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Abstract

The main aim of the present work is to present a new and simple algorithm for time fractional heat
like physical models by using the new fractional homotopy analysis transform method (FHATM). The
proposed method is an innovative adjustment in the Laplace transform algorithm (LTA) for fractional
partial differential equations and makes the calculation much simpler. The numerical solutions obtained
by the proposed method indicate that the approach is easy to implement and computationally very
attractive. A good agreement between the obtained solution and some well-known results has been
obtained.

Keywords: Heat equation, Fractional derivatives, Analytical solution, Mittag-Leffler function, Laplace
transform method, fractional homotopy analysis transform method

Introduction

Fractional differential equations have drawn the interest of many researchers [1-4] due to their
important applications in science and engineering, such as modeling of anomalous diffusive and sub-
diffusive systems, description of fractional random walk and unification of diffusion and wave
propagation phenomena. Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes.

Our concern in this work is to consider the numerical solution of the time-fractional heat equations.
Heat-like models can describe many physical problems in different fields of science and engineering.
These models play important roles in applied science, so finding their analytical solutions has
fundamental significance in various field of science and engineering. In this paper, we consider the time
fractional heat-like equation with variable coefficients described by the following 3 dimensional IBVP;

Dfu(x,y,z,t) = f(x,y,2)u,, +g(x,y,2)u,, +h(x,y,2)u.., >0, )]
where 0 <x<a, 0<y<b, 0<z<c, subject to the Neumann boundary conditions;
u,\'(o’y’z5t) :fi(yﬂz’t)’ ux(a’y5z’t):_f‘2(y’z’t)7 (2)

uy(x70,zat):gl(xaz7t)7 uy(x,b,Z,t):gz(x,Z,t), (3)
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uz(xay’oat) = hl(xay:t)z uz(x,y:cat) = hz(xﬂy’t), (4)

with initial conditions;
u(x, y,z,0) = @(x, y, z), (5)

where o is a parameter describing the order of the time fractional derivatives. The function u(x,y,z,t) is

assumed to be a causal function of time and space. The general response expression contains parameters
describing the order of the fractional derivatives that can be varied to obtain various responses. In the case
of a =1 the fractional equation reduces to the classical heat equation. The different types of the proposed
problem have been solved in [5-8].

In this paper, the fractional homotopy analysis transform method (FHATM) basically illustrates
how the Laplace transform can be used to the approximate and analytical solutions of the heat-like
fractional models by manipulating the homotopy analysis method. The proposed method involves
coupling of the homotopy analysis method and Laplace transform. The main advantage of this method is
its capability of combining 2 powerful methods for obtaining rapid convergent series for fractional partial
differential equations. The homotopy analysis method (HAM) was first proposed and applied by Liao [9-
12] based on homotopy, a fundamental concept in topology and differential geometry. HAM is based on
construction of a homotopy which continuously deforms an initial guess approximation to the exact
solution of a given problem. An auxiliary linear operator is chosen to construct the homotopy and an
auxiliary parameter is used to control the region of convergence of the solution series. HAM provides
greater flexibility in choosing initial approximations and auxiliary linear operators and hence a
complicated nonlinear problem can be transformed into an infinite number of simpler, linear sub-
problems, as shown by Liao and Tan [13]. HAM has been successfully applied by many researchers for
solving linear and non-linear partial differential equations [14-23]. In recent years, many authors have
studied the solutions of linear and nonlinear differential and integral equations by using various methods
combined with the Laplace transform. Among these are Laplace decomposition methods [24,25], and the
homotopy perturbation transform method [26,27]. Recently, Khan et al. [28] has applied it to obtain the
solutions of the Blasius flow equation on a semi-infinite domain by coupling of the homotopy analysis
and Laplace transform methods. Also, this method is used for solving various nonlinear equations [29],
linear and nonlinear partial differential equations [30] and the time-space fractional gas dynamics
equation [31].

The main aim of this article is to present approximate analytical solutions of heat-like physical
models with time fractional derivative & (0<a <1) in the form of a rapidly convergent series with
easily computable components by using FHATM.

Basic definitions of fractional calculus and Laplace transform

Fractional calculus unifies and generalizes the notions of integer-order differentiation and n-fold
integration [2-4]. We give some basic definitions and properties of fractional calculus theory which shall
be used in this paper.

