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Abstract

The purpose of this paper is to introduce the notion of prime and left prime ideals in I'-LA-rings.
Some characterizations of prime, left prime, and weakly left ideals are obtained. Moreover, we investigate
relationships between prime and left prime ideals in I'-LA-rings. Finally, we obtain the necessary and
sufficient conditions of a prime to be a left prime in I'-LA-rings.
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Introduction

The concepts of a I'-ring were first introduced by Nobusawa [1] in 1964. His concept is more
general than a ring. Nowadays, his I'-ring is called a I"-ring in the sense of Nobusawa. In 1966, Barnes [2]
gave a definition of a I'-ring which is more general. He introduced the notation of I'-homomorphisms,
prime, and primary ideals in ['-rings.

Let S be a non empty set. If there exists a mapping SxS — S written (a,b) by ab,§ is
called a left almost semigroup (LA-semigroup) if S satisfies the identity: (ab)c = (cb)a, for all

a,b,c € S. The concepts of an LA-semigroup was first introduced by Naseeruddin [3] in 1970. The

fundamentals of this non associative algebraic structure were the first discovered by Kazim and
Naseeruddin [4]. This structure is closely related with a commutative semigroup because, if an LA-
semigroup contains a right identity, then it becomes a commutative monoid [5]. A left identity in an LA-
semigroup is unique. An ideal in LA-semigroups has been discussed by Mushtaq and Yousuf [5,6]. In
1981, the notion of I'-semigroups was introduced by Sen [7]. Let S and I be any non empty set. If there

exists a mapping SxI'x S — § written (a,a,c)by aac,S is called a I'-semigroup if S satisfies
the identity, (aab)fc = aa(bfc) forall a,b,c € S and a, f € I'. I'-LA-semigroups are analogous
to I'-semigroups. A groupoid S is called an I'-LA-semigroup if it satisfies the left T'-invertive law:
(ayb)oc = (cyb)oa, for all a,b,c,d €S and y,0 €' [8]. This structure is also known as Abel-
Grassmann’s groupoid (AG-groupoid).

In 2006, Yusuf [9] introduced the concept of a left almost ring (LA-ring), where a non empty set R
with two binary operations “+ ” and “-” is called a left almost ring if (R,+) is an LA-group, (R,") is

an LA-semigroup, and distributive laws of “-” over “+ ” holds. Further in [10], Shah and Rehman
generalize the notions of commutative semigroup rings into LA-semigroup LA-rings. In 2011, Shah et al.,
[10] generalized the notion of an LA-ring into an nLA-ring. A near left almost ring (nLA-ring) N is an
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LA-group under “+ ”, an LA-semigroup under and left distributive property of “-” over “+ ” holds.
In [11], Shah ef al., asserted that with a commutative ring (R,+,"), we can always obtain an LA-ring

(R,®,") by defining, for a,b,ce R,a®b=b—a and a'b is the same as in the ring. The

development of I'-LA-ring has since been greatly inspired by the results of the research [12-20]. In this
paper, we study left (right) ideals, primes, and left prime ideals in I'-LA-rings. Some characterizations of
primes and left prime ideals are obtained. Moreover, we investigate relationships between primes and left
prime ideals in I'-LA-rings.

Preliminaries

In this section, we refer to [21] for some elementary aspects and quote a few definitions and
essential examples to set up this study. For more details, we refer to the papers in the references.

Definition 1.1 [21] Let (R,+) and (I',+) be 2 LA-groups, R is called a I'-left almost ring (an I'-LA-
ring) if there exists a mapping RxI'xR — R by (a,a,b)— aab for all a,be R and a €l

satisfying the following conditions;
1. acx(b+c)=aab+aac

2. (a+b)ac =aac+bac

3.a(a+ pB)b=aab+apfb

4. (aab)fc = (cab)pfa,
forall a,b,ce R and a0, S €T.

Example 1.2 Let R be an arbitrary LA-ring and I any non empty set. Define a mapping
RXI'XR—> R by xyy=uxy forall x,y € R and y €I. Itis easy to see that R is an I-LA-ring.

