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Abstract 

The present study considers the effect of heat and mass transfer on free convective flow of a viscous 
incompressible electrically conducting fluid past a vertical plate through a porous medium in the presence 
of a uniform transverse magnetic field and heat source. The novelty of the present study is to analyze the 
effect of the chemical reaction and permeability of the medium on a viscous fluid flow. The coupled 
nonlinear partial differential equations are converted to ordinary differential equations by super imposing 
a solution with a steady and time dependent transient part. Finally, the set of ordinary differential 
equations are solved by Laplace transformation. It is interesting to note that the magnetic field and 
permeability of the porous medium are counter-productive in enhancing the velocity whereas the 
buoyancy force due to thermo and mass free convection are favourable. Moreover, the measure of rates of 
changes in the boundary surface indicate a change in the streamline flow. The study is well supported by 
verification of a previous result. 
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Nomenclature 

C′  Species concentration   C  non-dimensional species concentration 
D  molecular diffusivity   Gc  Grashof number for mass transfer 

Gr  Grashof number for heat transfer  g  acceleration due to gravity 

Kc′  permeability of the medium  K p  porosity parameter 

α  thermal diffusivity   M  magnetic parameter 
Nu  Nusselt number    Pr  Prandtl number 

S  heat source parameter   Sc  Schmidt number 

Sh  Sherwood number   T ′  temperature of the field 

T  non-dimensional temperature  t′  time 
t  non-dimensional time   u′  velocity component along the x-axis 
u  non- dimensional velocity    ( )v t′  suction velocity 

0u  characteristic velocity   y′  distance along the y-axis 

y  non-dimensional distance along the y-axis    
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0q  volumetric heat generation / absorption 
β  volumetric coefficient of expansion for heat transfer 
β ′  volumetric coefficient of expansion with species concentration 
υ  kinematic coefficient of viscosity  τ  skin friction 
σ  electrical conductivity   Kc  concentration parameter 
φ  internal heat generation/ absorption parameter 
a  acceleration 
 
 
Introduction 

An important class of 2 dimensional time dependent flow problems dealing with the response of the 
boundary layer to external unsteady fluctuations of the free stream velocity about a mean value has 
attracted the attention of many researchers. Magnetohydrodynamic (MHD) flow with heat and mass 
transfer has been the subject of interest of many researchers because of its varied application in science 
and technology. Such phenomena are observed in buoyancy induced motions in the atmosphere, in water 
bodies, quasi–solid bodies such as earth, etc. In natural processes and industrial applications many 
transportation processes exist where transfer of heat and mass takes place simultaneously as a result of 
thermal diffusion and diffusion of chemically reactive species. 

Several researchers have analyzed the free convective and mass transfer flow of a viscous fluid 
through a porous medium. The permeability of the porous medium is assumed to be constant while the 
porosity of the medium may not necessarily be constant. Kim [1] studied the unsteady MHD convective 
heat past a semi-infinite vertical porous moving plate with variable suction. The problem of 3 
dimensional free convective flow and heat transfer through a porous medium with periodic permeability 
has been discussed by Singh et al. [2]. Singh et al. [3] have analyzed the heat and mass transfer in MHD 
flow of a viscous fluid past a vertical plate under oscillatory suction velocity. Bathul et al. [4] discussed 
the heat transfer in a 3 dimensional viscous flow over a porous plate moving with harmonic disturbance. 
Postelnicu [5] studied numerically the influence of a magnetic field on heat and mass transfer by natural 
convection from vertical surfaces in a porous media considering Soret and Dufour effects. Ogulu et al. [6] 
studied unsteady MHD flow and heat transfer past an infinite vertical moving plate with variable suction. 
Das et al. [7] analyzed the mass transfer effect on unsteady flow past an accelerated vertical porous plate 
with suction employing numerical methods. 

