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Abstract 

Natural laminar convective fluid flow has been simulated inside inclined rectangular cavities with 
and without internal heat generation for different aspect ratios and inclination angles. The most important 
basic dimensionless parameters for this problem are the external Rayleigh number (RaE) and the internal 
Rayleigh number (RaI), where RaE refers to the effects of the differential heating of the side walls and RaI 
refers to the amount of heat produced internally. Results were obtained for 4 cases with 192 tests: case 
(1), RaI = 0 without internal source generation, and cases (2, 3, and 4) with internal source generation for 
RaI = RaE, 10 RaE, and 100 RaE, respectively. In all cases, the parameters of study changed as 103 ≤ RaE 
≤106, 0 ≤ RaI ≤ 107, inclination angle from 0 to 60 deg., and aspect ratios of the enclosure from 0.5 to 2. 
Results were represented graphically for flow and thermal fields as a streamline, isothermal contours, and 
Nusselt number. The computed results show that the strength of convection currents is measured by the 
internal energy. Finally, it is illustrated that by using a few grid points and a shorter CPU time for 
calculation, the present method can produce accurate numerical results. Also, increase in 𝑅𝑅𝑅𝑅𝐼𝐼  leads to 
increasing heat transfer rate and its direction out from the cavity at both hot and cold walls. For lower 
values of 𝑅𝑅𝑅𝑅𝐼𝐼, heat transfer diffusion is more prominent, while for higher values of 𝑅𝑅𝑅𝑅𝐼𝐼, convection 
outweighs diffusion. 
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Nomenclature 
AR Aspect ratios of the cavity (height/length) T Temperature (℃) 
𝐴𝑖,𝑘

(𝑙) Weighting coefficient for first order 
derivatives respect to X 

𝑢, 𝑣 
𝑈,𝑉 

Dimension and dimensionless velocities 
in x and y directions, respectively 

𝐵𝑗,𝑘
(𝑚) Weighting coefficient for mth order 

derivatives respect to Y 
𝑥,𝑦 
𝑋,𝑌 

Dimension and dimensionless Cartesian 
coordinates, respectively 

g Gravitational acceleration (m/s2) Greek symbols 
L Number of points in the X-direction 𝛾𝛾 Inclination angle (deg.) 
𝐿𝑋 ,𝐿𝑌 Length and height of the cavity (m) 𝜏 Dimensionless time increment 
M Number of grid points in the Y-direction 𝛼 Diffusivity (m2/s) 
𝑁𝑢𝑜 Average Nusselt number at X = 0 𝛽 Coefficient of thermal expansion (1/K) 
𝑁𝑢𝑎𝑣𝑔 Average Nusselt number through the whole 

cavity 
𝜐 Kinematic viscosity (m2/s) 

𝑁𝑢𝑙𝑜𝑐𝑎𝑙 Average Nusselt number on vertical lines in 
the cavity 

𝜃 Dimensionless temperature 

Pr Prandtl number 𝜓,Ψ Dimension and dimensionless stream 
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functions, respectively 
Q Internal volumetric heat generation 𝜌 Fluid density (kg/m3) 
Ra Rayleigh number Subscript 
𝑅𝑅𝑅𝑅𝐸𝐸 External Rayleigh number c Cold wall 
𝑅𝑅𝑅𝑅𝐼𝐼 Internal Rayleigh number h Hot wall 
t Time (sec)   
 
 
Introduction 

Within the last decades, convection problems in cavities which are combined with internal or 
external heating have attracted much interest from researchers. The internal flow, according to the natural 
convection inside cavities, is particularly complex because of the interaction between the thermal 
boundary layer (near the cavity walls) and other fluid parts, where it has been studied numerically and 
experimentally due to various practical applications [1-6]. According to previous studies, natural 
convection that is combined with internal or external heating has many applications, such as solar energy 
collection- Singh and Eames [7], building and ventilation- DeBlois et al. [8], cooling of electronic 
equipment- Bairi et al. [9], and nuclear reactors- Tseng et al. [10], and in many other applications. The 
differential quadrature DQ method was developed by Bellman et al. [11] for the derivation of an 
approximate of a smooth function. The DQ method is inspired from the integral quadrature; it 
approximates the derivative at a mesh point by a weighted sum of all functional values across the entire 
domain. Obviously, the key to this method is the determination of weighting coefficients. It was found 
that the computation of the weighting coefficients depends on the approximation of the function. When 
the function is approximated by a higher order polynomial, Shu and Richards [12] presented some simple 
algebraic formulations and a recurrence relationship to calculate the weighting coefficients of the 1st and 
higher order derivatives. For simplicity, this case is called the polynomial-based differential quadrature 
(PDQ). The researcher’s goal is to find an effective approach for obtaining correct numerical results with 
just a few grid points. The DQ method is the best to achieve very accurate results using a few grid points 
with less meshing, computational effort, and virtual storage. The details of the DQ method can be found 
in the book of Shu [13]. Lo et al. [14] proposed a novel numerical solution algorithm based on a 
differential quadrature method to simulate natural convection in an inclined cubic cavity using a velocity-
vorticity form of the Navier-Stokes equations. This present algorithm is regarded as an effective method 
to resolve non-linearity in combination with the vorticity transport equations and the energy equation. The 
case study uses an inclined cavity which has a different inclination angle and a Rayleigh number 
equalling 103 to 106. Lo et al. [15] generalized differential quadrature method to solve the natural 
convection in a differentially heated cubic enclosure. The mesh in dependence study shows that the 
numerical procedure needs more coarse mesh compared to other numerical schemes to find the 
benchmark solutions of the flow and heat transfer problems. The above literature is limited for the DQ 
method and its application in the engineering field. 

Rahman and Sharif [16] investigated free convection laminar flow with or without internal heat 
generation 𝑅𝑅𝑅𝑅𝐸𝐸 = 𝑅𝑅𝑅𝑅𝐼𝐼 = 2 × 105  in a rectangular cavity for various aspect ratios and different angles of 
inclination. Numerical calculation was presented for a range of cavity aspect ratios from (0.25 to 4), the 
inclination angle changing from 15o to 90o for fixed external Rayleigh number, and different internal 
Rayleigh number. Oztop and Bilgen [17] studied the heated portion in a square cavity with heat source 
numerically, where the vertical walls were assumed to be isothermal, the horizontal walls were adiabatic, 
and the bottom wall was attached to the isothermal cold partition. The heat Rayleigh numbers varied from 
103 to 106. They observed 2 distinct flow regimes based on the ratio 𝑅𝑅𝑅𝑅𝐸𝐸 𝑅𝑅𝑅𝑅𝐼𝐼⁄ . 