X
Example 1.3 Let R = {[x 0] X e Z} and I' = {{ } IX, V€ Z}. It is easy to see that R isan I'-
y

LA-ring. But R is not an LA-ring.

Lemma 1.4 [21] If R is an I'-LA-ring with a left identity, then ayb =afb for all a,b € R and

y,pel.
Proof. The proof is available in [21].

Lemma 1.5 [21] Let R be an I'-LA-ring with a left identity €. Then RTR=R and R = e['R = Rl e.
Proof. The proof is available in [21].

Definition 1.6 [21] A non empty subset / of an -LA-ring R is a subring of R if under the binary
operations in R, forming an I'-LA-ring.

Definition 1.7 [21] A subring / of an I'-LA-ring R is called a left (right) ideal of R if R['/ <[
(ITR < I) and is called ideal if it is a left as well as right ideal.
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Lemma 1.8 [21] Let I be a proper left (right) ideal of an I'-LA-ring R with left identity e. Then,

I =R ifandonlyif ee I.
Proof. The proofis available in [21].

Lemma 1.9 [21]If R is an [-LA-ring with a left identity, then every right ideal is a left ideal.
Proof. The proof is available in [21].

Theorem 1.10 Let / and J be 2 ideals in [-LA-ring R. Then, I N J is an ideal of an T-LA-ring.

Proof. Since / and J are subgroups of the I-LA-ring R under addition, thus, / N J is an additive
subgroup of R. Let ¥ € R and a € I N J. Then, a € [ and a € J. Thus, raa,aar € I (since [ is
an ideal of R )and raa,aar € J. Hence, raa,aar € I NJ. Thatis, I NJ isanideal ofa I -LA-

ring.

Corollary 1.1 Let {A4, |i € I} be a family of ideals in an T-LA-ring R. Then, ﬂ A is an ideal of R.
iel

Proof. This follows from Theorem 1.10.

Lemma 1.12 Let R be an I'-LA-ring with a left identity, and /,J are left ideals of R. Then, ITJ isa
left ideal of R, where ITJ ={a,0.b,+...+a,a b |ai el,beJ,a eli=1,... n}.

n-—"n-n

Proof. Since 0 € /,0 € J and €I, we have OZZOCZ[OEIFJ so ITJ # . Let I and J be

i=1
ideals of R. Suppose that x, y € IT'J, then, X = alalbl +...+ananbn,y = 01181‘11 +.. .+Cn,3ndn
where the @; and C; are in I and the bl. and dl. are in J, a., ﬁl €l’. From this, we obtain

x—y=aob+..+aab —cpd—..—cpd, llJ.

n-"n-n

Now, we have R['(IT'J) = IT'(RT'J) < IT'J. Therefore, ITJ is aleft ideal of R.

Lemma 1.13 Let R be an I'-LA-ring with a left identity and let / be a left ideal of R. Then, /T is an
ideal of R.

Proof. By Lemma 1.12, we have [[/ as a left ideal of R. Now, consider
(ITIHTR =(RTI)I'I c IT'I. Therefore, IT] is an ideal of R.

Lemma 1.14 [21] If [ is a left ideal of an I'-LA-ring R with a left identity, and if for any
ae R,y €T, then ayl isaleftideal of R.

Proof. The proofis available in [21].

Lemma 1.15 [21] Let R be an I'-LA-ring with a left identity, and @ € R,y € I'. Then, Rya is a left

ideal of R.
Proof. The proofis available in [21].
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Lemma 1.16 [21] If / is an ideal of an -LA-ring R with a left identity, and if forany a € R,y € T,

then a27/1 is an ideal of R.
Proof. The proofis available in [21].

Lemma 1.17 [21] Let R be an I'-LA-ring with a left identity, and @ € R,y € I'. Then, R}/a2 is an

ideal of R.
Proof. The proof is available in [21].