The basic equations of incompressible MHD flow are non-linear. But there are many interesting 
cases where the equations become linear in terms of the unknown quantities and may be solved easily. 
Linear MHD problems are accessible to exact solutions and adopt the approximations that the density and 
transport properties are constant. No fluid is incompressible but all may be treated as such whenever the 
pressure changes are small in comparison with the bulk modulus. Ferdows et al. [8] analyzed free 
convection flow with variable suction in presence of thermal radiation. Alam et al. [9] studied the Dufour 
and Soret effect with variable suction on unsteady MHD free convection flow along a porous plate. 

Most of the results reported earlier by Muthucumaraswamy et al. [10] and Dash et al. [11] are 
related to similar variations of plate temperature and concentration. It is not possible to impose similar 
conditions on bounding surface so that temperature and concentration obey the same pattern of variation. 
Therefore, it is envisaged to apply different wall conditions with respect to temperature and concentration 
variation. Singh and Singh [12] studied the MHD effects on heat and mass transfer in the flow of a 
viscous fluid with induced magnetic field. Majumder et al. [13] have studied the MHD flow past an 
impulsively started infinite vertical plate in the presence of thermal radiation. Muthucumaraswamy et al. 
[14] have investigated the unsteady flow past an accelerated infinite vertical plate with variable 
temperature and uniform mass diffusion. 

Dash et al. [15] have discussed the free convective MHD flow through porous media of a rotating 
visco-elastic fluid past an infinite vertical porous plate with heat and mass transfer in the presence of a 
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chemical reaction. Das et al. [16] studied the mass transfer effects on MHD flow and heat transfer past a 
vertical porous plate through a porous medium under oscillatory suction and heat source. 

Recently, Uwanta et al. [17] considered heat and mass transfer with variable temperature and mass 
diffusion but they confined their work to non-conducting flow. Moving surfaces are very often embedded 
in an insulating material which serves as a porous medium. In such a case flow is usually encountered by 
the resistive force due to permeability of the medium. In the present case of slow motion this justifies the 
linear model (Darcy Model) to account for such a body force. In the present study we have considered the 
body forces besides the surface forces such as buoyancy due to thermal and mass diffusion, resistive 
forces such as ponder motive force and Darcy resistive forces. Generally φ , the internal heat 

generation/absorption parameter is defined as 
𝜐𝑞0

𝜌𝐶𝑝𝑈02
 where , , C pυ ρ  represent the physical properties 

(being positive) of the fluid. 2
0U  is the square of the characteristic velocity (positive). Only the quantity 

0q , the rate of volumetric heat generation/absorption, depends on formulation of the physical problem 
i.e. mathematical model subjected to the present analysis. 

Therefore, the objective of the present study is to bring out the outcome of the interacting forces 
through emerging parameters affecting the flow, heat and mass transfer phenomena. We have applied the 
Laplace Transform method to solve the equations, avoiding the terms which contribute to non-linearity 
such as convective acceleration, non-Darcian model term and dissipations such as viscous and Joulian 
dissipation. The Laplace Transformation can also be applied following an iterative procedure to solve 
non-linear differential equations. However, without compromising the generality, we have tried to bring 
out the results reported earlier by Uwanta et al. [17] as a special case. 

The fluid considered here is viscous, incompressible and electrically conducting. The problem of 
momentum transport along with thermo and mass diffusion has been considered under the following 
conditions: 

(i) The velocity and temperature of the vertical plate, embedded in a porous medium vary linearly 
with time. 

(ii) The concentration of the plate varies exponentially with time. 
(iii) The plate is subject to a uniform transverse magnetic field along the axis normal to the plate 

generating an electromagnetic force ( )2 , 0, 00J B B uσ
→ →

× = −  along the main direction of the flow where 

:J
→

Current density, :B
→

Magnetic Induction, :σ Electrical Conductivity, :0B magnetic field strength. 

(iv) The flow through porous media obeys the Darcian model with components , 0, 0
u

K p

µ 
  
 

 where 

µ  and K p  represent the viscosity and permeability of the fluid. 

(v) The thermal diffusion and mass diffusion are associated with constant internal heat absorption 
and exothermic/ endothermic reactions. 

(vi) Diffusion of foreign species occurs through the air medium. 
 