Boukendil et al. [18] studied a numerical laminar natural convective heat transfer and surface 
radiation around 2 square isothermal cylinders held at different temperatures. These cylinders were 
contained inside a square cavity with adiabatic walls. The control volume and discrete ordinate methods 
were used to solve the governing equations iteratively. The results showed that, generally at high 
Rayleigh numbers, surface radiation has a significant impact on the flow structure in the annulus. The 
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effect of the inner square cylinders' positions, sides-ratios, and sizes on radiative and convective heat 
transfers was discovered to be important. In corrugated annuli filled with nanofluid, a numerical natural 
convection heat transfer was investigated by Aljabair et al. [19]. Eight mathematical models with an 
aspect ratio of 1.5 were used to find the best model with the highest heat transfer rates. The results 
showed that increasing the volume fraction of nanoparticles and the Rayleigh number increases the heat 
transfer rate significantly. Increases in the undulation number increase the activity of the heated surface. 
Furthermore, heat transfer rates are typically higher in unsymmetrical annuli than in symmetrical annuli. 
In a cubical cavity with differently heated opposed walls, the laminar and turbulent heat transfer in 
enclosed domains uses buoyancy-driven flow, presented by Fabregat et al. [20]. This form of arrangement 
encapsulates the fundamental physics of flows in which the presence of boundary layers regulates the 
flow near a wall surface. The near-wall flow is characterized as a result, allowing new semi-analytical 
models for wall transfer applications in enclosed cavities to be created. Hidki et al. [21] exhibited analysis 
of laminar natural convection in a cavity. Two cylinders of the same surface, but different geometric 
shapes, were contained inside this cavity (square, circular, and elliptical). Two Rayleigh numbers 
reflected the uniform volume powers produced by these 2 cylinders; the right wall was cooled with a 
constant temperature, while the remaining walls were assumed adiabatic. The results demonstrate that 
Rayleigh numbers have a major impact on cavity flow and heat transfer. El-Dib and Moatimid [22] used 
coupling and homotopy perturbation method, and Laplace transform was adopted to obtain an 
approximate solution of the equation of motion. Also, they investigated the governed perturbed solutions, 
as well as the stability configuration. 

Finally, the DQ method is a numerical discretization method that is applied globally. The DQ 
method has the advantage of being able to produce extremely accurate results with a relatively limited 
number of grid points and requires very little computational reporting. The DQ approach, like traditional 
low order finite difference schemes, involves a regular computational domain. The coordinate 
transformation technique can be used for problems with irregular domains. The aim of this paper is to 
adopt the differential quadrature method in natural convection and entropy generation applications and 
show how it can be used to solve the steady state 2-dimensional convection-diffusion equation. The 
results showed that, using just a few grid points, a high-accuracy numerical solution could be obtained. 
Compared to some numerical methods developed by researchers in previous studies, it needs less storage 
and computational effort. 
 

Materials and methods 

Method methodology  
The DQ method produces a set of algebraic equations by changing a given spatial derivative of a 

function of f(x) from a linear weighted sum of the function values at discrete sample points computed 
along a coordinate’s direction. This method solves the partial differential equations numerically with 
higher order accuracy. All the details of and information about the method can be found in Shu [13]. The  
1st order derivatives and mth order derivatives of a function of 2 variables f(x,y) with respect to the x and y 
coordinates can be found as: 

𝑓𝑥
(𝑙)�𝑥𝑖 ,𝑦𝑗� = ∑ 𝐴𝑖,𝑘

(𝑙)𝐿
𝑘=1 𝑓�𝑥𝑘,𝑦𝑗�                                                                 (1A)         

𝑓𝑦
(𝑚)�𝑥𝑖 ,𝑦𝑗� = ∑ 𝐵𝑗,𝑘

(𝑚)𝑀
𝑘 = 1 𝑓(𝑥𝑖 ,𝑦𝑘)                                                                (1B) 

For    𝑙 = 1,2, to ,𝐿 − 1,       𝑚 = 1,2, to ,𝑀 − 1       :           𝑖 = 1,2, to , 𝐿,              𝑗 = 1,2, to ,𝑀 

where 𝑙 and m refers to the points in the x and y coordinates, respectively. L and M are the grid points 
numbers in the x and y coordinates, respectively, and 𝐴𝑖,𝑘

(𝑙) and 𝐵𝑗,𝑘
(𝑚) are the weighting coefficients. The 1st 

order weighting coefficients  𝐴𝑖,𝑘
(1)   and 𝐵𝑗,𝑘

(1) can be determined as follows: 

𝐴𝑖,𝑗
(1) = 𝐿(1)(𝑥𝑖)

�𝑥𝑖−𝑥𝑗�𝐿(1)�𝑥𝑗�
 , 𝑖, 𝑗 = 1,2, to , 𝐿  𝑏𝑢𝑡 𝑗 ≠ 𝑖                                                      (2A)                                           
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𝐵𝑖,𝑗
(1) = 𝑀(1)(𝑦𝑖)

�𝑦𝑖−𝑦𝑗�𝐿(1)�𝑦𝑗�
 , 𝑖, 𝑗 = 1, to ,𝑀, 𝑏𝑢𝑡 𝑗 ≠ 𝑖                                                        (2B) 

In which 

𝐿(1)(𝑥𝑖) = ∏ �𝑥𝑖 − 𝑥𝑗�𝐿
𝑗=1,𝑗≠𝑖                                                                             (3A) 

𝑀(1)(𝑦𝑖) = ∏ �𝑦𝑖 − 𝑦𝑗�𝑀
𝑗=1,𝑗≠𝑖                                                                             (3B) 

The weighting coefficients for the 2nd and high order derivatives are calculated similarly:  

𝐴𝑖,𝑗
(𝑙) = 𝑙 �𝐴𝑖,𝑖

(𝑙−1)𝐴𝑖,𝑗
(1) −

𝐴𝑖,𝑗
(𝑙−1)

𝑥𝑖−𝑥𝑗
�                                                                      (4A) 