Definition 1 A real function f(¢),7>0 is said to be in the space C u M E R if there exists a real

number p > u, such that f'(¢) =t” f,(¢) where f,(¢t) e C(0,00) and it is said to be in the space
C, ifand onlyif /" eC,, neN.

Definition 2 The left sided Riemann-Liouville fractional integral operator of order 4 > 0, of a function
feC,,a>-1 is defined as [32,33];
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- d 0,1>0,
I“f(t)=1T(u )J.( 2 f(T) nHmR (6)
1@, H=0

where I'(.) is the well-known Gamma function.

Definition 3 The left sided Caputo fractional derivative of 1, /e C"|, m e NU {0}is defined as

[4,31];
d* #[%}’ m_1</u<m, mEN,
prf( =0 f o
dt d" £ (t)
dt—m’ H=m.
Note that [4,31];
f(x,5)
Q I/ f(x, F( )IO S)]/ldS, u>0, t>0,
iy D“f(x.t)= 1{””%, m—1<u<m.
tm

Definition 4 If the Laplace transform of the function f'(¢) is F'(s), then the Laplace transform of the

Riemann-Liouville fractional integral /“ f'(¢) is defined as [3];

LII" f()]=s"F(s). ®)

Definition 5 The Laplace transform of the Caputo fractional derivative is defined as [4];

n—l1
LID " u(r,t)]=s""Llu(r,t)]—- ZS(”“_k_')u(k) (r,0), n-l<na<n, neN. ©)
k=

Definition 6 The Mittag-Leffler function £,(z) with « >0 is defined by following series
representation, valid in the whole complex plane [32];

E,(z)= Zr(n a>0, zeC. (10)

FHATM

To illustrate the basic idea of the HATM, we consider the following fractional partial differential
equation;
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Dfu(r,t)+ R[rlu(r,t)+ N[rlu(r,t)=g(r,t), t>0, reR’, n—l<a<n, neN, (11)

o

«_ 0 . . 3 . . .

where D" = a—a, R[r]is a linear operator in 7 € R°, N[r] is the general nonlinear operator in
t

reR’ and g(r,t) is a continuous function. For simplicity we ignore all initial and boundary

conditions, which can be treated in a similar way. Now the methodology consists of applying the Laplace
transform first on both sides of Eq. (11), we get;

LID u(r,t)]+ LIR[rlu(r,t) + N[rlu(r,t)]= L[ g(r,1)]. (12)

Now, using the differentiation property of the Laplace transform, we have;

n-1

Llu(r,1)] —La Z s B (r,0) + ia L(R[r]u(r, )+ N[rlu(r,t)—g(r, t)) =0. (13)
R P— s
We define the nonlinear operator;
1 n—1 1
Ng(t:9)) = LIt =2 2 s (r0) + S—G,L(R[r](/ﬁ(r,t;q) + NIFg(r,659) - g(r0)), - (14)
k=0

where g €[0,1] to be an embedding parameter and @(7,¢;q) is the real function of 7,f and q. By

means of generalizing the traditional homotopy methods, the great mathematician Liao [9-12] constructed
the zero order deformation equation as follows;

(=q)L[p(r.t;q) —u,(r,0)] = hgH (r,t)N[§(r,1;)], (15)

where /i is a nonzero auxiliary parameter, H(7,¢)# 0 is an auxiliary function, u,(r,t) is an initial

guess of u(r,t) and @(r,t;q) is an unknown function. It is important that one has great freedom to

choose auxiliaries in HATM. Obviously, when ¢ =0 and g =1, it holds;
¢(V, t’O) = MO(F, t)a ¢(}’, Z,l) = M(I’, t) (16)

Thus, as ¢ increases from 0 to 1 the solution varies from the initial guess u,(7,¢) to the solution

u(r,t). Expanding @(r,t;q) in Taylor’s series with respect to g, we have;

B(r,tq) =uy(r,0)+ . q"u, (r,0), (17)
m=1
where

1 0"¢(r,t;q)
T Aam | (18)

mlog" |
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If the auxiliary linear operator, the initial guess, the auxiliary parameter 7, and the auxiliary

function are properly chosen, the series (17) converges at g =1, we have;

u(r,t) =u, (r,t)+2um (r,1), (19)

m=l1

which must be one of the solutions of the original nonlinear equations.
Define the vectors;

u, ={u,(r,t),u,(r,t),u,(r,t),...u, (r,t)}. (20)