The effects of the followings are neglected: 
(i) Induced electrical field subsequently Hall current has been neglected due to low magnetic field 

intensity.  
(ii) Soret and Dufour effects are neglected due to the low thermal and concentration gradient. 
(iii) Energy dissipation such as viscous dissipation and Joulian dissipation are also neglected as we 

are considering free convective and slow flow neglecting inertia terms in the transport equations. 
 
 



Analytical Solution of MHD Free Convective Flow Pradyumna Kumar PATTNAIK and Trilochan BISWAL 
http://wjst.wu.ac.th 

Walailak J Sci & Tech 2015; 12(9) 
 
752 

Formulation of the problem 

The unsteady free convective flow of a viscous fluid past an infinite vertical plate embedded in a 
porous medium with uniform permeability in the presence of a transverse magnetic field is considered. 
Let the x′ − axis be along the plate in the direction of the flow and y′ − axis normal to it. Let us consider 
the magnetic Reynolds number is much less than unity so that the induced magnetic field is neglected in 
comparison with the applied transverse magnetic field. The basic flow in the medium is, therefore, 
entirely due to the buoyancy force caused by the temperature difference between the wall and the 
medium. It is assumed that initially, at 0,t′ ≤ the plate as well as fluid are at the same temperature and the 
concentration of the species is very low so that the Soret and Dufour effects are neglected. When 0,t′ >

the temperature of the plate is instantaneously raised to Tw′  and the concentration of the species is set to

Cw′ . 
 
 
 

                
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1 Flow geometry. 

 
 

Under the above assumption with the usual Boussinesq’s approximation, the governing equations 
and boundary conditions are given by; 

 
22

*0 ( ) ( )2
Bu u u

u g T T g C C
t Ky p

σ µ
υ β β

ρ ρ

′ ′ ′∂ ∂
′ ′ ′ ′ ′= − − + − + −∞ ∞′ ′∂ ′∂  

                    (1) 

 
2

0 ( )2
qT T

T T
t cy p

α
ρ

′ ′∂ ∂
′ ′= + − ∞′∂ ′∂

               (2) 

 
2

( )2
C C

D K C Cct y

′ ′∂ ∂ ′′ ′= − − ∞′∂ ′∂
               (3) 

u u′=
 

 0B   
 
 
 
 

0B  

0u =   
 
 

wT T′ =   

T T∞′ =   
y 

x 
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Initial and Boundary conditions are; 
 

( ) ( )

0, , , 0
22 0

00 : , , 00

0, ,

u T T C C y t

u
tu

t u u t a T T T T t C C C C e at y

u T T C C as y

υ
ω ωυ

′ ′′ ′ ′ ′ ′= = = ∀ ≤∞ ∞

′
′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′> = = + − = + − =∞ ∞ ∞ ∞

′ ′′ ′ ′ ′= → → → ∞∞ ∞









         (4) 

Introducing the non-dimensional quantities; 
 

2
0 0, , , , ,2 2

0 0 0
2 2

0 0 0, , , ,2 2 2
0 0

( ) ( )
, ,3 3

0 0

u y u t KT Tu a cy t u T a Kcu T T u uw

q u K BC C PC K M PrPC C C u uw P

g C C g T Tw wG G Sc r c Du u

υυ

υ υ

υ σ υ υ
φ

αρ υ ρ

υ β υ β υ

′′ ′ ′ ′′ ′− ∞= = = = = =
′ ′− ∞

′′ ′− ∞= = = = =
′ ′− ∞

′ ′′ ′ ′− −∞ ∞= = =













          (5) 

 
The Eqs. (1), (2) and (3) reduce to following non-dimensional form; 

 
2 1
2

u u
G T G C M ur ct Ky p

∂ ∂
= + + − +

∂ ∂

 
  
 

              (6) 

 
21

2P

T T
T

t yr
φ

∂ ∂
= −

∂ ∂
                (7) 

 
21

2
C C

K Cct S yc

∂ ∂
= −

∂ ∂
                (8) 

 
0, 0, 0 , 0

0 : , , 0
0, 0, 0

u T C for all y t
tt u at T t C e at y

u T C as y

= = = ≤

> = = = =

→ → → → ∞






              (9) 