𝐹𝑜𝑟  𝑖, 𝑗 = 1,2, … , 𝐿  𝑏  𝑗 ≠ 𝑖, 𝑙 = 2,3, … , 𝐿 − 1          

𝐴𝑛𝑑, 𝐵𝑖,𝑗
(𝑚) = 𝑚�𝐵𝑖,𝑖

(𝑚−1)𝐵𝑖,𝑗
(1) −

𝐵𝑖,𝑗
(𝑚−1)

𝑦𝑖−𝑦𝑗
�                                                               (4B)                        

𝐹𝑜𝑟  𝑖, 𝑗  = 1,2, … ,𝑀  𝑏𝑢𝑡 𝑗 ≠ 𝑖,𝑚 = 2,3, … ,𝑀 − 1 

For 𝑗, 𝑖   the coefficients of weighting are defined as: 

𝐴𝑖,𝑖
(𝑙) = −∑ 𝐴𝑖,𝑗

(𝑙)𝐿
𝑗=1,𝑗≠𝑖                                                                                   (5A) 

𝑖 = 1,2, … , 𝐿 − 1, = 1,2, . . , 𝐿 − 1                    

𝐵𝑖,𝑖
(𝑚) = −∑ 𝐵𝑖,𝑗

(𝑚)𝑀 
𝑗=1,𝑗≠𝑖                                                                                 (5B) 

𝑖 = 1,2, … ,𝑀 − 1,𝑚 = 1,2, . . ,𝑀 − 1                   

 
It is very important to know that the 2nd and higher derivative weighting coefficients can be obtained 

from the order derivatives themselves.  
 

Problem definition and mathematical models 
The geometry of the case study is shown in Figure 1, where the coordinates system and boundary 

conditions are present. The used model consists of a rectangular cavity; the temperature on the left wall is 
fixed at  𝑇ℎ, while the right wall is held at a temperature 𝑇𝑐, and the top and bottom walls are kept 
adiabatic. Within the cavity, a regular heat-generating fluid with a volumetric rate has been filled. The 
thermal flow is characterized by external Rayleigh number 𝑅𝑅𝑅𝑅𝐸𝐸 = 𝛽𝑔(𝑇ℎ − 𝑇𝑐)𝐿𝑥3 (𝛼𝜐)⁄ , Prandtl number 
𝑃𝑟 = 𝜐 𝛼⁄ , and internal Rayleigh number  𝑅𝑅𝑅𝑅𝐼𝐼 = 𝛽𝑔𝑄𝐿𝑥3 (𝛼𝜐)⁄ . The flow is laminar (viscous dissipation 
is negligible), where the fluid is assumed to be Newtonian and incompressible. The Boussinesq 
approximation is related with fluid properties; this means it is affected by density changes which depend 
on temperature changes. The aim of this study is to examine and analyze the result flow from the above 
assumption and a case study using an efficient numerical method for which preferable convection heat 
transfer is collected by using the combined effects of  𝑅𝑅𝑅𝑅𝐸𝐸  and 𝑅𝑅𝑅𝑅𝐼𝐼 .  

The steady natural convection governing equations can be expressed in the dimensionless stream 
function-vorticity form as: 

∇2Ψ = −Ω                                                                (6A) 

Ω𝜏 + 𝑈 Ω𝑋 + 𝑉 Ω𝑌 = 𝑃𝑟∇2Ω + RaE Pr(𝜃X cosγ − 𝜃Y sinγ)                                        (6B) 

𝜃𝜏 + 𝑈 𝜃𝑋 + 𝑉 𝜃𝑌 =  ∇2𝜃 +   RaI RaE⁄                                                                        (6C) 
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where the dimensionless parameters are: 

𝑋 = 𝑥
𝐿𝑥

  ,𝑌 = 𝑦
𝐿𝑥

  , 𝑈 = 𝑢 𝐿𝑥
𝛼

 ,𝑉 = 𝑢 𝐿𝑥
𝛼

,  𝜏 = 𝑡 𝛼
𝐿𝑥2

 ,     Ψ = 𝜓
𝛼

 ,   𝜃 = 𝑇−𝑇𝑐
𝑇ℎ−𝑇𝑐

   

Where all parameters appearing in the above equations are given in the nomenclature list. 
 

Formation by DQ method 
The 3 governing Eqs. (6A), (6B), and (6C) can be discretized using the DQ method as [13]: 

 
∑ 𝐴𝑖,𝑘

(2)𝐿
𝑘=1 ∙ Ψ𝑘,𝑗 + ∑ 𝐵𝑗,𝑘

(2)𝑀
𝑘=1 ∙ Ψ𝑖,𝑘 = 𝛺𝑖,𝑗                                                                         (7A) 

𝑑Ω𝑖,𝑗
𝑑𝜏

+ 𝑈𝑖,𝑗 ∙ ∑ 𝐴𝑖,𝑘
(1)𝐿

𝑘=1 ∙ Ω𝑘,𝑗 + 𝑉𝑖,𝑗 ∙ ∑ 𝐵𝑗,𝑘
(1)𝑀

𝑘=1 ∙ Ω𝑖,𝑘 

                                                        = Pr�∑ 𝐴𝑖,𝑘
(2)𝐿

𝑘=1 ∙ Ω𝑘,𝑗 + ∑ 𝐵𝑗,𝑘
(2)𝑀

𝑘=1 ∙ Ω𝑖,𝑘� + 𝑅𝑅𝑅𝑅𝐸𝐸 

                                             ∙ Pr�cosγ ∙ ∑ 𝐴𝑖,𝑘
(1)𝐿

𝑘=1 ∙ 𝜃𝑘,𝑗 −  sinγ ∙ ∑ 𝐵𝑗,𝑘
(1)𝑀

𝑘=1 ∙ 𝜃𝑖,𝑘�                                      (7B) 

𝑑𝜃𝑖,𝑗
𝑑𝜏

+ 𝑈𝑖,𝑗 ∙ ∑ 𝐴𝑖,𝑘
(1)𝐿

𝑘=1 ∙ 𝜃𝑘,𝑗 + 𝑉𝑖,𝑗 ∙ ∑ 𝐵𝑗,𝑘
(1)𝑀

𝑘=1 ∙ 𝜃𝑖,𝑘 =  

                                                    �∑ 𝐴𝑖,𝑘
(2)𝐿

𝑘=1 ∙ 𝜃𝑘,𝑗 + ∑ 𝐵𝑗,𝑘
(2)𝑀

𝑘=1 ∙ 𝜃𝑖,𝑘� + RaI RaE⁄                                    (7C)  

 
Boundary conditions implementation 
Table 1 shows the boundary conditions that take place in the domain, while the physical domain is 

as shown in Figure 1. 
 
