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Abstract  

The main aim of the present work is to present a new and simple algorithm for time fractional heat 
like physical models by using the new fractional homotopy analysis transform method (FHATM). The 
proposed method is an innovative adjustment in the Laplace transform algorithm (LTA) for fractional 
partial differential equations and makes the calculation much simpler. The numerical solutions obtained 
by the proposed method indicate that the approach is easy to implement and computationally very 
attractive. A good agreement between the obtained solution and some well-known results has been 
obtained. 

Keywords: Heat equation, Fractional derivatives, Analytical solution, Mittag-Leffler function, Laplace 
transform method, fractional homotopy analysis transform method 
 
 
Introduction 

Fractional differential equations have drawn the interest of many researchers [1-4] due to their 
important applications in science and engineering, such as modeling of anomalous diffusive and sub-
diffusive systems, description of fractional random walk and unification of diffusion and wave 
propagation phenomena. Fractional derivatives provide an excellent instrument for the description of 
memory and hereditary properties of various materials and processes. 

Our concern in this work is to consider the numerical solution of the time-fractional heat equations. 
Heat-like models can describe many physical problems in different fields of science and engineering. 
These models play important roles in applied science, so finding their analytical solutions has 
fundamental significance in various field of science and engineering. In this paper, we consider the time 
fractional heat-like equation with variable coefficients described by the following 3 dimensional IBVP; 
 

,0    ,),,(),,(),,(),,,( >++= tuzyxhuzyxguzyxftzyxuD zzyyxxt
α

                                              
(1) 

 
where ,0,0,0 czbyax <<<<<< subject to the Neumann boundary conditions; 
 

),,,(),,,(),,,(),,,0( 21 tzyftzyautzyftzyu xx ==                                                                                 (2) 
 

),,,(),,,(),,,(),,0,( 21 tzxgtzbxutzxgtzxu yy ==
                                                                                

 (3) 
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),,,(),,,(),,,(),0,,( 21 tyxhtcyxutyxhtyxu zz ==                                                                                  (4) 
 
with initial conditions; 
 

),,,()0,,,( zyxzyxu φ=                                                                                                                              (5) 
 
where α is a parameter describing the order of the time fractional derivatives. The function ),,,( tzyxu  is 
assumed to be a causal function of time and space. The general response expression contains parameters 
describing the order of the fractional derivatives that can be varied to obtain various responses. In the case 
of 1=α  the fractional equation reduces to the classical heat equation. The different types of the proposed 
problem have been solved in [5-8]. 

In this paper, the fractional homotopy analysis transform method (FHATM) basically illustrates 
how the Laplace transform can be used to the approximate and analytical solutions of the heat-like 
fractional models by manipulating the homotopy analysis method. The proposed method involves 
coupling of the homotopy analysis method and Laplace transform. The main advantage of this method is 
its capability of combining 2 powerful methods for obtaining rapid convergent series for fractional partial 
differential equations. The homotopy analysis method (HAM) was first proposed and applied by Liao [9-
12] based on homotopy, a fundamental concept in topology and differential geometry. HAM is based on 
construction of a homotopy which continuously deforms an initial guess approximation to the exact 
solution of a given problem. An auxiliary linear operator is chosen to construct the homotopy and an 
auxiliary parameter is used to control the region of convergence of the solution series. HAM provides 
greater flexibility in choosing initial approximations and auxiliary linear operators and hence a 
complicated nonlinear problem can be transformed into an infinite number of simpler, linear sub-
problems, as shown by Liao and Tan [13]. HAM has been successfully applied by many researchers for 
solving linear and non-linear partial differential equations [14-23]. In recent years, many authors have 
studied the solutions of linear and nonlinear differential and integral equations by using various methods 
combined with the Laplace transform. Among these are Laplace decomposition methods [24,25], and the 
homotopy perturbation transform method [26,27]. Recently, Khan et al. [28] has applied it to obtain the 
solutions of the Blasius flow equation on a semi-infinite domain by coupling of the homotopy analysis 
and Laplace transform methods. Also, this method is used for solving various nonlinear equations [29], 
linear and nonlinear partial differential equations [30] and the time-space fractional gas dynamics 
equation [31]. 

The main aim of this article is to present approximate analytical solutions of heat-like physical 
models with time fractional derivative α  ( 0 1α< ≤ ) in the form of a rapidly convergent series with 
easily computable components by using FHATM. 
 
