itself, πc is a critical value of this product based on 
the non-Newtonian model, µB is the plastic 
dynamic viscosity of the non-Newtonian fluid, and 
py is the yield stress of fluid. Using Eq. (1) and 
conservation of mass, momentum and energy we 
have the following boundary layer equations: 
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where the Casson fluid parameter 

ycB p/2πµβ =  
and u, v are the velocity components in the x - and 
y - directions. 

The boundary conditions are imposed as 
 

, as          ,
,0at                ,0     ,

∞→→=→
====

∞ yTTcxUu
yTTvaxu w        (5) 

where α(T) is the temperature-dependent thermal 
conductivity, µ is the dynamic viscosity, U = cx is 
the free stream velocity, T and T∞ are the fluid and 
ambient temperatures respectively and Tw is the 
sheet temperature. 

The temperature-dependent thermal 
conductivity can be written as 
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in which ε is the small parameter, α∞ is the thermal 
conductivity of the fluid far away from the plate 
and ∆T = Tw - T∞. We define the following change 
of variables 
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Here ψ is the stream function, ƒ is the 
dimensionless stream function and θ is the 
dimensionless temperature. Making use of the 
above variables, the incompressibility condition is 
automatically satisfied while Eq. (2) - (4) become 
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where prime denotes the differentiation with 
respect to η, A is the ratio parameter, Pr is the 
Prandtl number and Ec is the Eckert number. 
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The local Nusselt number Nux is given by 
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where the heat transfer coefficients h(x) and qw(x) 
are defined as 
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The dimensionless form of the local Nusselt 

number is 
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xx Nu         (15) 
 
and the skin friction Cf is 
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or 
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in which Rex = Ux/v is the local Reynolds number. 
 
Solutions by homotopy analysis method (HAM) 

In this section we are interested in finding 
series solutions for the resulted problems. Hence 
the initial guesses (f0,θ0) and auxiliary linear 
operators (Lf, Lθ) along with their properties can be 
written as 
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𝐿𝑓[𝐶1 + 𝐶2 exp �η � + 𝐶3 exp(− η )] = 0,      (20) 
 
𝐿𝜃[𝐶4 exp �η � + 𝐶5 exp(−η )] = 0,              (21) 
 
in which Ci (i = 1 − 5) are the arbitrary constants. 
The zeroth and m -th order deformation problems 
are: 
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where p∈[0,1] is the embedding parameter and ħf and ħθ are the non-zero auxiliary parameters. 
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m th-order deformation problems 

𝐿𝑓[𝑓m(𝜂) − 𝝌𝒎𝑓m−1(𝜂)] = ħ𝑓𝑅𝑚
𝑓 (𝜂),                                                                                                      (28) 

 
𝐿𝜃[𝜃m(𝜂) − 𝝌𝒎𝜃m−1(𝜂)] = ħ𝜃𝑅𝑚𝜃 (𝜂),                                                                                                    (29) 
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For p = 0 and p = 1, one may write 
 
𝑓̂(𝜂; 0) = 𝑓0(𝜂),   𝑓̂(𝜂; 1) = 𝑓(𝜂),                                                                                                            (35) 
 
𝜃̂(𝜂; 0) = 𝜃0(𝜂),   𝜃̂(𝜂; 1) = 𝜃(𝜂)                                                                                                            (36) 
 
and when p increases from 0 to 1 then  𝑓̂(𝜂; 𝑝)  and  𝜃̂(𝜂;𝑝)  vary from the initial solutions ƒ0(η) and 
θ0(η) to final solutions ƒ(η) and θ(η) respectively. Here ħ is the non-zero auxiliary parameter. By 
Taylor’s theorem and Eq. (35) and (36), we may get 
 

𝑓̂(𝜂; 0) = 𝑓0(𝜂) + ∑ 𝑓m(𝜂)𝑝𝑚, 𝑓m(𝜂) = 1
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Note that the auxiliary parameters are so properly chosen that the series (37) and (38) converge at p = 1 
i.e. 
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The general solutions (ƒm,θm) of Eq. (28) and (29) in terms of special solutions ( )∗∗
mmf θ,  are 

 
𝑓m(𝜂) = 𝑓𝑚∗(𝜂) + 𝐶1 + 𝐶2𝑒𝜂 + 𝐶3𝑒−𝜂 ,                                                                                                     (41) 
 
𝜃m(𝜂) = 𝜃𝑚∗ (𝜂) + 𝐶4𝑒𝜂 + 𝐶5𝑒−𝜂,                                                                                                            (42) 
 
where the constants CI (I = 1 - 5) through the boundary conditions (30) and (31) have the values 
 