 
Table 1 Boundary conditions. 

 

 

 

 

 

 

 

 

 

  

 

 
 
 
 
 

Figure 1 The geometry of the inclined cavity left side and a grid generation in this study, 21×21 on the 
right side. 

       𝑼       𝑽 𝜽 
Top wall 0 0 𝜕𝜃 𝜕𝑌 = 0⁄  
Bottom wall 0 0 𝜕𝜃 𝜕𝑌 = 0⁄  
Left wall 0 0 1 
Right wall 0 0 0 

    

γ

Cold
Wall

Hot
Wall

Internal Heat
Generation

Adiabatic Walls

g
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𝑈 = 𝑉 = 0, 𝜃 = 1 , at   𝑋 = 0, 0 ≤ 𝑌 ≥ 𝐿𝑌 𝐿𝑋⁄                                                            (8A) 

𝑈 = 𝑉 = 0,   𝜃 = 0 ,   at 𝑋 = 1, 0 ≤ 𝑌 ≥ 𝐿𝑌 𝐿𝑋 ⁄                                                            (8B) 

𝑈 = 𝑉 = 0, 𝜕𝜃 𝜕𝑌 = 0⁄                                                                                                  (8C) 

𝑅𝑅𝑡 𝑌 = 0, and  𝑌 = 𝐿𝑌 𝐿𝑋⁄  , for    0 ≤ 𝑋  ≥ 1 

Where 𝑈 =  𝜕Ψ 𝜕Y⁄  , 𝑉 = −𝜕Ψ 𝜕X⁄                                                      (8D) 

Ψ = 0.  On each boundary (Dirichlet boundary)                    (8E) 

according to (8D), the 2 velocity components U and V boundary conditions can be described by using the 
stream function, as below:    

Ψ = 𝜕Ψ 𝜕X⁄ = 0. at 𝑋 = 0, 1 for 0 ≤ 𝑌 ≤ 𝐿𝑌 𝐿𝑋⁄                                                            (9A) 

Ψ = 𝜕Ψ 𝜕Y⁄ = 0. at 𝑌 = 0, 𝐿𝑌 𝐿𝑋⁄  for 0 ≤ 𝑋 ≤ 1                                                                                  (9B)   

Also, the derivatives of the boundary conditions can be discretized using the DQ method. By using (6A) 
with the boundary conditions of (9), an expression for the vorticity boundary condition can be obtained: 

Ω =  𝜕2𝛹 𝜕𝑋2⁄ , at  𝑋 = 0, 1 for 0 ≤ 𝑌 ≤ 𝐿𝑌 𝐿𝑋⁄                                                                                 (10A) 

Ω = 𝜕2𝛹 𝜕𝑌2⁄ , at 𝑌 = 0, 𝐿𝑌 𝐿𝑋⁄  for 0 ≤ 𝑋 ≤ 1                                                   (10B) 

Now, Eq. (10) can lead to 4 boundaries: 

Ω1,𝑗 = ∑ 𝐴1,𝑘
(2)𝐿

𝑘=1  ∙ Ψ𝑘,𝑗  , for 𝑗 = 1,2, to ,𝑀                                                                                            (11A) 

Ω𝐿,𝑗 = ∑ 𝐴𝐿,𝑘
(2)𝐿

𝑘=1  ∙ Ψ𝑘,𝑗  , for 𝑗 = 1,2, to ,𝑀                                                                                            (11B) 

Ω𝑖,1 = ∑ 𝐵1,𝑘
(2)𝑀

𝑘=1  ∙ Ψ𝑖,𝑘 , for  𝑖 = 2,3, to , 𝐿 − 1                                                                                      (11C) 

Ω𝑖,𝑀 = ∑ 𝐵𝑀,𝑘
(2)𝑀

𝑘=1  ∙ Ψ𝑖,𝑘, for  𝑖 = 2,3, to , 𝐿 − 1                                                                  (11D) 

where 𝑖  = 1 is the left boundary and 𝑖  = L for the right one, while 𝑗  = 1 and 𝑗  = M are for the bottom 
and top boundaries, respectively. For stream function boundary condition, there are 2 boundaries. The 1st 
layer condition (Dirichlet condition) at all boundary points is obtained by applying (8E), and Neumann 
condition using (9) is discretized and combined to create conditions for the 2nd layer (2-layer approach). 
Appling Neumann condition can give: 

𝐴1,2
(1) ∙ 𝛹2,𝑗 + ∑ 𝐴1,𝑘

(1)𝐿
𝑘=1,𝑘≠2,𝐿−1 ∙ 𝛹𝑘,𝑗𝐴1,𝐿−1

(1) ∙ 𝛹𝐿−1,𝑗  =  0                                                                      (12A)  

For X = 0 

𝐴𝐿,2
(1) ∙ 𝛹2,𝑗 + ∑ 𝐴𝐿,𝑘

(1)𝐿
𝑘=1,𝑘≠2,𝐿−1 ∙ 𝛹𝑘,𝑗 + 𝐴𝐿,𝐿−1

(1)  ∙ 𝛹𝐿−1,𝑗     = 0                                                                (12B) 

For X = 1 

𝐵1,2
(1) ∙ 𝛹𝑖,2 + ∑ 𝐵1,𝑘

(1)𝑀
𝑘=1,𝑘≠2,𝑀−1 ∙ 𝛹𝑖,𝑘 + 𝐵1,𝑀−1

(1)  ∙ 𝛹𝑖,𝑀−1     = 0                                                             (12C) 

For Y = 0 

𝐵𝑀,2
(1) ∙ 𝛹𝑖,2 + ∑ 𝐵𝑀,𝑘

(1)𝑀
𝑘=1,𝑘≠2,𝑀−1 ∙ 𝛹𝑖,𝑘 + 𝐵𝑀,𝑀−1

(1)   ∙ 𝛹𝑖,𝑀−1 = 0                                                              (12D) 

For Y = 1  

Then, by substituting (8E) for (12A) and (12B), we get: 