Basic definitions of fractional calculus and Laplace transform 

Fractional calculus unifies and generalizes the notions of integer-order differentiation and n-fold 
integration [2-4]. We give some basic definitions and properties of fractional calculus theory which shall 
be used in this paper. 
 
Definition 1 A real function 0),( >ttf  is said to be in the space RC ∈µµ ,  if there exists a real 

number ,µ>p  such that )()( 1 tfttf p=  where ),0()(1 ∞∈Ctf  and it is said to be in the space 

nC  if and only if .,)( Ν∈∈ nCf n
µ  

 
Definition 2 The left sided Riemann-Liouville fractional integral operator of order ,0≥µ  of a function 

1, −≥∈ ααCf  is defined as [32,33]; 
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where (.)Γ  is the well-known Gamma function. 
 
Definition 3 The left sided Caputo fractional derivative of }0{,, 1 ∪Ν∈∈ − mCff m is defined as 
[4,31]; 
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Note that [4,31]; 
 

(i) ,0,0,
)(

),(
)(

1),(
0 1 >>

−Γ
= ∫ −

tds
st

sxftxfI
t

t µ
µ µ

µ  

 

(ii) 
( , )( , ) , 1 .µ µ µ− ∂

= − < ≤
∂

m
m
t m

f x tD f x t I m m
t

 

Definition 4 If the Laplace transform of the function )(tf  is )(sF , then the Laplace transform of the 

Riemann-Liouville fractional integral )(tfIα  is defined as [3]; 
 

).()]([ sFstfIL αα −=                                                                                                                             (8) 
 
Definition 5 The Laplace transform of the Caputo fractional derivative is defined as [4]; 
 

.    ,1),0,()],([)],([ )(
1

0

)1( Ν∈≤<−−= ∑
−

=

−− nnnnrustruLstruDL k
n

k

knnn
t αααα

 
                 (9) 

 
Definition 6 The Mittag-Leffler function )(zEα  with 0>α  is defined by following series 
representation, valid in the whole complex plane [32]; 
 

.,0,
)1(

)(
0

Cz
n
zzE

n
∈>

+Γ
=∑

∞

=

α
α

α

α                                                                                              (10) 

 
FHATM  

To illustrate the basic idea of the HATM, we consider the following fractional partial differential 
equation; 
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,    ,1,R,0),,(),(][),(][),( 3 Ν∈≤<−∈>=++ nnnrttrgtrurNtrurRtruDt αα

            (11) 
 

where ][, rR
t

Dt α

α
α

∂
∂

= is a linear operator in ][,R 3 rNr∈  is the general nonlinear operator in 

3Rr∈  and ),( trg  is a continuous function. For simplicity we ignore all initial and boundary 
conditions, which can be treated in a similar way. Now the methodology consists of applying the Laplace 
transform first on both sides of Eq. (11), we get; 
 

)].,([)],(][),(][[)],([ trgLtrurNtrurRLtruDL t =++α                                                             (12) 
 

Now, using the differentiation property of the Laplace transform, we have; 
 

( ) .0),(),(][),(][1)0,(1)],([ )(
1

0

)1( =−++− ∑
−

=

−− trgtrurNtrurRL
s

rus
s

truL k
n

k

k
α

α
α

                           
(13) 

 
We define the nonlinear operator; 

 

( ),),();,(][);,(][1)0,(1)];,([)];,([ )(
1

0

)1( trgqtrrNqtrrRL
s

rus
s

qtrLqtrN k
n

k

k −++−= ∑
−

=

−− φφφφ α
α

α
    

(14) 

 
where ]1,0[∈q  to be an embedding parameter and );,( qtrφ  is the real function of tr,  and .q  By 
means of generalizing the traditional homotopy methods, the great mathematician Liao [9-12] constructed 
the zero order deformation equation as follows; 
 

)],;,([),()],();,([)1( 0 qtrNtrqHtruqtrLq φφ =−−                                                                   (15) 
 
where   is a nonzero auxiliary parameter, 0),( ≠trH  is an auxiliary function, ),(0 tru  is an initial 

guess of ),( tru  and );,( qtrφ  is an unknown function. It is important that one has great freedom to 
choose auxiliaries in HATM. Obviously, when 0=q  and ,1=q  it holds; 
 

).,()1;,(),,()0;,( 0 trutrtrutr == φφ                                                                                              (16) 
 

Thus, as q  increases from 0 to 1 the solution varies from the initial guess ),(0 tru  to the solution 

).,( tru  Expanding );,( qtrφ  in Taylor’s series with respect to ,q  we have; 
 

,),(),();,(
1

0 ∑
∞

=

+=
m

m
m truqtruqtrφ

                                                                                                   
(17) 

 
where 

 

.);,(
!