Differentiating equation (15) m time with respect to embedding parameter g and then setting
q =0 and finally dividing them by m!, we obtain the m th order deformation equation;

Llu,, (r,0)= 2t ()] =hq H(r,O) R, (u,_,,7,1). 21

Operating the inverse Laplace transform on both sides, we get;

w, (r,t) = g, (rt) +hq L [H(r,0R, (i, ,,71)] (22)
where
- 1 0" 'é(r,t;
R, (@, ,rt)= ¢(,,,,1 9) , (23)
(m-1)! &g loco
and
B 0, m<l,
O 2, ms
In this way, it is easy to obtain u,, (7,¢) for m >1, at M th order, we have;
M
u(r,t)= Zum (7,1), 24)
m=0

when M —> o0, we get an accurate approximation of the original equation (11).

Illustrative examples

In this section, 3 examples of time fractional heat-like physical models are solved to demonstrate
the performance and the efficiency of the HAM with coupling of the Laplace transform method.

Example 1 We first consider the one dimensional initial boundary value problems [7,8] as;

Dfu(x,t)=%x2um(x,t), O<x<lLt>0, O<a<l, (25)

Walailak J Sci & Tech 2016; 13(5) 341



FHATM for Solving Fractional Heat-Like Mohamed KHADER et al.

http://wjst.wu.ac.th

subject to the boundary conditions;

u(0,6)=0, u(l,t)=e', (26)
and the initial condition;

u(x,0)=x". 27

Applying the Laplace transform on both sides in Eq. (25) and after using the differentiation property
of Laplace transform, we get;

s Llu(x, )] — s 'u(x,0) — %L[xzuxx] =0. (28)
On simplifying;
-1_.2 1 -a 2
Llu(x,t)]—s x _ES Lix"u_1=0. (29)

We choose the linear operator as;
£[p(x, ;)] = LI(x,1;9)], (30)

with property £[c] =0, where cis a constant. We now define a nonlinear operator as;

NIP(x, 15 9)] = LIp(x, 1 9)] - 5% - %L[xzqﬁxx (. 60)]. G1)

Using the above definition, with the assumption H (x,¢) =1, we can construct the zero-th order
deformation equation;

(1 - PE[P(x,1;q) —u, (x,1)] = hgN[P(x,1; q)]. (32)

Obviously, when ¢ =0 and g =1,

P(x,1;0) = uy(x,1), o(x,t;1) = u(x,t). (33)

Thus, we obtain the mth order deformation equation;

£[um (xﬂ t) - Zmumfl ('x’ t)] = h qu (ﬁmfl > x’ t) (34)

Operating the inverse Laplace transform on both sides in Eq. (34), we get;

um ('x7 t) = lmum—l (‘x9 t) + h q L_l [Rm (ﬁmfl ’x’ t)]’ (35)
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where

2
X

R, (i, 5,0) = L[, (x,0)]-(1- 7, )7—%L[x2 Wy 1) ] (36)

Now the solution of mth order deformation equations;

w, (x,0)= (1, +1u, —h(l—z,)x° —%Ll (s“Llx> @, ) o1} m=1. (37)

Using the initial approximation u,(x,?) = u(x,0) = x* and from iterative scheme (35), we obtain
the various iterates;

hx’t”
u,(x,t)=———m,
[ +1)
h 1 h Zta 2_22a
uz(x,t)z—(-l—)x _l_hxt ’
INa+1) I'Qa+1)
2 _2.a 2 2 2a 3.2 3a
u3(x,t):—h(1+h) x°t +2h (L+n)x"t™  h'x’t ,
INa+1) I'2a+1) I'Ga+1)
h(+h)’ x*t* 3RP(A+h)° Xt 3P A+h)x* " wixi™
u,(x,t)=- + — + yeee -
INa+1) I'Ca+1) IF'Ga+1) I'4a+1)

Proceeding in this manner, the rest of the components u, (x,t) for n>5 can be completely

obtained and the series solution is thus entirely determined. Hence, the solution of Eq. (25) is given as;

u(x,t) =u,(x,t)+ ium (x,2). (38)

m=0

If we select 7i=—1 and a =1, then;

u(x,t)=x’ 1+t+£+i+i+... =x’e'. (39)
’ 20 31 4)

0

Clearly, we can conclude that the obtained solution Zum (x,t) converges to the solution
m=0
u(x,t) = xzet, which is an exact solution of the given Eq. (25) for & =1. The above result is in
complete agreement with [5-8].
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Figure 1 Plot of the solutions obtained by the proposed method at different values of o = 0.7, 0.8, 0.9

and 1 for Example 1.
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Figure 2 Plot of the 7 curves for different values of o =0.7,0.8,0.9 and 1 for Example 1.