Ψ2,𝑗 = 1
𝐴𝑋𝑁

∙ �∑ �𝐴1,𝑘
(1) ∙ 𝐴𝐿,𝐿−1

(1) −  𝐴𝐿,𝑘
(1) ∙ 𝐴1,𝐿−1

(1) � ∙ Ψ𝑘,𝑗
𝐿−2
𝑘=3 �                                                                       (13A) 
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Ψ𝐿−1,𝑗 = 1
𝐴𝑋𝑁

∙ �∑ �𝐴𝐿,𝑘
(1) ∙ 𝐴1,2

(1) −  𝐴1,𝑘
(1) ∙ 𝐴𝐿,2

(1)�      ∙ Ψ𝑘,𝑗
𝐿−2
𝑘=3 �                                                                      (13B) 

For j = 2, 3,....., M-1, where 

𝐴𝑋𝑁 = 𝐴𝐿,2
(1) ∙ 𝐴1,𝐿−1

(1) −  𝐴1,2
(1) ∙ 𝐴𝐿,𝐿−1

(1)  

Similarly, substituting Eq. (8E) into Eqs. (12C) and (12D) gives: 

Ψ𝑖,2 = 1
𝐴𝑌𝑁

∙ �∑ �𝐵1,𝑘
(1) ∙ 𝐵𝑀,𝑀−1

(1) −  𝐵𝑀,𝑘
(1) ∙ 𝐵1,𝑀−1

(1) � ∙ Ψ𝑖,𝑘
𝑀−2
𝑘=3  �                                                                   (13C) 

Ψ𝑖,𝑀−1 = 1
𝐴𝑌𝑁

∙ �∑ �𝐵𝑀,𝑘
(1) ∙ 𝐵1,2

(1) −  𝐵1,𝑘
(1) ∙ 𝐵𝑀,2

(1)� ∙ Ψ𝑖,𝑘
𝑀−2
𝑘=3  �                                                                       (13D) 

For 𝑖  = 2, 3, to, L-1, where 

𝐴𝑌𝑁 = 𝐵𝑀,2
(1) ∙ 𝐵1,𝑀−1

(1) −  𝐵1,2
(1) ∙ 𝐵𝑀,𝑀−1

(1)  

A layer adjacent to the boundary is solved by using (13); it is mentioned that, when this procedure is 
used, (7A) can only be used for the internal points  3 ≤ 𝑖 ≤ 𝐿 − 2,  3 ≤ 𝑗 ≤ 𝑀 − 2. This approach has 
been successfully applied by Shu and Richards [12] to generate accurate DQ solutions. With the same 
procedure, the boundary conditions for temperatures along the walls can be discretized, as shown below:  

𝜃1,𝑗 = 1.  ,𝜃𝐿,𝑗 = 0   for 𝑗 = 1,2, … ,𝑀                                                                                                   (14A)    

The derivative conditions for 𝜃 at Y=0 and Y=1 are discretized using the DQ method and then combined 
to give: 

𝜃𝑖,1 = 1
𝐴𝑌𝑇

∙ �∑ �𝐵1,𝑘
(1) ∙ 𝐵𝑀,𝑀

(1) −  𝐵𝑀,𝑘
(1) ∙ 𝐵1,𝑀

(1)� ∙ 𝜃𝑖,𝑘𝑀−1
𝑘=2  �                                                                            (14B) 

𝜃𝑖,𝑀 = 1
𝐴𝑌𝑇

∙ �∑ �𝐵𝑀,𝑘
(1) ∙ 𝐵1,1

(1) −  𝐵1,𝑘
(1) ∙ 𝐵𝑀,1

(1)� ∙ 𝜃𝑖,𝑘𝑀−1
𝑘=2  �                                                                            

(14C) 

For i = 2, 3 to L-1, where 

𝐴𝑌𝑇 = 𝐵𝑀,1
(1) ∙ 𝐵1,𝑀

(1) −  𝐵1,1
(1) ∙ 𝐵𝑀,𝑀

(1)  

 
It should be observed that there is only 1 condition for each boundary point for 𝜃. Therefore, Eq. 

(6C) is applied for all internal points, 2 ≤ 𝑖 ≤ 𝐿 − 1,  2 ≤ 𝑗 ≤ 𝑀 − 1. 
• The Nusselt number represents the important factor for natural convection. 
• The Nusselt number on the left wall and the average Nusselt number throughout the cavity are 

evaluated as: 𝑁𝑢𝑜 = ∫ 𝜕𝜃
𝜕𝑋

 𝑑𝑌𝐿𝑌 𝐿𝑋⁄
0  ,        𝑁𝑢𝑎𝑣𝑔 = 1

𝐿𝑌
𝐿𝑋�
∫  𝑁𝑢𝑜 𝑑𝑋1
0  

The average Nusselt number is determined using Lagrange interpolation from a fine mesh, and the 
integrals according to the above equations are estimated using the trapezoidal law. 
 

Solution procedures  
Numerical solution procedures for the present study can briefly be shown as in Figure 2. The 

solution procedure starts with a step where the number of grid and convergence threshold should be input 
to the code. The 1st step for the calculation is mesh generation, where the coordinates of each cell and DQ 
weighting coefficients are calculated. After that, (7A) is solved by LU decomposition, the matrix is 
formed and then the LU decomposition performed. The results are matrices [L] and [U], which are stored 
for subsequent application. The previous steps can give an initial guess of the flow field since the 
governing equations are nonlinear. The next steps are solving the vorticity (7B), solving the stream 
function (7A), calculating the components of velocity from (8D), solving for the temperature from (7C), 
and updating the boundary conditions for Ω,Ψ. and 𝜃. 
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Finally, the convergence criteria should be checked; when they are satisfied, the computation will 
stop and the results are printed. Otherwise, new results are used as an initial boundary and the calculation 
is repeated. 
 
 

 
Figure 2 Flow chart of the numerical solution procedure. 