1),(
0=∂

∂
=

q
m

m

m q
qtr

m
tru φ

                                                                                                          

(18) 
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If the auxiliary linear operator, the initial guess, the auxiliary parameter ,  and the auxiliary 
function are properly chosen, the series (17) converges at ,1=q  we have; 
 

,),(),(),(
1

0 ∑
∞

=

+=
m

m trutrutru
                                                                                                          

(19) 

 
which must be one of the solutions of the original nonlinear equations. 

Define the vectors; 
 

)}.,(),...,,(),,(),,({ 210 trutrutrutruu nn =


                                                                                   (20) 
 

Differentiating equation (15) m time with respect to embedding parameter q  and then setting 
0=q  and finally dividing them by ,!m we obtain the thm  order deformation equation; 

 
).,,(),()],(),([ 11 truRtrHqtrutruL mmmmm −− =−



χ                                                                      (21) 
 

Operating the inverse Laplace transform on both sides, we get; 
 

[ ],),,(),(),(),( 1
1

1 truRtrHLqtrutru mmmmm −
−

− +=


χ                                                             (22) 
 
where 

,);,(
)!1(

1),,(
0

1

1

1
=

−

−

− ∂
∂

−
=

q
m

m

mm q
qtr

m
truR φ

                                                                                                                              

(23) 

and 





>
≤

=
.1,1
,1,0

m
m

mχ
 

In this way, it is easy to obtain ),( trum  for ,1≥m  at M th  order, we have; 
 

,),(),(
0
∑
=

=
M

m
m trutru

                                                                                                                           
(24) 

 
when ,∞→M  we get an accurate approximation of the original equation (11). 
 
Illustrative examples 

In this section, 3 examples of time fractional heat-like physical models are solved to demonstrate 
the performance and the efficiency of the HAM with coupling of the Laplace transform method. 
 
Example 1 We first consider the one dimensional initial boundary value problems [7,8] as; 
 

,10,0,10,),(
2
1),( 2 ≤<><<= αα txtxuxtxuD xxt

                                                      
  (25) 
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subject to the boundary conditions; 
 

,0),0( =tu ,),1( tetu =                                                                                                                       (26) 
 
and the initial condition; 
 

.)0,( 2xxu =                                                                                                                                              (27) 
 

Applying the Laplace transform on both sides in Eq. (25) and after using the differentiation property 
of Laplace transform, we get; 
 

.0][
2
1)0,()],([ 21 =−− −

xxuxLxustxuLs αα

                                                                                                                           

(28) 

 
On simplifying; 

 

.0][
2
1)],([ 221 =−− −−

xxuxLsxstxuL α

                                                                                                                                    

 (29) 

 
We choose the linear operator as; 

 
)],;,([)];,([£ qtxLqtx φφ =

                                                                                                                                                                           
(30) 

 
with property ,0][£ =c  where c is a constant. We now define a nonlinear operator as; 
 

)].;,([
2

)];,([)];,([ 221 qtxxLsxsqtxLqtxN xxφφφ
α−

− −−=
                                                                                

(31) 

 
Using the above definition, with the assumption ,1),( =txH  we can construct the zero-th order 

deformation equation; 
 

)].;,([)],();,([£)1( 0 qtxqNtxuqtxq φφ =−−                                                                              (32) 
 

Obviously, when 0=q  and ,1=q  
 

).,()1;,(),,()0;,( 0 txutxtxutx == φφ                                                                                      (33) 
Thus, we obtain the mth  order deformation equation; 

 
).,,()],(),([£ 11 txuqRtxutxu mmmmm −− =−



χ              (34) 
 
Operating the inverse Laplace transform on both sides in Eq. (34), we get; 

 
[ ],),,(),(),( 1

1
1 txuRLqtxutxu mmmmm −

−
− +=



χ                                                                         (35) 
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where 
 