Figure 1 shows the behavior of the approximate solution u(x,¢) for different fractional Brownian

motion a=0.7, 0.8, 0.9 and for standard motion i.e., at & =1 for example 1. It is seen from Figure 1,

that the solution obtained by FHATM increases very rapidly with the increases in # at the value of

x=0.5and Ai=-—1.

As pointed out by Liao [10], the convergence and rate of approximation for the HAM solution

strongly depends on the value of auxiliary parameter 7. Even if the initial approximation u(x,?), the

auxiliary linear operator L,and the auxiliary function H(x,t) are given, we still have great freedom to

choose the value of the auxiliary parameter 7. So, the auxiliary parameter /i provides us with an
additional way to conveniently adjust and control the convergence region and rate of solution series. By

344
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means of the so-called /i-curves it is easy to find out the so-called valid regions of /i to gain a
convergent solution series. When the valid region of 7 is a horizontal line segment then the solution is
converged.

Figure 2 shows the 7 -curves obtained from the 20™-order FHATM approximation solution of time
fractional heat Eq. (25) at x = 0.5. In our study, it is obvious from Figure 2 that the acceptable range of

auxiliary parameter 7iis —1.95 <7/ < (0. We still have freedom to choose the auxiliary parameter
according to the 7 curve. Thus, the arbitrary point of this interval i.e., 7i = 0, is an appropriate selection

for #iin which numerical solution converges. From Figure 2, the valid regions of convergence
correspond to the line segments nearly parallel to the horizontal axis.

Example 2 In this example, we consider the following 2 dimensional heat-like models [5-8] as;
1 2
D7 u(x,y,t) :E(y u, +xu,), 0<xy<l,t>0, O<a<l, (40)
subject to the Neumann boundary conditions;
u,(0,y,0)=0, u(l,y,t)=2sinh¢, u, (x,0,6)=0, wu (x]1,¢)=2cosht, 41)

and the initial condition;

u(x,y,0)=y*. (42)

Operating the Laplace transform on both sides in Eq. (40) and after using the differentiation
property of Laplace transform, we get;

Llu(x,y,0)]-s"'y* —%s”‘L[yzuwc +x2uyy]:O. (43)

We choose the linear operator as;
£[p(x, y,t:9)] = LIP(x, y, 1:9)], (44)

with property £][c] =0, where cis a constant. We now define a nonlinear operator as;

NIy 6:)] = LG 2.1 = 571y = L0, (0 ) + X, (i), @)

Using the above definition, with the assumption H (x, y,¢) =1, we can construct the zero-th order
deformation equation;

(1- Q£[P(x, v, 1, 9) —u,y (x, y,0)] = qgh N[§(x, y,t;q)]. (46)

Obviously, when ¢ =0 and g =1,
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o(x, y,t;0) =u,(x, y,1), o(x, v, t;1) =u(x, y,t). 47)
Thus, we obtain the mth order deformation equation;
£[um ('x7 y’ t) - zmum—l ('x’ y’ t)] = h qu (ﬁmfl > xJ y’ t)’ (48)

Operating the inverse Laplace transform on both sides in Eq. (48), we get;

um(ny’t) = Imum—l (x’y’ t) + th;l [Rm (ﬁm—l’x’ y’t)]’ (49)

where
2

_ s
Rm (um—lax7 yﬂ t) = L[um—l ('xﬂ y’ t)]_(l_zm)yT_TL[yz(uml)xx +x2(um—l)yy]' (50)

Now the solution of mth order deformation equations;
o a
0, (03 ) = (2 == )3 =2 L (5 LY )42 0,0),, Tk m21 D)

Using the initial approximation u, (X, ,¢) = u(x, ¥,0) = y* and from the iterative scheme (51),

we obtain the various iterates;

hx’t”
ul(xayaf):—m,
(6, 9,1) = _h(1+h)x2t“ N ny*t® ’
['a+1) I'a+1)
u}(x’y’t):_h(1+h)2x2t“ . 20° (L+ )y nx’r™ ’
T(a+1) I'a+1) I'Ga +1)
uy(xoyt) :_h(l+h)3x2t“ . 3P (1+h)* y* " 30 (L+ )Xt . Ryt
T(a+1) IQa+1) I'Ga+1) C(4a +1)