𝐶2 = 𝐶4 = 0,     𝐶3 = �𝜕𝑓𝑚
∗(𝜂)
𝜕𝜂

�
𝜂=0

,     𝐶1 = −𝐶3 − 𝑓𝑚∗(0), 

𝐶5 = �−𝜃𝑚∗ (𝜂)|𝜂=0                                                                                                       (43) 
 

 
Analysis of the solutions 

It is quite clear that the derived homotopy 
solutions contain the auxiliary parameters ħf and 
ħθ. Such parameters are very important in 
controlling the convergence of series solutions. For 
appropriate range of auxiliary parameters, we plot 
the ħ- curves at 15th-order of approximations 
(Figures 1 and 2). These figures show that 
meaningful values of ħf and ħθ are -1.55 ≤ ħf ≤ -
0.25 and -1.0 ≤ ħθ ≤ -0.5. Also Table 1 depicts that 
the series solutions are convergent up to five 
decimal places. 

Figures 3 - 9 show the variations of involved 
physical parameters on the velocity and 
temperature. The variation of velocity with respect 
to Casson parameter is presented in Figure 3. This 
figure depicts that velocity decreases by increasing 
β. We also note that the increase of parameter β 
causes a decrease in boundary layer thickness. 
Figure 4 shows the effect of ratio parameter A on 
the velocity profile. Increase in A leads to an 
increase in velocity profile. Figure 5 presents the 
influence of the Eckert number Ec on the 
temperature. Increasing the value of Ec produces 

higher temperatures. There is also an increase in 
the thermal boundary layer thickness when Ec 
increases. The effect of varying Prandtl number Pr 
on the temperature profile θ is studied in Figure 6. 
Here an increase in Pr decreases the temperature 
profile and thermal boundary layer thickness. 
Figure 7 depicts the influence of small parameter ε 
on the temperature. It is seen that an increase in the 
values of ε produces a higher temperature profile. 
This Figure 7 also shows an increase in the 
thermal boundary layer thickness. Variations in the 
ratio parameter A and Casson parameter β on the 
skin friction coefficient are plotted in Figure 8. It 
is observed that by increasing the values of both A 
and β the skin friction coefficient decreases. 
Effects of small parameter ε and Eckert number Ec 
on the Nusselt number are sketched in Figure 9. 
There is a decrease in the Nusselt number when ε 
and Ec are increased. 

The study of Table 1 indicates that a 13th-
order approximation gives a convergent series 
solution for the velocity profile whereas a 23th-
order approximation gives a convergent series 
solution for the temperature profile. 
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Figure 1 ℏ-curve for the function f.  
 
 

 
Figure 2 ℏ-curve for the function 𝜃. 
 
 
Table 1 Convergence of the homotopy solutions for different order of approximation when Pr = 1.0, β = 
5.0, ε = 0.5, Ec = 2.0 and A = 0.2. 

 
Order of approximation −f ′′(0) θ ′(0) 

5 0.83578 0.082526 
10 0.83803 0.15615 
13 0.83811 0.16261 
15 0.83811 0.16391 
20 0.83811 0.16467 
23 0.83811 0.16475 
25 0.83811 0.16475 
30 0.83811 0.16475 
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Figure 3 Effect of 𝛽 on f'. 

 
 

        
Figure 4 Effect of A on f'. 
 
 
 

      
Figure 5 Effect of Ec on 𝜃. 
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Figure 6 Effect of Pr on 𝜃. 

 
 
 

 
 

Figure 7 Effect of 𝜖 on 𝜃. 
 
 

 
 
 

Figure 8 Effects of A and 𝛽 on the skin friction. 
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Figure 9 Effects of 𝜖 and 𝐸𝑐 on the Nusselt number. 
 
 
Main points 

In this work, the effect of variable thermal 
conductivity on the stagnation point flow of 
Casson fluid is studied. The main observations of 
this study are as follows. 

1. Dimensionless velocity and associated 
boundary layer thickness are decreasing functions 
of β. 

2. The velocity increases with respect to ratio 
parameter A. 

3. The effects of Ec and Pr on the 
temperature and thermal boundary layer thickness 
are opposite. 

4. Influence of small parameter ε and Ec on 
the temperature and thermal boundary layer 
thickness is similar qualitatively. 

5. Skin friction coefficient decreases with the 
increase in Casson parameter, β. 

6. The Nusselt number decreases upon 
increases in the Eckert number Ec. 
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