].)([
2

)1()],([),,( 1
2

2

11 xxmmmmm uxLs
s

xtxuLtxuR −

−

−− −−−=
α

χ

                                           
(36) 

 
Now the solution of mth  order deformation equations; 

 

( ) ( ) .1,])([
2

)1(),( 1
212

1 ≥−−−+= −
−−

− muxLsLxutxu xxmmmmm
αχχ 



                           
(37) 

 
Using the initial approximation 2

0 )0,(),( xxutxu ==  and from iterative scheme (35), we obtain 
the various iterates; 
 

,
)1(

),(
2

1 +Γ
−=

α

αtxtxu 

 

,
)12()1(

)1(),(
2222

2 +Γ
+

+Γ
+

−=
αα

αα txtxtxu 
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)13()12(

)1(2
)1(

)1(),(
32322222

3 +Γ
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+Γ
+

+
+Γ

+
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ααα

ααα txtxtxtxu 

 

.,...
)14()13(

)1(3
)12(

)1(3
)1(

)1(),(
424323222223

4 +Γ
+

+Γ
+

−
+Γ

+
+

+Γ
+

−=
αααα

αααα txtxtxtxtxu 

 

 
Proceeding in this manner, the rest of the components ),( txun  for 5≥n  can be completely 

obtained and the series solution is thus entirely determined. Hence, the solution of Eq. (25) is given as; 
 

.),(),(),(
0

0 ∑
∞

=

+=
m

m txutxutxu
                                                                                                        

(38) 

 
If we select 1−=  and ,1=α  then; 

 

....
!4!3!2

1),( 2
432

2 texttttxtxu =







+++++=

                                                                             
(39) 

Clearly, we can conclude that the obtained solution ∑
∞

=0
),(

m
m txu  converges to the solution 

,),( 2 textxu =  which is an exact solution of the given Eq. (25) for .1=α  The above result is in 
complete agreement with [5-8].  
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Figure 1 Plot of the solutions obtained by the proposed method at different values of 9.0,8.0,7.0=α  
and 1 for Example 1. 
 
 

 
 
Figure 2 Plot of the   curves for different values of 9.0,8.0,7.0=α  and 1 for Example 1. 
 
 

Figure 1 shows the behavior of the approximate solution ),( txu  for different fractional Brownian 

motion 9.0,8.0,7.0=α  and for standard motion i.e., at 1=α  for example 1. It is seen from Figure 1, 
that the solution obtained by FHATM increases very rapidly with the increases in t  at the value of 

5.0=x and .1−=  
As pointed out by Liao [10], the convergence and rate of approximation for the HAM solution 

strongly depends on the value of auxiliary parameter .  Even if the initial approximation ),,(0 txu  the 

auxiliary linear operator ,L and the auxiliary function ),( txH  are given, we still have great freedom to 
choose the value of the auxiliary parameter .  So, the auxiliary parameter   provides us with an 
additional way to conveniently adjust and control the convergence region and rate of solution series. By 
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means of the so-called  -curves it is easy to find out the so-called valid regions of   to gain a 
convergent solution series. When the valid region of   is a horizontal line segment then the solution is 
converged. 

Figure 2 shows the  -curves obtained from the 20th-order FHATM approximation solution of time 
fractional heat Eq. (25) at .5.0=x  In our study, it is obvious from Figure 2 that the acceptable range of 
auxiliary parameter  is .095.1 ≤≤−   We still have freedom to choose the auxiliary parameter 
according to the  curve. Thus, the arbitrary point of this interval i.e., ,0=  is an appropriate selection 
for  in which numerical solution converges. From Figure 2, the valid regions of convergence 
correspond to the line segments nearly parallel to the horizontal axis. 
 
Example 2 In this example, we consider the following 2 dimensional heat-like models [5-8] as; 
 

,10,0,1,0),(
2
1),,( 22 ≤<><<+= αα tyxuxuytyxuD yyxxt

                                      
(40) 

 
subject to the Neumann boundary conditions; 
 

,0),,0( =tyux , sinh2),,1( ttyux = ,0),0,( =txu y  ,cosh2),1,( ttxu y =        (41) 
 
and the initial condition; 
 

.)0,,( 2yyxu =                                                                                                                                         (42) 
 

Operating the Laplace transform on both sides in Eq. (40) and after using the differentiation 
property of Laplace transform, we get; 
  