Lemma 1.18 [21] Let R be an I'-LA-ring with a left identity, and let A, B be 2 left ideals of R. Then,
(A:T:B) isaleftideal in R, where (A:F:B):{reR:BFrgA}.
Proof. The proofis available in [21].

Corollary 1.19 [21] Let R be an I'-LA-ring with a left identity, and let A be left ideals of R. Then,
(A:y:b) isaleftideal in R, where (AZy:b)={VER:bFV€A}.
Proof The proof is available in [21].

Remark. [21] Let R be an T-LA-ring with left identity e.

1.If A isaleftideal of R, then A< (A:y:r).

2. Let A be a proper left (right) ideal of R. By Lemma 1.8, we have e g (A4:y :r), where
reR—-A.

31f A,B,C are left ideals of R, then (4:T:C) < (A:T: B), where B < C.

Lemma 1.20 Let A be an ideal of an I-LA-ring R. Then, R/ A is an T'-LA-ring under the following
operations: forall (a+ A)+(b+ A)=(a+b)+ A and (a+ A)y(b+ A)=ayb+ A.

Proof. We leave the straightforward proof for the reader.

Lemma 1.21 Let R be an I'-LA-ring. If 4 and B are 2 left ideals of R, then
(A+B)/ A~ A/(ANB).

Proof. We leave the straightforward proof for the reader.

Prime and left prime ideals in I'-LA-rings

We start with the following theorem that gives a relation between the prime and left prime ideal in
an I'-LA-ring. Our starting points are the following definitions;

Definition 2.1 Let R be an I-LA-ring. An ideal P is called prime if AI'B < P implies that A < P
or B P, where A, B are ideals of R.
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Definition 2.2 Let R be an [-LA-ring. A left ideal P is called left prime if AI'B < P implies that
AC P or Bc P, where A, B are left ideals of R.

Remark. It is easy to see that every left prime ideal is prime.

Lemma 2.3 Let P be a left ideal of an I'-LA-ring with left identity R. Then, P is left prime of R if
and only if ay(Rab) < P implies that a € P or b € P, where y,a €I and a,b € R.

Proof. Let P be a left prime ideal of an I'-LA-ring with left identity R. Now, suppose that
ay(Rab) < P. Then, by the definition of left ideal, we get R(ay(Rab)) = RSP < P, thatis;

Rp(ay(Rab)) = (ROR)p(ay(Rab))

= (Rda)B(Ry(Rab))

= (Réa)B((ROR)y(Rab))

= (RSa)p((bSR)y(RaR))

= (Réa)p((b6R)yR)

= (R6a)B((ROR)yb)

= (Roa)B(Ryb)
for all y,a,f,0 €. This implies that (Roa)f(Ryb) < P, so that a=eda € Réac P or
b =eyb e Ryb. Conversely, assume that if ay(Rab) < P implies that a € P or b € P, where

y,a €l and a,b € R. Now, suppose that AT'B < P, where A and B are left ideals of R , such
that A 7,@ P. Then, there exists x & A, such that x € P. Now,

xy(Ray) < AT(RTB) < ATB C P,
for all y € B. So, by hypothesis, y € P, forall y € B implies that B < P. Hence, P is a left prime
ideal in R.

Theorem 2.4 Let P be a left ideal of an I'-LA-ring with left identity R. Then, P is a left prime ideal
of R if and only if (Rya)f(Rab)< P implies that a € P or b € P, where y,a,f €l and
a,beR.

Proof. Let P be a left prime of an I-LA-ring with left identity R. Suppose that (Rya)f(Rab) < P.
Then, by the definition of left ideal, we get;

(Rya)f(Rab)

(RyR)p(aab)

Rp(aab)

af(Rab)

that is, aff(Rab) < P. By Lemma 2.3, we have a€ P or be P. Conversely, assume that if
(Rya)B(Rab) c P implies that ae P or be P, where y,a,f €l and a,beR. Let
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ay(Rab) < P. Now, consider ay(Rab)=(Rya)f(Rab). By using the given assumption, if
ay(Rab) c P, then a € P or b € P. Then, by Lemma 2.3, we have P as a left prime ideal in R.