Proceeding in this manner, the rest of the components un(x, y,t) for n>5 can be completely

obtained and the series solution is thus entirely determined. Hence, the solution of the given problem is
given as;

u(x,y,t) =uy(x,y,t)+ Zum (x,,1). (52)
m=0
Setting =—1 and « =1 in the above expressions are exactly the same as those given by the

homotopy perturbation method by Ozis and Agirseven [7]. However, mostly, the results given by the
Adomian decomposition method and homotopy perturbation method converge to the corresponding
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numerical solutions in a rather small region. But, different from those 2 methods, the homotopy analysis
transform method provides us with a simple way to adjust and control the convergence region of solution

series by choosing a proper value for the auxiliary parameter /i. For /i = —1, we have the following
solution;

i ta t3a 5 t2a t4a
u(x,y,t)=x + +. |+ Y1+ + +on |,
INa+1) T'Ga+l) I'2a+1) TI'(4a+1)

t(2k+l)a e Zka

2 ‘2'ht“, +y” cosh(t*, @), 53
- Z(:)1“((2k+1)05+1) kZF(2k x”sinh(t”,a) + y~ cosh(t”, ) (53)

where the functions sinh(z, ) and cosh(z, &) are defined as follows;

E -F (- E E (-
sinh(z,) = «(2) 5 «(72) and cosh(z,a) = «(?) +2 At Z). (54)

As @ =1, this series has the closed form wu(x, y,t) = x* sinh(¢) + y° cosh(¢), which is the
exact solution of the classical heat equation. The above result is in complete agreement with [7].

09F /
08F Red —a=07 1
g f Black — o = 0.8 ]
% 0'7; Blue - a=0.9 / ]
cq/)é 0.6; Green—> a =1 1
E I
= [
%0.57 ]
< I
04Ff ]
03] ]
|

10

Figure 3 Plot of solutions obtained by the proposed method (FHATM) at different value of
a=0.7,0.8, 0.9 and 1 for Example 2.

Figure 3 shows the behavior of the approximate solution u(x, y,t) for different fractional Brownian

motions ¢ =0.7, 0.8, 0.9 and for standard motion i.e., at & =1 for example 2. It is seen from Figure 3

that the solution obtained by FHATM increases very rapidly with the increases in # at the value of
x=0.5, y=0.5and & = —1. Figure 4 shows the /i -curves obtained from the 20™-order FHATM

approximation solution of 2 dimensional time fractional heat equation at x =0.5and y =0.5. In our

study, it is obvious from Figure 4 that the acceptable range of the auxiliary parameter 7 is
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—2.02 <7 < 0. We still have freedom to choose the auxiliary parameter according to the 7 curves.
Thus, the arbitrary point of this interval i.e., /i =0, is an appropriate selection for # in which numerical

solution converges. From Figure 4, the valid regions of convergence correspond to the line segments
nearly parallel to the horizontal axis.

30 5T T T T T T T T T T T T T T T T T T T T
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Black > =08 ____ ]
I Red »a=07 — ]
10+ E
ol \\\_ :
1oL k ]
_aoL i
| L f 1 1 T 1 1 1 1 T 1 1 1 1 T 1 1 f L |
=20 -15 -10 -05 0.0

h

Figure 4 Plot of the 7 curves for different values of & =0.7, 0.8, 0.9 and 1 for Example 2.

Example 3 Consider the 3-dimensional heat-like equation with variable coefficients [5-8] as;

Dfu(x,y,z,t)= x4y4z4 +%(x2uxx + yzuyy + zzuzz), 0<x,y,z<L,t>0, O<a <1, (55)

subject to Neumann boundary conditions;

u(0,y,z,6)=0, u(l,y,z,t)=y'z*" -1, u(x0,z,:)=0, u(xlzt)=x'z*E -1),
u(x, y,0,t) =0, u(x,y,1,t)=x*y*(e' -1, (56)

and the initial condition;

u(x,y,z,0)=0. (57)

Operating the Laplace transform on both sides in Eq. (55) and after using the differentiation
property of the Laplace transform, we get;
4_4_4
1