.0][
2
1)],,([ 2221 =+−− −−

yyxx uxuyLsystyxuL α

                                                                                                       

(43) 

 
We choose the linear operator as; 

 
)],;,,([)];,,([£ qtyxLqtyx φφ =

                                                                                                                                                             
(44) 

 
with property ,0][£ =c  where c is a constant. We now define a nonlinear operator as; 

)].;,,();,,([
2

)];,,([)];,,([ 2221 qtyxxqtyxyLsysqtyxLqtyxN yyxx φφφφ
α

+−−=
−

−

       

(45) 

 
Using the above definition, with the assumption ,1),,( =tyxH  we can construct the zero-th order 

deformation equation; 
 

)].;,,([)],,();,,([q)£-(1 0 qtyxNqtyxuqtyx φφ =−
                                                                                               

(46) 
 

Obviously, when 0=q  and ,1=q  
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).,,()1;,,(),,,()0;,,( 0 tyxutyxtyxutyx == φφ                                                                  (47) 
 
Thus, we obtain the mth order deformation equation; 

 
),,,,()],,(),,([£ 11 tyxuqRtyxutyxu mmmmm −− =−



χ
                                                                                                     

(48) 
 

Operating the inverse Laplace transform on both sides in Eq. (48), we get; 
 

[ ],),,,(),,(),,( 1
1

1 tyxuRLqtyxutyxu mmmmm −
−

− +=


χ                                                            (49) 
 
where 

].)()([
2

)1()],,([),,,( 1
2

1
2

2

11 yymxxmmmmm uxuyLs
s

ytyxuLtyxuR −−

−

−− +−−−=
α

χ

         
(50) 

 
Now the solution of mth  order deformation equations; 

  

( ) ( ) .1,])()([
2

)1(),,( 1
2

1
212

1 ≥+−−−+= −−
−−

− muxuyLsLyutyxu yymxxmmmmm
αχχ 



   
(51) 

 
Using the initial approximation 2

0 )0,,(),,( yyxutyxu ==  and from the iterative scheme (51), 
we obtain the various iterates; 
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+
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+
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αααα tytxtytxtyxu 

 

 
Proceeding in this manner, the rest of the components ),,( tyxun  for 5≥n  can be completely 

obtained and the series solution is thus entirely determined. Hence, the solution of the given problem is 
given as; 

 

.),,(),,(),,(
0

0 ∑
∞

=

+=
m

m tyxutyxutyxu
                                                                                           

 (52) 

 
Setting 1−=  and 1=α  in the above expressions are exactly the same as those given by the 

homotopy perturbation method by Özis and Agırseven [7]. However, mostly, the results given by the 
Adomian decomposition method and homotopy perturbation method converge to the corresponding 
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numerical solutions in a rather small region. But, different from those 2 methods, the homotopy analysis 
transform method provides us with a simple way to adjust and control the convergence region of solution 
series by choosing a proper value for the auxiliary parameter .  For ,1−= we have the following 
solution; 
 

,....
)14()12(

1...
)13()1(

),,(
42

2
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2
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=

∞
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(53) 

 
where the functions ),sinh( αz and ),cosh( αz are defined as follows; 
 

2
)()(

),sinh(
zEzE

z
−−

= ααα  and .
2

)()(
),cosh(

zEzE
z

−+
= ααα                                         (54) 

 
As ,1=α  this series has the closed form ),cosh()sinh(),,( 22 tytxtyxu +=  which is the 

exact solution of the classical heat equation. The above result is in complete agreement with [7]. 
 
 

 

Figure 3 Plot of solutions obtained by the proposed method (FHATM) at different value of 
9.0,8.0,7.0=α  and 1 for Example 2. 
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5.0,5.0 == yx and .1−=  Figure 4 shows the  -curves obtained from the 20th-order FHATM 
approximation solution of 2 dimensional time fractional heat equation at 5.0=x and .5.0=y  In our 
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.002.2 ≤≤−   We still have freedom to choose the auxiliary parameter according to the  curves. 
Thus, the arbitrary point of this interval i.e., ,0=  is an appropriate selection for   in which numerical 
solution converges. From Figure 4, the valid regions of convergence correspond to the line segments 
nearly parallel to the horizontal axis. 

 
 

 
 
Figure 4 Plot of the  curves for different values of 0.7, 0.8, 0.9α = and 1 for Example 2. 
 