 
 
The mesh point coordinates can be expressed as [13]: 

 

𝑋𝑖 =
𝑐𝑜𝑠� 𝜋 2𝐿 � − 𝑐𝑜𝑠� (2𝑖−1)𝜋

2𝐿  �

𝑐𝑜𝑠� 𝜋2𝐿 � − 𝑐𝑜𝑠� (2𝐿−1)𝜋 
2𝐿 �

∙ 𝐿𝑋      ;     𝑌𝑗 =
𝑐𝑜𝑠� 𝜋2𝑀 � − 𝑐𝑜𝑠� (2𝑗−1)𝜋 

2𝑀 �

𝑐𝑜𝑠� 𝜋2𝑀 � − 𝑐𝑜𝑠� (2𝑀−1)𝜋
2𝑀  �

∙ 𝐿𝑌    

where  𝑖 = 1, 2, to 𝐿;     𝑗 = 1, 2 to𝑀       
 

The convergence criteria in this study can be shown as the below equation: 
 

Relative error = 𝑒𝑟𝑟(𝑓, 𝑖, 𝑗) = �
𝑓(𝑖,𝑗)
𝑛+1−𝑓(𝑖,𝑗)

𝑛

𝑓(𝑖,𝑗)
𝑛 �                                                                                                 (15) 
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where n symbolizes the time level, f is a flow variable, which can be the Ω,Ψ. and 𝜃. With (15), the 
convergence criteria can be set as: 

𝑚𝑅𝑅𝑥(𝑖,𝑗). 𝑒𝑟𝑟(𝑓, 𝑖, 𝑗) ≤ 10−6 
 
Results and discussion 

The Nusselt number distribution over the heated wall, as well as streamlines and isotherms within 
the inclined cavity, were investigated and discussed, according the external and internal Rayleigh. 192 
tests have been done in this study.  Initially the code’s results were validated for many cases, with and 
without internal heat generation. 

For the case of natural convection in a square cavity without internal heat generation, the results 
were compared with the results obtained from Davis [23], Shu and Xue [24], and Lo et al. [14], which 
simulated with different cases of grid size. In this case, 𝑅𝑅𝑅𝑅𝐼𝐼 = 0 and 𝐴𝑅𝑅 = 1  and external Rayleigh 
number 𝑅𝑅𝑅𝑅𝐸𝐸 = 103 to 106 . The results showed a good agreement, as presented in Table 2, where 
average Nusselt number compared with the results obtained from Davis [23] and showed low error. Also, 
this table shows the high efficiency for the DQ method in engineering applications, where it needs a 
lower number of grids points, which leads to reduced CPU time to get accurate smooth results. The other 
case is the differentially heated cavity with internal heat generation, and with validation done by Shim 
and Hyun [25], Oztop and Bilgen [17], and Islam et al. [26]. The code results also showed acceptable 
agreement with other results; see Table 3. Obviously, the code results were close to the results obtained 
from Islam et al. [26], where the partial differential equations solved the governing equations using finite 
element method, which has nearly the same discretized shape with the DQ method. Also, Figure 3 
demonstrates the streamlines and isotherm contours in the cavity for 𝑅𝑅𝑅𝑅𝐸𝐸 = 105  and 𝑅𝑅𝑅𝑅𝐼𝐼 = 107 and 
compares them with Shim and Hyun [25], obtaining an acceptable agreement. Other cases included the 
effect of increasing of internal Rayleigh number in the cavity, as in case 2 (𝑅𝑅𝑅𝑅𝐼𝐼 = 𝑅𝑅𝑅𝑅𝐸𝐸), case 3 (𝑅𝑅𝑅𝑅𝐼𝐼 =
10 𝑅𝑅𝑅𝑅𝐸𝐸), and case 4 (𝑅𝑅𝑅𝑅𝐼𝐼 = 100 𝑅𝑅𝑅𝑅𝐸𝐸), for different aspect ratios and inclination angles of the cavity.  

 
 

 
 
 
 
 
 
 
 
 
 
 

Figure 3 Comparison of streamlines and isotherms for validation test with internal heat 
generation, 𝑅𝑅𝑅𝑅𝐸𝐸 = 105  and 𝑅𝑅𝑅𝑅𝐼𝐼 = 107. 
 
 

DQ method efficiency 
The DQ method is based on from the idea of integral quadrature, and the key to this method is to 

determine the weighting coefficients for the discretization of a derivative of any order. For most 
engineering applications, numerical simulations can be completed using low order finite difference, finite 
element, and finite volume methods, with large numbers of grid points. To achieve an acceptable 
accuracy, low order method still requires the use of large numbers of grids points to obtain an accurate 
solution at these specified points. As a result, high order methods, such as the DQ method, can provide 
accurate numerical solutions with a small number of grid points. Tables 2 - 5 show the efficiency of the 

Shim and Hyun [25] Current results 
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DQ method according to the values of errors, CPU time, and grid points in the physical cavity comparing 
it with the other researchers; also, Figure 3 shows accurate results with smooth behaviour of numerical 
results using few grid points. From these results, we could see the importance of this method in 
engineering applications. For flow and thermal fields, Figures 4 - 6 show the streamlines and isothermal 
contours in the cavity for different inclination angles (𝛾𝛾 = 0, 30, 45, and 60) , fixed external Rayleigh 
number (𝑅𝑅𝑅𝑅𝐸𝐸 = 105 )  and different internal Rayleigh numbers (𝑅𝑅𝑅𝑅𝐼𝐼 = 105, 106, and 107 ). 

Figure 4 demonstrates the inclination angle effect of the cavity where the flow strength is at = 0, 
and if inclination angle increase is weaker according to the values of streamlines in the figure. In the hot 
and cold walls, the temperature maps are very close comparing with the other sides, because greater 
temperature gradients are seen only at these regions. This phenomenon could decrease with increase of 
the inclination angle of the cavity, where the other sides of cavity are kept adiabatic and the temperature 
contours are always normal to these sides, as observed in the figure. If internal Rayleigh number 
increases, the big vortex in the cavity will be divided into 2 vortices, as shown in Figures 5 and 6. In 
Figure 5, the large vortex exists on the right side of the cavity near to the cold wall, and another vortex 
with a weak strength exists near the hot wall, where it becomes large when increasing the inclination 
angle of the cavity. In this case, the streamlines and isotherms suffer from more influence of the 𝑅𝑅𝑅𝑅𝐼𝐼. The 
whole cavity is occupied by 2 recirculation vortices in different angular directions near the side walls due 
to the buoyancy effect. Isotherms contours become irregular and distributed in the cavity due to 
differential heated and internal heat source.  