 
Method of solution 

The solutions of Eqs. (6) - (8) with boundary conditions (9) using the Laplace transformation are; 
 

( ) ( )1 1
,2 1

y s P y Sc S KcrT e C e
ss

φ− + − +
= =

−
           (10) 
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( )

( ) ( ) ( )
( )

2 2[ ( ) ( )]

1

y s PGa y s Q y s Q rru e e e
s s P s s Qr

y S K SG y S Q c cc e e
s S s K s Qc c

φ

φ

− +− + − +
= + + −

+ − +

− +− +
+ −

− + − +

 
 
 

 
     

                     (11) 

 
The Laplace inversion gives; 

 

1

2 2 2 2 2

P P P Py y y yy P y Pr rr r r rT t e erfc t t e erfc t
t t

φ φ
φ φ

φ φ

−
= + + + − −

        
        
        

  (12) 

 

( ) ( ) ( ) ( )1 1
1 1

2 2 2

t y S K y S KS Se y yc c c cc cC e erfc K t e erfc K tc ct t

+ − +
= + + + − +

    
    
     

(13) 

 

2 2 2 2 2

a y y y yy Q y QU t e erfc Qt t e erfc Qt
Q t Q t

−
= + + + − −

       
       

       
 

1
2 2 22 1

y yy Q y Qe erfc Qt e erfc Qt
t t

β

α

−
− + + −

    
        

 

1
2 2 2 2 21

y y y yy Q y Qt e erfc Qt t e erfc Qt
Q t Q t

β

α
−

+ + + + − −
       
       

       
 

( )11 1 1( )1 12 2 22 1

y Qt y yy Q
e e erfc Q t e erfc Q t

t t

αβ α α
α α

α

−− − −
+ + − + − −

  
    

 

1
2 2 22 1

P Py yy P y Pr rr re erfc t e erfc t
t t

β φ φ
φ φ

α

−
+ + + −

    
    

    
 

1
2 2 2 2 21

P P P Py y y yy P y Pr rr r r rt e erfc t t e erfc t
t t

β φ φ
φ φ

α φ φ

−
− + + + − −

        
        
        

 

( ) ( ) ( ) ( )1 11 1
1 12 2 22

1

P y Pt r rP Py yy r re e erfc t e erfc t
t t

φ α φ αβ α
φ α φ α

α

− − −−
− + − + − −

    
    
     

( ) ( )1 12 1 1
2(1 ) 2 22

te y yQ y Qye erfc Q t e erfc Q t
t t

β

α
+ − +

+ + + + − +
+

    
        

 

( ) ( )
2

2 22
2 22(1 ) 2 22

t
Q y Qe y yye erfc Q t e erfc Q t

t t

α
α αβ

α α
α

−
− − −

− + − + − −
+

    
        
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( 1) ( 1)2 ( 1) ( 1)
2(1 ) 2 22

te S Sy yS K y S Ky c c c cc ce erfc K t e erfc K tc ct t

β

α

+ − +
− + + + − +

+

    
    
     

 

2 ( ) ( )2 22 ( ) ( )2 22(1 ) 2 22

t
S K y S Ke S Sy yc c c cy c ce erfc K t e erfc K tc ct t

α
α αβ

α α
α

−
− − −

+ + − + − −
+

    
    
     

                             (14) 

where 
1

, , , ,1 2 1 21 1 1 1

S K Q Gp Q Gc c cr rQ M
K p S P Sp r c r c

φ
α α β β

−−
= + = = = =

− − − −
 

 
The skin friction at the plate is given by; 

 

0

u
y y

τ
∂

= −
∂ =

 
 
 

 

( ) ( ) ( )(1 2 ) 1 1 21 1 22 22 11

a tQ t tQ tQt Qt Qterf Qt a e Qerf Qt e erf Qt e
Q t Q

β β

π α ππα

+ +− − −= + − + + +
  
     

 

( )( ) ( )11 11
1 12

1

Q tt
e Q erf Q t e

t

αβ α
α α

πα

− −−
+ − − +

 
 
 