 
Example 3 Consider the 3-dimensional heat-like equation with variable coefficients [5-8] as; 
 

,10,0,1,,0),(
36
1),,,( 222444 ≤<><<+++= αα tzyxuzuyuxzyxtzyxuD zzyyxxt

     
(55) 

 
subject to Neumann boundary conditions; 
 

),1(),,1,(,0),,0,(),1(),,,1(,0),,,0( 4444 −==−== tt ezxtzxutzxuezytzyutzyu  

),1(),1,,(,0),0,,( 44 −== teyxtyxutyxu
                                                                                                             

(56) 
 
and the initial condition; 

.0)0,,,( =zyxu                                                                                                                                      (57) 
 

Operating the Laplace transform on both sides in Eq. (55) and after using the differentiation 
property of the Laplace transform, we get; 

.0][
36
1)],,,([ 222

1

444

=++−− −
+ zzyyxx uzuyuxLs

s
zyxtzyxuL α

α
                                                                    

   (58) 

 
We choose the linear operator as; 
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)],;,,,([)];,,,([£ qtzyxLqtzyx φφ =
                                                                                                                                                 

(59) 
 
with the property ,0][£ =c  where c is a constant. We now define a nonlinear operator as; 
 

 

].[
36

)];,,,([)];,,,([ 222
1

444

zzyyxx zyxLs
s

zyxqtzyxLqtzyxN φφφφφ
α

α ++−−=
−

+
                  

(60) 

 
Thus, we obtain the mth  order deformation equation; 

 
),,,,,()],,,(),,,([£ 11 tzyxuRtzyxutzyxu mmmmm −− =−



χ
                                                                                

(61) 
 

Operating the inverse Laplace transform on both sides in Eq. (61), we get; 
 

)],,,,,([),,,(),,,( 1
1

1 tzyxuRLqtzyxutzyxu mmmmm −
−

− +=


χ                                               (62) 
 
where 
 

].)()()([
36

)1()],,,([),,,,( 1
2

1
2

1
2

1

444

11 zzmyymxxm
m

mmm uzuyuxLs
s

zyxtzyxuLtzyxuR −−−

−

+−− ++−
−

−=
α

α

χ   (63) 

 
Now the solution of the mth  order deformation equations ( 1≥m ); 

 

( ) ( ),])()()([
36)1(

)1(),,,( 1
2

1
2

1
21

444

1 zzmyymxxm
m

mmm uzuyuxLsLtzyxutzyxu −−−
−−

− ++−
+Γ

−
−+= α

α

α
χχ 



           
(64) 

 
Using the initial approximation 0),,,(),,,(0 == tzyxutzyxu  and from the iterative scheme 

(64), we obtain the various iterates; 
 

,
)1(

),,,(
444

1 +Γ
−=

α

αtzyxtzyxu 

 

,
)12()1(

)1(),,,(
24442444

2 +Γ
+

+Γ
+

−=
αα

αα tzyxtzyxtzyxu 

 

. ,...
)13()12(

)1(2
)1(

)1(),,,(
34443244424442

3 +Γ
−

+Γ
+

+
+Γ

+
−=

ααα

ααα tzyxtzyxtzyxtzyxu 

 

 
Proceeding in this manner, the rest of the components ),,,( tzyxun  for 5≥n  can be completely 

obtained and the series solution is thus entirely determined. Consequently, we obtain the series solution 
as; 

.),,,(),,,(),,,(
0

0 ∑
∞

=

+=
m

m tzyxutzyxutzyxu
                                                                               

(65) 
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If we select ,1−=  then clearly, we can conclude that the obtained solution ∑
∞

=0
),,,(

m
m tzyxu  

converges to the solution; 
 

( ).1)(....
)13()12()1(

),,,( 444
32

444 −=







+

+Γ
+

+Γ
+

+Γ
= α

α

ααα

ααα
tEzyxtttzyxtzyxu

      

(66) 

 

If we choose 1=α  then clearly, we can conclude that the obtained solution ∑
∞

=0
),,,(

m
m tzyxu  converges 

to the exact solution ).1(),,,( 444 −= tezyxtzyxu
 
The above result is in complete agreement with 

Özis and Agırseven [7]. 
It is seen from Figure 5 that the solution obtained by FHATM increases very rapidly with the 

increases in t  at the value of 5.0,5.0,5.0 === zyx  and .1−= It is obvious from Figure 6 

that the acceptable range of the auxiliary parameter  is .00.2 ≤≤−   Thus, the arbitrary point of 
this interval i.e. ,0=  is an appropriate selection for   in which the numerical solution converges. 
From Figure 6, the valid regions of convergence correspond to the line segments nearly parallel to the 
horizontal axis. 

