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Abstract

Neonatal jaundice is a high bilirubin accumulation experienced in 60 % of newborns leading to
permanent brain damage. However, bilirubin reduction time for an appropriate treatment is difficult to
determine because of complicated bilirubin kinetics. This article presents a compartmental model
optimization of bilirubin. The truncated balanced realization is employed to reduce complexity of the
conventional bilirubin model. The compartments are determined by absolute value and argument analysis
that are also able to simplify the conventional 3-compartment model to a 2-compartment model. The
proposed models are verified with Berk and Brown 3-compartment models with focuses on the half-life
and the trough point. Verification results showed that the half-life point of the optimized model is 20 min
faster and the processing time to the trough point is approximate 8 % slower than the Berk model. In
comparison with the Brown model, the half-life of the optimized model is similar the Berk model, and the
processing time to the trough is 5 % slower than the original model. The proposed algorithm simplifies
the complex compartmental models yielding comparable results, though it has to be traded off with a little
slower time for the trough, and could well be developed into a high performance neonatal jaundice
treatment system.

Keywords: Bilirubin, compartmental model, neonatal jaundice, model order reduction, truncated balance
realization

Introduction

Bilirubin is a yellowish substance, soluble conjugated bilirubin (CB) and insoluble unconjugated
bilirubin (UCB), produced from red blood cell catabolism. Neonatal jaundice is a case of high
accumulation of bilirubin leading to kernicterus that permanently damages the brain, it occurs in 60 % of
newborns [1]. This disease leads to 10 % mortality and 70 % long-term morbidity [2]. The gold standard
method to determine bilirubin concentrations is the Total Serum Bilirubin (TSB) analysis which is used to
classify the risk to neonatals. The process need blood drilling with the side effects from multiple blood
sampling. If the treatment period cannot be accurately predicted by some bilirubin samples, then TSB are
evaluated for management. Though non-invasive bilirubin measurements to reduce the needs for blood
samplings are conducted and compared [3,4] these methods cannot be used during phototherapy because
the internal characteristics of neonates are changed by light intensity [5]. The conventional medical
treatment of this condition is phototherapy, using light to convert UCB to water soluble CB that can then
be excreted via the kidneys and gut [6].

The pathways of serum bilirubin motivated for the bilirubin management problems. Berk [7]
investigated bilirubin kinetics in young adults. They presented a 3-compartment model: a plasma pool, an
extravascular pool and a hepatic pool. This model was used to explain the rate of change in bilirubin-"*C,
focusing on the unconjugated bilirubin (Figure 1).
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Figure 1 Berk’s bilirubin three-compartment model [7].

Brown [8] presented another model with 5 compartments consisting of plasma, extravascular,
hepatic, intestine and gut compartments (Figure 2). This model was based on kinetics tracers related to
the Berk model. Brown simplified their original model (Figure 2) down to a 3-compartment model
(compartment 1, 2, and 3) and 2 2-compartment models (compartment 1+2 and compartment 3;
compartment 1+3 and compartment 2). Moreover, the model complexity had also been reduced by
parameter estimation [9-11].
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Figure 2 Brown’s bilirubin compartment model [8].

The compartment model can be explained with first order differential equations and the fourth order
Runge-Kutta algorithm was applied to solve numerically [12,13]. Egs. (1) - (3) explain the bilirubin
kinetics of the model shown in Figure 1.

dc

dlt(t) = —(kqy + kq43)C1(t) + ky1 C5(t) + k3, C5(t) + P, W
dcC:
220 — (hyy) €4 (8) = (an) o (0) o
dc:

;t(t) = kq3C,(t) + (kgq + k39)C5(E), (3)

292 Walailak J Sci & Tech 2016; 13(4)



Model Optimization for Hyperbilirubinemia Management Tai BANDISAK et al.

http://wjst.wu.ac.th

where parameters Cy, Cy, C3 are the concentration of compartment 1, 2 and 3, respectively; variable k;; is
a rate constant from compartment i to compartment j; P is the bilirubin production rate and, k3, is
bilirubin excretion rate.