1
2
1

P trP erf t er t

β φφ φ
πα

−+ +
 
 
 

 

( )1 1 2 2
2 1

P P tr rt erf t t e
β φφ φ
α φ πφ

−− + +
 
 
 

1 ( )1 1( ) ( )1 12
1

t
e tPrP erf t er t

α
β φ α

φ α φ α
πα

−
− −

− − − +
 
 
 

  

( ) 1 ( 1)2 1 ( 1)
12

te Q tQ erf Q t e
t

β

α π
− ++ + + +

+

 
  

  

( ) ( )

( )

2 ( )12 2( )2 212

( 1)2 ( 1) ( 1)
12

t
e Q t

Q erf Q t e
t

te S K tc cS K erf K t ec c c t

α
β α

α α
πα

β

α π

−
− −

− − − +
+

− +
− + + +

+

 
  

 
 
 

 

( )
2 ( )2 2( ) ( )2 212

t
e K tS ccS K erf K t ec c c t

α
β α

α α
α π

−
− −

+ − − +
+

 
 
 

                      (15) 

 
The rate of heat transfer, i.e. heat flux at the Nu is given by; 

  

( ) ( )1

20

P P tT tr rN erf t e t P erf tu ry y

φφ φ φ
φ π

∂ −= − = + +
∂ =

 
  

                      (16) 
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The mass transfer coefficient, i.e. the Sherwood number ( Sh ) is given by; 
 

( )( )( 1) 1
0

SC K t tc cS e S K e erf K tc c ch y ty π

∂ −
= − = + + +

∂ =

 
  

                                      (17) 

 
Results and discussion 

An analytical study has been carried out on the MHD flow of a viscous fluid. The effects of the 
magnetic field, permeability of the medium, heat absorption and chemical reactions are presented with the 
help of graphs and tables. During computation, those parameters which are kept constant are mentioned in 
the graph itself. We have compared the results reported by [11] with the help of Figure 2 (curve where 

0M =  and 100K p = ). It is found that in the absence of a magnetic field and porous medium, the 

velocity distribution agrees with [11]. 
Figures 2 - 5 show that the velocity increases significantly within a few layers near the plate. This is 

due to the shearing effect of the motion of the plate. The resistive force i.e Lorentz force reduces the 
velocity both in the presence ( 0.5K p = ) or absence ( 100)K p =  of the porous medium. Moreover, a 

further decrease is marked due to the resistance offered by the porous matrix. This fact is concomitant to 
without a magnetic field and porous medium ( 0M =  and 100K p = ) when the velocity attains a 

maximum. It is also observed that an increase in Grashof number and modified Grashof number 
accelerate the velocity due to thermo and mass buoyancy forces throughout the flow domain with or 
without a porous medium. Thus, it is concluded that the effect of buoyancy forces overrides the resistance 
offered due to magnetic and permeability parameters (Figures 3 and 5). 

Figure 4 displays the role of the Prandtl number (Pr), an important parameter which measures the 
relative effect of kinematic viscosity and thermal diffusivity. In the present case, Pr being less than one, 
the velocity decreases as the value of Pr increases both in the presence or absence of the porous medium. 
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Figure 2 Variation of M and Kp on velocity profile. 

 
 

 
 
Figure 3 Variation of Gr on velocity profile. 
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Figure 4 Variation of Pr on velocity profile. 

 
 

 
 
Figure 5 Variation of Gc on velocity profile. 
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Figure 6 Variation of Sc on velocity profile. 

 
 

    
 
Figure 7 Variation of Pr on temperature profile.      Figure 8 Variation of φ on temperature profile. 
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Figure 9 Variation of Sc on concentration profile.       Figure 10 Variation of Kc on concentration profile. 

 
 
Figures 4 and 6 show that the Pr and Schmidt number ( )Sc  affect the flow in a similar manner. 

Thus, the response of mass diffusivity property of the fluid is same as that of thermal diffusivity. Further, 
it is seen that heavier species decrease the velocity also. The data considered here corresponds to Helium 
and Hydrogen 0.30Sc = and 0.22 in the air medium respectively. From the above observations it is 
evident that the magnetic field, permeability of the medium, thermal and mass diffusion decelerate the 
fluid particles resulting in a thinner boundary layer whereas buoyancy forces accelerate them. 