 
 

 
Figure 5 Plot of the solutions obtained by proposed method (FHATM) at different value of 

9.0,8.0,7.0=α  and 1 for Example 3. 
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Figure 6 Plot of the   curves for different values of 0.7, 0.8, 0.9α =  and 1 for Example 3. 
 
 
Conclusions 

This paper developed an effective modified homotopy analysis method, which coupled the 
homotopy analysis method and Laplace transform and studied its validity in 3 examples of the time 
fractional heat equation. An excellent agreement is achieved. The solution is very rapidly convergent by 
utilizing the homotopy analysis method by modification of the Laplace operator. It may be concluded that 
the FHATM is very powerful and efficient in finding approximate solutions as well as analytical solutions 
of many fractional physical models. All numerical results are obtained using Mathematica program 8. 
 
Acknowledgements 

The authors are indebted to the editor and the referee for their suggestions and comments which led 
to the improvement of this paper. 
 
References 

[1] KB Oldham and J Spanier. The Fractional Calculus: Integrations and Differentiations of Arbitrary 
Order. Academic Press, New York, 1974. 

[2] KS Miller B Ross. An Introduction to the Fractional Calculus and Fractional Differential 
Equations. Wiley, New York, 1993. 

[3] I Podlubny. Fractional Differential Equations. Academic Press, New York, 1999. 
[4] K Diethelm. An algorithm for the numerical solution of differential equations of fractional order. 

Electron Trans. Numer. Anal. 1997; 5, 1-6. 
[5] AM Wazwaz and A Gorguis. Exact solutions for heat-like and wave-like equations with variable 

coefficients. Appl. Math. Comput. 2004; 149, 15-29. 
[6] DH Shou and JH He. Beyond Adomian method: The variational iteration method for solving heat-

like and wave-like equations with variable coefficients. Phys. Lett. A 2008; 372, 233-7. 
[7] T Özis and D Agırseven. He’s homotopy perturbation method for solving heat-like and wave-like 

equations, with variable coefficients. Phys. Lett. A 2008; 372, 5944-50. 

Green 1
Blue 0.9
Black 0.8
Red 0.7

α
α
α
α

→ =
→ =
→ =
→ =

 



FHATM for Solving Fractional Heat-Like Mohamed KHADER et al. 
http://wjst.wu.ac.th 

Walailak J Sci & Tech 2016; 13(5) 
 
352 

[8] A Sadighi, DD Ganji, M Gorji and N Tolou. Numerical simulation of heat-like models with variable 
coefficients by the variational iteration method. J. Phys. Conf. Series 2008; 96, 012083. 

[9] SJ Liao. 1992. The Proposed Homotopy Analysis Technique for the Solution of Nonlinear Problems. 
Ph.D. Thesis, Shanghai Jiao Tong University, China. 

[10] SJ Liao. Beyond Perturbation: Introduction to the Homotopy Analysis Method. CRC Press, 
Chapman and Hall, Boca Raton, 1992. 

[11] SJ Liao. On the homotopy analysis method for nonlinear problems. Appl. Math. Comput. 2004; 147, 
499-513. 

[12] SJ Liao. Homotopy analysis method: A new analytical technique for nonlinear problems. Commun. 
Nonlinear Sci. Numer. Simulat. 1997; 2, 95-100. 

[13] SJ Liao and Y Tan. A general approach to obtain series solutions of nonlinear differential equations. 
Stud. Appl. Math. 2007; 119, 297-355. 

[14] K Vishal, S Kumar and S Das. Application of homotopy analysis method for fractional swift 
Hohenberg equation-Revisited. Appl. Math. Modell. 2012; 36, 3630-7. 

[15] H Jafari, A Golbabai, S Seifi and K Sayevand. Homotopy analysis method for solving multi-term 
linear and nonlinear diffusion wave equations of fractional order. Comput. Math. Appl. 2010; 59, 
1337-44. 