Corollary 2.5 Let P be a prime ideal of an TI-LA-ring with left identity R. If
(Rya®)B(Rab®) C P, then a*> € P or b* € P, where y,a, BT and a,b e R.

Proof. This follows from Theorem 2.4.

Theorem 2.6 Let P be a left ideal of an I'-LA-ring with left identity R. Then, P is a left prime ideal
of R ifand only if ayb € P implies that a € P or b € P, where ¥ €I and a,b € R.
Proof. Let P be a left ideal of an T-LA-ring with left identity R. Suppose that ayb € P. Then, by the

definition of left ideal, we get;

(Rya)B(Rab)

(RyR)p(aab)
RpB(aab)

c RpP

P.

By Theorem 2.4, we have a € P or b € P. Conversely, the proof is easy.

N

Corollary 2.7 Let P be a prime of an [-LA-ring with left identity R. If 612]/b2 € P, then a® € P or
b* € P, where y €T and a,b € R.

Proof. This follows from Theorem 2.6.

Theorem 2.8 Let R be an I'-LA-ring with a left identity. If A is a left prime ideal of R, then
(A:y:r) isaleft prime ideal in R, where ¥ €I and r € R.

Proof. Assume that 4 is a left prime ideal of R. By Corollary 1.19, we have (A4:y :r) as a left ideal
in R. Let aabe(A:y:r). Suppose that b (A:y:r). Since aabe(A:y:r), we have
ry(aab) e A, so that ay(rab) € A. By Theorem 2.6, we have a € A or rab € A. Therefore,
ae(A:y:r) and, hence, (A:y:r) isaleft prime ideal in R.

Corollary 2.9 Let R be an I-LA-ring with a left identity. If 4 is a left prime ideal of R, then
(A:T :B) is aleft prime ideal in R, where B < R.

Proof. This follows from Theorem 2.8.

Definition 2.10 An T-LA-ring R is called an I'-LA-3-band if its every element satisfies
(axa)fa=aa(apPa)=a.

Proposition 2.11 Every left identity in an '-LA-3-band is a right identity.

Proof. Let € be a left identity and @ be any element in an I'-LA-3-band R. Then,
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ace = (ao(afa))ae
(ed(apfa))aa
= (afa)aa

= a

forall , 5,0 €I'. Hence, e is aright identity

Lemma 2.12 If an -LA-3-band R has a left identity, then every left ideal is an ideal.
Proof. Let A be a left ideal of an -LA-3-band R. Then,

ays = ((aaa)Ba)ys
(spa)y(aaa)
(RTA(AT'A)
Al'A

c A
forall y,a,f€l’,ae A,and s € R. Hence, A is an ideal of R.

m

IN

Theorem 2.13 Let R be an I'-LA-3-band with a left identity. Then, P is a left prime ideal in R if and
only if P isa prime ideal in R.
Proof The proof is straightforward.

Definition 2.14 Let R be an I'-LA-ring. A left ideal P is called a weakly left prime if {0} #ABcC P
implies that A < P or BC P, where A and B are 2 left ideals of R.

Remark. It is easy to see that every left prime ideal is weakly left prime.

Theorem 2.15 Let P be a left ideal of an I'-LA-ring with left identity R. Then, P is a weakly left
prime ideal of R if and only if {0} # al'(RT'h) — P implies that a € P or b € P, where a,b € R.

Proof. This follows from Lemma 2.3.

Lemma 2.16 Let P be a left ideal of an I'-LA-ring with left identity R. Then, P is a weakly left prime
ideal of R if and only if {O} # (RTa)T'(RT'h) < P implies that @ € P or b € P, where a,b € R.

Proof. This follows from Theorem 2.4.

Theorem 2.17 Let P be a left ideal of an I-LA-ring with left identity R. Then, P is a weakly left
prime ideal of R if and only if O0#ayb € P implies that a € P or b € P, where a,b€ R and
yel.

Proof. This follows from Theorem 2.6.