For a high internal generation case, as in Figure 7, the 2 cells in the cavity have an irregular shape 
and streamlines are deformed according to the value of  𝑅𝑅𝑅𝑅𝐼𝐼; also, increasing 𝛾𝛾 leads to change in the 
strength of vortices in the cavity due to change in buoyancy force values. Isotherms change too, according 
to change in streamlines. Figures 7 - 9 show the influence of aspect ratio of the cavity on the flow and 
thermal fields at  𝑅𝑅𝑅𝑅𝐼𝐼 = 105,  𝑅𝑅𝑅𝑅𝐸𝐸 = 104, where the flow becomes strong and isotherms are distributed 
vertically at AR = 2, as shown in Figure 8, due to the hot wall becoming near to the cold side comparing 
with the other figures. Finally, Figure 10 presents the distribution of the average Nusselt number on 
vertical sections in the cavity for different cases of inclination angles and internal Rayleigh number. In all 
tests, increase in 𝛾𝛾 value leads to decrease in the values of Nusselt number due to dissipation in the 
gravity force, while increase in 𝑅𝑅𝑅𝑅𝐼𝐼 value leads to increase in the Nusselt number. 
 
 

Table 2 Validation case for natural convection in differentially heated square cavity AR = 1. 𝑅𝑅𝑅𝑅𝐼𝐼 = 0. 
 

 𝑹𝒂𝑬 = 𝟏𝟑𝟑𝟑𝟑 

Grid size 
𝟕 × 𝟕 

Present 
results 

𝟕 × 𝟕 
Shu and 

Xue 
[24] 

𝟗 × 𝟗 
Present 
results 

𝟗 × 𝟗 
Shu and 

Xue 
[24] 

𝟏𝟑𝟑 × 𝟏𝟑𝟑 
Present 
results 

𝟏𝟑𝟑 × 𝟏𝟑𝟑 
Shu and 

Xue 
[24] 

𝟐𝟏 × 𝟐𝟏 
Lo et al. 

[14] 

81×81 
Davis 
[23] 

Nuo 1.118 1.10 1.118 1.117 1.118 1.118  1.117 
Numax 
Ylocation 

1.494 1.495 1.493 1.505 1.502 1.506  1.505 
0.090 0.085 0.090 0.085 0.090 0.090  0.092 

Numin 
Ylocation 

0.701 0.683 0.700 0.690 0.694 0.691  0.692 
1.00 1.00 1.00 1.00 1.00 1.00  1.00 

Numid 1.113 1.21 1.114 1.117 1.117 1.118  1.118 
Nuavg 1.113 1.123 1.115 1.118 1.117 1.118 1.118 1.118 
Umax 
Ylocation 

3.587 3.669 3.587 3.66 3.633 3.649  3.649 
0.810 0.810 0.810 0.815 0.812 0.815  0.813 

Vmax 
Xlocation 

3.575 3.710 3.575 3.690 3.695 3.698  3.697 
0.200 0.180 0.190 0.180 0.180 0.180  0.178 

Error % –0.44 0.44 –0.26 0.0 –0.089 0.0 0.0 0.0 
CPU Time (s) 5.0  65  173    
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𝑹𝒂𝑬 = 𝟏𝟑𝟑𝟒𝟒 

81×81 
Davis 
[23] 

21×21 
Lo et al. 

[14] 

21×21 
Present 
results 

15×15 
Shu and 

Xue 
[24] 

15×15 
Present 
results 

13×13 
Shu and 

Xue 
[24] 

13×13 
Present 
results 

9×9 
Shu 
and 
Xue 
[24] 

9×9 
Present 
results 

Grid size 

2.238  2.244 2.248 2.250 2.262 2.268 2.07 2.129 Nuo 
3.528  3.528 3.543 3.539 3.571 3.562 3.18 3.151 Numax 

Ylocation 0.14  0.14 0.145 0.14 0.15 0.150 0.09 0.100 
0.586  0.587 0.586 0.593 0.586 0.586 0.65 0.708 Numin 

Ylocation 1.00  1.00 1.00 1.00 1.00 1.00 1.00 1.00 
2.243  2.243 2.245 2.240 2.250 2.241 2.20 2.168 Numid 
2.243 2.244 2.243 2.245 2.239 2.249 2.239 2.21 2.164 Nuavg 
16.178  16.19 16.19 16.18 16.189 16.17 15.9 15.82 Umax 

Ylocation 0.823  0.82 0.825 0.82 0.825 0.822 0.82 0.82 
19.617  19.65 19.638 19.67 19.668 19.66 18.9 17.49 Vmax 

Xlocation 0.119  0.12 0.120 0.120 0.120 0.12 0.11 0.11 
0.0 0.044 0.0 0.089 –0.17 0.26 –0.17 –1.2 –3.5 Error % 

 120 724  215  133  53 CPU Time (s) 
                                    
 

𝑹𝒂𝑬 = 𝟏𝟑𝟑𝟒𝟒 
81×81 

Davis [23] 
25×25 

Lo et al. [14] 
25×25 

Present results 
21×21 

Lo et al. [14] 
21×21 

Present results 
Grid size  

4.509  4.52  4.5307 Nuo 
7.717  7.704  7.7802 Numax 

Ylocation 0.081  0.08  0.080 
0.729  0.732  0.7381 Numin 

Ylocation 1.00  1.00  1.00 
4.519  4.516  4.512 Numid 
4.519 4.521 4.515 4.520 4.511 Nuavg 
34.73  35.22  35.261 Umax 

Ylocation 0.855  0.86  0.86 
68.59  68.29  68.38 Vmax 

Xlocation 0.066  0.07  0.07 
0.0 0.044 –0.088 0.022 –0.177 Error % 

  993  517 CPU Tim (s) 
 

𝑹𝒂𝑬 = 𝟏𝟑𝟑𝟔𝟔 
81×81 

Davis [23]  
31×31 

Lo et al. [14] 
31×31 

Present results 
25×25 

Lo et al. [14] 
25×25 

Present results 
Grid size  

8.817  8.819  8.919 Nuo 
17.925  17.66  17.66 Numax 

Ylocation 0.038  0.04  0.05 
0.989  0.974  0.924 Numin 

Ylocation 1.00  1.00  1.00 
8.799  8.797  8.83 Numid 
8.80 8.823 8.82 8.823 8.824 Nuavg 

64.63  64.83  65.13 Umax 
Ylocation 0.850  0.850  0.85 

219.36  220.02  220.99 Vmax 
Xlocation 0.038  0.39  0.04 

0.0 0.26 0.22 0.26 0.27 Error % 
  1365  669 CPU Time (s) 
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Table 3 Average Nusselt number on the hot wall and CPU time for validation test with  𝑅𝑅𝑅𝑅𝐼𝐼. 
 