[16] X Zhang, B Tang and Y He. Homotopy analysis method for higher-order fractional integro-
differential equations. Comput. Math. Appl. 2011; 62 3194-203. 

[17] RK Pandey, OP Singh and VK Baranwal. An analytic algorithm for the space-time fractional 
advection-dispersion equation. Comput. Phys. Commun. 2011; 182, 1134-44. 

[18] NA Khan, M Jamil and A Ara. Approximate solution of time fractional Schrodinger equation via 
homotopy analysis method. ISRN Math. Phys. 2012; 2012, 197068. 

[19] AR Ghotbi H Bararnia, G Domairry and A Barari. Investigation of powerful analytical method in to 
natural convection boundary layer flow. Commun. Nonlinear Sci. Numer. Simulat. 2009; 15, 2222-
8. 

[20] S Abbasbandy, E Shivanian and K Vajravelu. Mathematical properties of h-curve in the frame work 
of the homotopy analysis method. Commun. Nonlinear Sci. Numer. Simulat. 2011; 16, 4268-75. 

[21] S Abbasbandy. Homotopy analysis method for the Kawahara equation. Nonlin. Anal. Real World 
Appl. 2010; 11, 307-12. 

[22] S Abbasbandy. Approximate solution for the nonlinear model of diffusion and reaction in Porous 
catalysts by means of the homotopy analysis method. Chem. Eng. J. 2008; 136, 144-50. 

[23] NH Sweilam and MM Khader. Semi exact solutions for the bi-harmonic equation using homotopy 
analysis method. World Appl. Sci. J. 2011; 13, 1-7. 

[24] AM Wazwaz. The combined Laplace transform-Adomian decomposition method for handling 
nonlinear Volterra integro-differential equations. Appl. Math. Comp. 2010; 216, 1304-9. 

[25] M Khan, MA Gondal and S Kumar. A new analytical procedure for nonlinear integral equation. 
Math. Comput. Modell. 2012; 55, 1892-7. 

[26] Y Khan, N Faraz, S Kumar and A Yildirim. A coupling method of homotopy perturbation and 
Laplace transform for fractional models. U.P.B. Sci. Bull. Series A 2012; 74, 57-68. 

[27] S Kumar, H Kocak and A Yildirim. A fractional model of gas dynamics equation and its 
approximate solution by using Laplace transform. Z. Naturforsch 2012; 67, 389-96. 

[28] M Khan, MA Gondal, I Hussain and SK Vanani. A new comparative study between homotopy 
analysis transform method and homotopy perturbation transform method on a semi-infinite domain. 
Math. Comput. Modell. 2012; 55, 1143-50. 

[29] VG Gupta and S Gupta. Applications of homotopy analysis transform method for solving various 
nonlinear equations. World Appl. Sci. J. 2012; 18, 1839-46. 

[30] MA Gonda, AS Arife, M Khan and I Hussain. An efficient numerical method for solving linear and 
nonlinear partial differential equations by combining homotopy analysis and transform method. 
World Appl. Sci. J. 2012; 14, 1786-91. 

[31] MS Mohamed, F Al-Malki and M Al-humyani. Homotopy analysis transform method for time-
space fractional gas dynamics equation. Gen. Math. Notes 2014; 24, 1-6. 



FHATM for Solving Fractional Heat-Like Mohamed KHADER et al. 
http://wjst.wu.ac.th 

Walailak J Sci & Tech 2016; 13(5) 
 

353 

[32] Y Luchko and R Gorenflo. An operational method for solving fractional differential equations with 
the Caputo derivatives. Acta Math. Vietnamica 1999; 24, 207-33. 

[33] OL Moustafa. On the Cauchy problem for some fractional order partial differential equations. 
Chaos Soliton. Fract. 2003; 18, 135-40. 

[34] G Samko, AA Kilbas and OI Marichev. Fractional Integrals and Derivatives: Theory and 
Applications. Gordon and Breach. Yverdon, 1993. 

[35] F Mainardi. On the Initial Value Problem for the Fractional Diffusion-Wave Equation. In: S 
Rionero and T Ruggeeri (eds.). Waves and Stability in Continuous Media, World Scientific, 
Singapore, 1994, p. 246-56. 

[36] MM Khader, S Kumar and S Abbasbandy. New homotopy analysis transform method for solving 
the discontinued problems arising in nanotechnology. Chin. Phys. B 2013; 22, 110201. 

 