L[u(x,y,z,t)]—%—gsﬂ%[xzum +y2uyy +z'u_]1=0. (58)

We choose the linear operator as;
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Lp(x, .z, ;)] = LIH(x, y, 2, 1;9)], (59)
with the property £[c] =0, where c is a constant. We now define a nonlinear operator as;

-a

4_4_4
X'y'z Ky

Ng. . z.60)] = Ligx, y 2. 6] == %L[’“% +y’¢, +2°¢..]. (60)
Thus, we obtain the mth order deformation equation;
£u, (x,y,z,t) =y, u, (x,y,z,0)]=hR, (U, ,,X,y,2,1t), (61)

Operating the inverse Laplace transform on both sides in Eq. (61), we get;

um (‘x’y7 Z’t) = Zmum—l (x’ y’ Z’ t) + h qL_l [Rm (L_[mfl’xﬁ yﬁzﬂt)]) (62)
where
B 4.4 4 —a
R, (i, x,y,2,t) = L[u,_,(x,p,2,0)] w - S3—6L[x2(um,1 Vo 3 Uy ),y + 2 (1 )] (63)
K

Now the solution of the mth order deformation equations (72 > 1);

ml-y )2 e h
um(xayazat):(/’{m +h)um—l - ( ?E;_l_i}) _gl’ I(S L[xz(um—l)xx-l-yz(umfl)yy +Zz(um—l)zz])’ (64)

Using the initial approximation U, (x,y, z,t ) = u(x, V,z,t ) =0 and from the iterative scheme

(64), we obtain the various iterates;

x4y4Z4hfa
“1(7@)’,2,0:——,
INa+1)
h1h444ta h24442a
wy(ryzy =X Y 20 XY 2
INa+1) I'Qa+1)
B +7) X v 2% 2R+t v 2 e Byttt
u3(x,y,z,t):—(+)xy2t+ (I+m)x"y"zt™ nx'y'z't .
I'a+1) I'QRa+l) I'Ga+1)

Proceeding in this manner, the rest of the components (x,y,z,t) for n>5 can be completely

obtained and the series solution is thus entirely determined. Consequently, we obtain the series solution
as;

u(x,y,z,t) =uy(x,y,z,t)+ Zum (x,,2,1). (65)

m=0
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o0
If we select i=—1, then clearly, we can conclude that the obtained solution Zum(x, V,2,t)
m=0
converges to the solution;

ta t2a t3a
u(x,y,z,t)=x"y*z* + + +o=xM2NE () -1) (66
(yz,0=xy (F(a+1) TQa+1) TGa+1) j v (B -1} e

If we choose @ =1 then clearly, we can conclude that the obtained solution Z u,(x,y,z,t) converges
m=0
to the exact solution u(x,y,z,1) =x"y*z*(e’ —1). The above result is in complete agreement with
Ozis and Agirseven [7].
It is seen from Figure 5 that the solution obtained by FHATM increases very rapidly with the

increases in 7 at the value of x =0.5, y=0.5, z=0.5 and /i = —1.1t is obvious from Figure 6
that the acceptable range of the auxiliary parameter 7iis —2.0 <7 < 0. Thus, the arbitrary point of
this interval i.e. /i =0, is an appropriate selection for 7 in which the numerical solution converges.

From Figure 6, the valid regions of convergence correspond to the line segments nearly parallel to the
horizontal axis.

N

b Red > a=0.7
[ Black - o =0.8
§ 2’0; Blue > a=0.9 ]
% [ Green—> a =1 /
@215+ R
8 [
E I
g 10f .
o YV
Z I
051 E
00~ .
00 02 04 06 08 1.0

t
Figure 5 Plot of the solutions obtained by proposed method (FHATM) at different value of
a=0.7, 0.8, 0.9 and 1 for Example 3.
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Figure 6 Plot of the # curves for different values of @ =0.7, 0.8, 0.9 and 1 for Example 3.

Conclusions

This paper developed an effective modified homotopy analysis method, which coupled the
homotopy analysis method and Laplace transform and studied its validity in 3 examples of the time
fractional heat equation. An excellent agreement is achieved. The solution is very rapidly convergent by
utilizing the homotopy analysis method by modification of the Laplace operator. It may be concluded that
the FHATM is very powerful and efficient in finding approximate solutions as well as analytical solutions
of many fractional physical models. All numerical results are obtained using Mathematica program 8.
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