The compartment models were too complicated; hence model optimizations were used for
simplification. The method of model optimization based on the underlying physiology include: parameter
estimation and curve fitting; pole cancellation; and truncated balanced realization.

The parameter estimation and curve fitting [14,15] was used to simplify models with estimation that
depend on the relationship of system inputs and outputs and it cannot be used in high complexity models.
This method lacks flexibility for the system input variation, hence were not suited for optimization of
complicated physiology models. The pole cancellation was used to optimize control systems [16]. This
simplified model was structurally different from the original model, loses its physiological interpretation
and thus was not suited for this application. The truncated balanced realization (TBR) based on Hankel
singular values [17-20] for the current modeling problems can be used to optimize highly complicated
models involving large numbers of variables such as those presented in the original model. Truncated
balanced realization (TBR) with Hankel singular values [17-20], detailed in the methodology section, had
been used very successfully in electrical control systems. In this research, we derived an optimal reduced
order compartmental model of bilirubin based on TBR methods in order to simplify the model for
bilirubin prediction.

Methodology

This article, model optimization and validation, was based on the iatrogenic case data of the original
bilirubin compartmental models of Berk and Brown (Figures 1 and 2). TBR presented in [19,20] was
used for model simplification. The bilirubin compartmental model was initially transformed to a state
space representation shown in Egs. (4) and (5).

x(t) = Ax(t) + Bu(t); x(0) = x, , 4
y(t) = Cx(t) + D, )

where (t) is the processing time; A is the system matrix, B the input matrix, C the output matrix, and D
the direct transmission matrix; x(t) is the internal state of the compartment model represented by kij;
u(t) and y(t) are respectively the controlled input and the observable output of the system determined by
the 1% compartment. Parameters of Egs. (1) - (3) were transformed to a state space model described by

Eq. (6).

—(kiz + ki3)  kyq k34
A= ki, —k;q 0 , (6)
ki3 0 — (k31 + k30)

B=[1 0 0]’,C=[1 0 0],D=]0],

For model optimization procedure, we used the procedure of TBR [19,20]. First, the controllability
(W) and observability (W,) Gramian matrices were determined from linear Eqgs. (7) and (8);

AW, + W_AT = —BBT, (7)
ATW, +W,A = —CTC, (8)

where A is stable matrix [21]. Then, their Cholesky factors [19,20] were calculated to comply with Egs.
(9) and (10);
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W, =L, ()
W, =L,LT, (10)
where L, and L, are the lower triangular Cholesky factors of W, and W, respectively.

Next, the Hankel singular values in Eq. (11) were computed using Cholesky factors. The balancing
transformation (T) was defined by Eq. (12) and its inverse complied with Eq. (13).

vav =ILTL,, (11)
T=LVA Y2, (12)
T-1 = A~V2yTL], (13)

where T must not be a singular matrix [22]; 4 is a diagonal matrix with positive singular values on the
diagonal, while U and V are orthogonal matrices corresponding to rotations of the coordinate axes.

This balancing transformation (T) was implemented to balance the state space [19,20] by A =
T~'AT, B= T !B, C = CT. Then the Hankel singular values were computed for model reduction by
removing the smaller insignificant ones. The Hankel singular values represent the state importance of the
model that was used to indicate eradication of those states that were least significant. Finally, the
modified model was verified with the original models using absolute value and argument analyses to
identify the appropriate number of the optimized compartment models.

Results

Hankel singular values are calculated (Table 1) to initially assess the importance of the
compartment and to remove the less important ones.

Table 1 Hankel singular values from the Berk model.

Compartment Hankel singular values
1 26.4746
2 6.6826
3 1.4279

The Hankel singular values indicate the important states (11). From Table 1, the value of the 3™
compartment is least significant and this compartment is removed. The optimum compartment number is
determined by absolute and argument analyses.

In the comparison between Berk’s original compartment model and the proposed model (Figure 3),
absolute value and argument are used to determine the optimum compartment number, focusing on the
observable changes in the argument curve. Thus, a 2-compartment model is the optimum model in this
case because there are 2 flexural changes exhibited on the argument curve.