Lemma 2.18 Let R be an I'-LA-ring with a left identity and let P be a weakly left prime ideal but not a
left prime ideal of R. If ayb =0 for some a,b & P, then ayP= P]/b =0, where yel.

Proof. Let p € P suchthat pyb # 0. Then,
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0 = ayp
= O+ayp

ayb+ayp
= ay(b+p)eP.

Since P is a weakly left prime ideal of R, we have a+ pe P or b€ P, thatis, ae P or b e P.
This is a contradiction. Therefore, @y P =0. Similarly, we can show that P; ]/b =0.

Theorem 2.19 Let R be an I-LA-ring with a left identity. If P is a weakly left prime ideal that is not
left prime, then P° = {0}

Proof. Let P be a weakly left prime ideal of R. We can show that P’ ={0}. Suppose that
P> # {O} We will show that P is a left prime ideal in R. Let ayb € P,where a,b€ R and y €T

If ayb#0, then a€ P or b€ P, since P is a weakly left prime ideal of R. Now, suppose that
ayb=0.1f ayP # 0, then there is an element p' of P, such that ay p' # 0, so that;
0 = ayp'

= ayp'+0

= ayp'+ayb

= ay(p'+b)eP
And, hence, P as a weakly left prime ideal gives either a € P or p'+b eP. As p' € P, we have
a€P or be P. So, we can assume that ayP =0. Similarly, we can assume that ay P = P]/b =0.
Since P? # 0, there exists p,, p, € P, such that p,p, # 0. Then, 0 (a+ p,)y(b+p,) € P, so
a+p P or b+ p, € P, andhence a € P or b € P. Thus, P is a left prime ideal of R. Clearly,

{0} c P?. Hence, P’ = {0} as required.

Corollary 2.20 Let R be an I -LA-ring with a left identity and P # {0} . Then, P is left prime ideal

of R ifand only if P is a weakly left prime ideal of R.
Proof. This follows from Theorem 2.19.

Lemma 2.21 Let R be an I -LA-ring with a left identity. If P is a weakly left prime ideal of R, then
(P:y:a)=PU(0:y:a), where ac R—P and y €T

Proof. Let P be a weakly left prime ideal of R. Clearly, P U (0:y:a) < (P:y:a). For the other
inclusion, suppose that x € (P:y :a), so that ayx € P. 1t ayx+# 0 and P is a weakly left prime
ideal of R, then x € P. If ayx =0, then x € (0: : a). So, we have the equality.

Theorem 2.22 Let R be an [-LA-ring with a left identity and @,b € R—P. 1f (P:y:a)=P or
(0:y:a)=P, then P isa weakly left prime ideal of R, where a € R—P and y €T.
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Proof. Let a€R—P and y €I, such that (P:y:a)=P or (0:y:a)=P. Suppose that
0#xaye P, where x,yeR and a€l. Then, xe(P:a:y) by Lemma 2.21, we have

(P:a:y)=PuU(0:a:y). Thus, xeP or xe(0:a:y), hence, x€ P since xay#0, as
required.

Theorem 2.23 Let R = R, X R,, where each R, is an I-LA-ring with a left identity. If PxR, is a
weakly left prime ideal of R, then P is a weakly left prime ideal of R,.

Proof. Suppose that PXx R, is a weakly left prime ideal of R. Let a,,a, € R, and y €I', such that
0+#a,ya, € P. Then, 0 # (a,yb,,a,yb,) =(a,,a,)y(b,,b,) € PxR,. Since Px R, is weakly left
prime, we have (a,,a,)€ PxR, or (b,b,) € PxR,. 1t follows that @, € P or b, € P. By the

definition of a weakly left prime ideal, we have P as a weakly left prime ideal of R,.

Theorem 2.24 Let R = R, x R,, where each R, is an [-LA-ring with a left identity. Then, P is a left
prime ideal of R, if and only if P x R, is a left prime ideal of R.