Figures 7 and 8 exhibit the effects of the Pr and internal heat absorption parameter ( )φ  on 
temperature distribution. An increase in Pr and φ leads to a reduced temperature at all points. An increase 
in Pr which implies a reduction in thermal diffusivity of the fluid and an increase in φ that means an 
increase in the internal heat absorption, obviously reduces the fluid temperature along with an increase in 
the wall temperature. 

Figure 9 exhibits the concentration distribution for various species in an air medium ( Sc = 0.22, 

0.60 and 0.78) and aqueous medium ( Sc  = 100 and 617). The reduction in concentration at all the layers 
is marked for higher values of Sc i.e. for heavier species, the variation is qualitatively similar to the 
variation of temperature in respect of Pr. One striking result is noticed in the case of aqueous medium 
with ( Sc  = 100 and 617). Practically, no variation occurs in concentration in the flow domain only it 
assumes the plate concentration. 

Figure 10 exhibits the effect of the destructive chemical reaction on the concentration profiles. It is 
seen that an increase in the first order rate of the destructive chemical reaction causes a decrease in the 
concentration level at all points. 

Table 1 shows that the presence of a porous medium reduces the skin friction whereas a higher Pr 
fluid increases it. One striking feature is that the presence of both magnetic field and porous medium 
renders the skin friction negative whereas in the absence of the porous medium the skin friction remains 
positive. Therefore, it is suggested that for a streamline flow the strength of the magnetic field and 
permeability of the porous medium need to be taken care of. 

Table 2 shows that rate of heat transfer increases with a higher Pr fluid whereas the heat absorption 
parameter decreases it. 

Table 3 presents the value of the Sherwood number (Sh), which is a measure of the rate of change of 
concentration at the surface of the plate. It is seen that an increase in Kc  and Sc  leads to an increase in 
the rate of change of concentration at the plate thereby reducing the flow. 
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Table 1 Skin friction coefficient (τ). 
 

M Kp Pr Gr Gc  
2 100 1.6 0.5 0.1 0.8      2.063313 
2            0.5 1.6 0.5 0.1 0.8   0.23049 
3 100 1.6 0.5 0.1 0.8     1.364556 
2 100        2 0.5 0.1 0.8     2.591956 
2 100 1.6          1 0.1 0.8     1.473819 
2 100 1.6 0.5 0.5 0.8  1.99461 
2 100 1.6 0.5 0.1 0.5     2.360807 
2        0.5 1.6 0.5 0.1 0.8   0.23049 
3        0.5 1.6 0.5 0.1 0.8 −1.30266 

 
 
Table 2 Nusselt number (Nu). 
 

Pr φ Nu 
1.6 0.8 1.61349617 
1.6 0.5 1.75021931 
1.8 0.8 1.75705764 
1.8 0.5 1.91786758 
2 0.8 1.89765018 
2 0.5 2.08290428 

 
 
Table 3 Sherwood number (Sh). 
 

Sc Kc Sh 
1.3 1   3.32280003 
1.3 2   4.00568187 
1.6 1   3.68631565 
1.6 2   4.44390504 

  1.78 1 3.8881457 
  1.78 2   4.68721398 

 
 
Conclusions 

The fluid motion is resisted by the Lorentz force, a force of electromagnetic origin and it is further 
assisted by the permeability of the porous medium whereas it is accelerated by the buoyancy force. 
Further, it is concluded that a higher Pr fluid as well as a higher Sc fluid (heavier species) are 
counterproductive in accelerating fluid motion and it is further assisted by the presence of a porous 
medium. Fluid with low thermal diffusivity reduces the temperature which is assisted by the presence of 
heat absorption. The effect of the Pr and Sc are the same on velocity and temperature distribution in the 
present study. It is interesting to note that the destructive reaction does not enhance the concentration 
distribution. The rates of change at the boundary surface play a significant role in controlling the entire 
flow, heat and mass distribution phenomena. 
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