In the sense of the criteria from which the TBR is derived by [19,20], both reduced order models are
optimal simplifications of the 3-compartment model. The bilirubin concentration results in the 1%
compartment of the modified models are similar to that from the original model. Model verification is
subsequently conducted on both models. Berk’s optimized model, and the 2-compartment is explained by
state space model in Eq. (14).
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Figure 3 Comparison by absolute value and argument of Berk’s original compartment model results and
that of the proposed simplified model.

& _ [—0.02167 0.003859
A= | 0.0123 —0.005107) ~ (9
B=[09425 —-0.1613]", C=[1 5.811x 10~¢], D = [0].

The result in Figure 4 shows that bilirubin concentrations of the optimized model and the Berk’s
original model have similar trends and behaviors, inferring that the optimized model (2-compartment
model) accurately represent the original models.
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Figure 4 Verification of results between the optimized model and Berk’s compartment model.

In the Brown’s compartment model, the Hankel singular values are calculated and analyzed to
evaluate the importance of the internal model relationship. The result of the Hankel singular values from
the Brown model (Table 2) are similar to the Berk model.

Table 2 Hankel singular values from the Brown model.

Compartment Hankel singular values
1 17.4231
2 3.0334
3 1.1435

In this case, the value of the 3™ compartment is least significant and this compartment can be
removed correlating to the number of curve changes of the argument shown in Figure 5.
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Figure 5 Comparison by absolute value and argument of Brown’s original compartment model results
and that of the proposed simplified model.

The optimized model is explained using Eq. (15) and verified with the Brown’s original model
(Figure 6), subsequently.

& _ [ —0.02029 0.00315
i\ Bl [ 0.02287  —0.008653) R (15)
B=[0.5788 —0.2456]", € =1 3.105x 10°], D = [0].
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Figure 6 Verification of results between the optimized model and Brown’s compartment model.

Discussions

Complex number analysis is applied to verify the optimized model in the absolute values and the
arguments. This method determines the number of optimum compartments in the model optimization
procedure. In our experiment, 2 points of inflection on the curve are found on the argument inferring a 2-
compartment model. The verification results show that the half-life values of the optimized model and the
original model are of similar magnitude. The proposed models agree with the distribution rate and the

decreasing rate based on the half-life point (¢, = MTZ), where k is the slope and also on the trough point.

The trough point is a threshold point, taken as the time when bilirubin concentration decreases down to 10
% of the maximum value. In this investigation, the trough point is the main point to predict the time
bilirubin decreases in neonatal jaundice. The accuracy of the results are dependent on the similarity of the
absolute value and argument between the original model and the optimized model.

The trough point time obtained from the Berk model is close to 12 h whereas the proposed model is
about an hour slower. The half-life point from the model is approximate 4.5 h while the optimized model
is 20 min faster. For the Brown model, a hypothetical maximum concentration of approximate 6 mg/dL
the trough point is close to 11 h and that from the proposed model is about 0.5 h slower; the half-life point
from the model is a little over 4 h while the optimized model is approximate 15 min faster.

Comparing with both the Berk and the Brown model, the proposed algorithm produces similar
results within a tolerable duration. The trough points reached from the proposed models are
approximately 5 - 8 percent more than those obtained from the Berk and the Brown models. The half-life
check point time from the proposed models have been proven to be a little faster.
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Conclusions

We perform an optimal model reduction by TBR to simplify a compartmental bilirubin model. This
approach reduces the 3-compartment original models to a 2-compartment model. For model verification,
we compare the simplified model with the original model and the other compartmental bilirubin models.
It indicates that the original model was closely imitated by the simplified model. The trough point and the
half-life point obtained from the optimized model and the original model are tolerably comparable. The
TBR method is thus suitable for simplification of multi-compartmental models. In future work, this
approach could be used to optimize the complex models, such as glucose-insulin kinetic models and
anesthesia control system, to strive for better medical managements.
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