Proof. Suppose that P is a left prime ideal of R,. Let (a,,a,)y(b,,b,)=(a,yb,,a,yb,) € PxR,,
where (a,,a,),(b,,b,) € R,y €', sothat a, € P or b, € P, since P is left prime. It follows that
(a,,a,) € PxR, or (b,b,) € PXR,. By the definition of a left prime ideal, we have Px R, as a left

prime ideal of R. Conversely, this follows from Theorem 2.23.

Corollary 2.25 Let R = R, X R,, where each R, is an I-LA-ring with a left identity. If P is a weakly

left prime (left prime) ideal of R,, then R, x P is a weakly left prime (left prime) ideal of R.
Proof. This follows from Theorem 3.23.

n
Corollary 2.26 Let R = HRI., where each R, is an I'-LA-ring with a left identity. If P is a weakly
i1

left prime (left prime) ideal of Rj, then R1 XR2 ><...><Rj_1 x Px Rj+2 X...XRn is a weakly left
prime (left prime) ideal of R.

Proof. This follows from Theorem 2.23 and Corollary 2.25.

Theorem 2.27 Let R = R X R,, where each R,, is an [-LA-ring with a left identity. If P is a weakly
left prime ideal of R, then P = {(0,0)} or P is aleft prime ideal of R.

Proof. Let P = P, x P, be a weakly left prime ideal of R. We can assume that P # {(0,0)}. So, there
is an element (a,,a,) of P, with (a,,a,)# (0,0). Then, (0,0)#(q,,a,)=(a,,e)y(e,a,)e P
gives (a,,e)e P or (e,a,) € P. If (a,,e) € P, then P =P xR,. We will show that P, is a left

prime, hence, P is weakly left prime by Theorem 2.23. Let xyy € F,, where x,y € R, and y €I.
Then,
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Oi(xﬂ/yae):(xae)ﬂ/(yae)eﬁ XRZ =P
So, (x,e)e P=P xR, or (y,e)e P=P, xR, and, hence, x€ P, or y€ F. If (e,a,) € P, then
P =R, x P,. By asimilar argument, R, x P, is a weakly left prime ideal of R.

Theorem 2.28 Let A C P be a proper ideal of an ['-LA-ring with left identity R. Then, the following
holds:
1. If P is a weakly left prime left ideal of R, then P/ A is a weakly left prime ideal of R/ A.
2.1f A and P/ A are weakly left prime ideals of R/ A, then P is a weakly left prime ideal of

R.
Proof. 1. Let x,y€ R and yel', such that A= (x+ A)y(y+A)=xyy+Ae P/ A. Then,

xyyeP. If xyy=0¢€ A, then (x+ A)y(y+ AA)=xyy+ A=0+ A= A. This is a contradiction.
So, if P is a weakly left prime ideal of R, then x€P or V€ P, hence x+Ae€P/A or
y+Ae P/ A, as required.
2.Let x,y € R and y €I', suchthat 0 # xyy € P. Then,
(x+A)y(y+A)=xyy+Ae P/ A
For xyy € A, if A is a weakly left prime, then x € A C P or ¥ € A C P. So, we may assume that
xyy ¢ A. Then, x+ A€ P/ A or y+ A€ P/ A 1t follows that x € P or ¥ € P, as needed.

Theorem 2.29 Let P and Q be two weakly left prime ideals of an [-LA-ring with left identity R that

are not left prime. Then, P + Q is a weakly left prime ideal of R.

Proof. Since (P+Q)/Q=Q/(PNQ),wegetthat (P+Q)/Q is a weakly left prime by Theorem
2.28 (1). Now, the assertion follows from Theorem 2.28 (2).

Conclusions

Many new classes of I'-LA-rings have been discovered recently. All of these have attracted
researchers in the field to investigate them in detail. This article investigates the prime ideal, the left
prime ideal, and weakly left prime ideals in I'-LA-rings. We show that a left ideal P is a left prime ideal
of R if and only if aybeP implies that aeP or be P where yel” and a,beR Finally, we show that if P is a
weakly left prime ideal of R;xR, then P={(0,0)} or P is a left prime ideal of R|xR,.
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