𝑵𝒖𝒐 

𝑹𝒂𝑰 𝑹𝒂𝑬 Shim and Hyun 
[25] 

Oztop and Bilgen 
[17] Islam et al. [26] Present 

106 105 –0.01 +0.1 –0.1 –0.097 (40 s) 
107 105 –66.0 –59.0 –43.02 –42.89 (23 s) 

 
 
Table 4 Average Nusselt number through the cavity and CPU time for different cases. 
 

                  𝑹𝒂𝑬 = 𝟏𝟑𝟑𝟒𝟒 
 

AR 
Inclined angle  𝜸𝜸 

Case 2, 𝑹𝒂𝑰 = 𝑹𝒂𝑬 
𝟑𝟑𝐨 𝟑𝟑𝟑𝟑𝐨 𝟒𝟒𝟒𝟒𝐨 𝟔𝟔𝟑𝟑𝐨 

0.5 11.0398 (96 s) 3.9394 (170 s) 2.1862 (231 s) 1.4318 (379 s) 
1. 5.9545 (47 s) 3.8529 (55 s) 2.4581 (63 s) 1.5341 (81 s) 
2. 11.2801 (58 s) 9.1776 (63 s) 

 
7.2388 (64 s) 4.6897 (71 s) 

Case 3, 𝑹𝒂𝑰 = 𝟏𝟑𝟑 × 𝑹𝒂𝑬 
 𝟑𝟑𝐨 𝟑𝟑𝟑𝟑𝐨 𝟒𝟒𝟒𝟒𝐨 𝟔𝟔𝟑𝟑𝐨 

0.5 14.7162 (74 s) 0.9143 (99 s) –3.2941 (105 s) –6.3799 (137 s) 
1. 6.4921 (40 s) 3.6271 (50 s) 2.1897 (59 s) 1.1598 (68 s) 
2. 11.8397 (37 s) 8.7486 (53 s) 6.3765 (55 s) 3.6780 (57 s) 

 
Case 4, 𝑹𝒂𝑰 = 𝟏𝟑𝟑𝟑𝟑 × 𝑹𝒂𝑬 

 𝟑𝟑𝐨 𝟑𝟑𝟑𝟑𝐨 𝟒𝟒𝟒𝟒𝐨 𝟔𝟔𝟑𝟑𝐨 
0.5 12.5709 (39 s) –79.4248 (64 s)  –86.4323(97 s) –116.6522(127 s) 
1. 9.4914 (23 s) –8.3285 (28 s) –12.8035 (33 s) –17.2101 (42 s) 
2. 18.3061 (28 s) –7.2574 (28 s) –17.9709 (30 s) –27.8529 (37 s) 

 
 
Table 5 Average Nusselt number on the hot wall at 𝐑𝐚𝐄 = 𝟏𝟑𝟑𝟑𝟑, AR = 1. 

𝑵𝒖𝒐 
𝑹𝒂𝑰 Inclined angle  𝜸𝜸 

𝟑𝟑𝐨 𝟑𝟑𝟑𝟑𝐨 𝟒𝟒𝟒𝟒𝐨 𝟔𝟔𝟑𝟑𝐨 
𝟏𝟑𝟑𝟒𝟒 –3.754 –3.865 –3.920 –3.963 
𝟏𝟑𝟑𝟒𝟒 –47.301 –52.6392 –54.583 –55.459 

  𝟏𝟑𝟑𝟔𝟔    –493.579 –579.578 –607.565 –621.408 
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Figure 4 Streamlines and isotherms in the cavity 
for Case 2,  𝑅𝑅𝑅𝑅𝐼𝐼 = 𝑅𝑅𝑅𝑅𝐸𝐸 = 105 at AR = 1. 

Figure 5 Streamlines and isotherms in the cavity 
for Case 3, RaI = 106, RaE = 105 at AR = 1. 
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Figure 7 Streamlines, and isotherms in the 
cavity for Case 3, 𝑅𝑅𝑅𝑅𝐼𝐼 = 105,  𝑅𝑅𝑅𝑅𝐸𝐸 = 104 at AR 
= 1. 

𝛾𝛾 = 0 

𝛾𝛾 = 30 

𝛾𝛾 = 45 

𝛾𝛾 = 60 

Figure 6 Streamlines, and isotherms in the 
cavity for Case 4, 𝑅𝑅𝑅𝑅𝐼𝐼 = 107,  𝑅𝑅𝑅𝑅𝐸𝐸 = 105 at AR 
= 1. 
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Figure 9 Streamlines and isotherms in the cavity for Case 
3, 𝑅𝑅𝑅𝑅𝐼𝐼 = 105,𝑅𝑅𝑅𝑅𝐸𝐸 = 104 at AR = 0.5. 

Figure 8 Streamlines and isotherms 
in the cavity for Case 3, 𝑅𝑅𝑅𝑅𝐼𝐼 =
105,  𝑅𝑅𝑅𝑅𝐸𝐸 = 104 at AR = 2. 
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Figure 10 Average Nusselt number on vertical line in the cavity for Case 4, 𝑅𝑅𝑅𝑅𝐸𝐸 = 103,𝑅𝑅𝑅𝑅𝐼𝐼 =
104 (A),  105 (B), and  106 (C) at AR = 1. 
 
 
Conclusions 

Natural laminar convective fluid flow has been simulated inside inclined rectangular cavities with 
and without internal heat generation for different aspect ratios and inclination angles. Results concluded 
that: 

1) It was found that, when compared to the benchmark solution for the test problem, accurate 
numerical results can be obtained by the present method using fewer grid points and shorter CPU time for 
calculation. 

2) Increased 𝑅𝑅𝑅𝑅𝐼𝐼  leads to increasing heat transfer rate and its direction out from the cavity at both 
hot and cold walls. 

3) Average Nusselt number in the cavity was very sensitive to the values of AR, 𝛾𝛾, 𝑅𝑅𝑅𝑅𝐸𝐸, and 𝑅𝑅𝑅𝑅𝐼𝐼. 
4) For lower values of 𝑅𝑅𝑅𝑅𝐼𝐼, heat transfer diffusion is more prominent, while for higher values of 

𝑅𝑅𝑅𝑅𝐼𝐼, convection outweighs diffusion. 
5) We recommended using the DQ method for 2-D laminar flow heat transfer application. 
6) It is possible to expand the presented differential quadrature approach to solve a 3-dimensional 

flow in the future, or for all convection modes. 
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